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Abstract: Applying Kontsevich’s iterated integral for tangles, we get an isotopy
invariant of tangles. We give a method to compute the integral of a tangle combi-
natorially from modified integrals of some simple tangles. We localize the integral
by moving the end points of the tangle to an extreme configuration, and modify
the integral so that it is convergent. By using a similar technique, we generalize
Kontsevich’s invariant to a framed tangle.

Introduction

After the Jones polynomial was discovered, many invariants of links are constructed.
Almost all of them are coming from solutions of the quantum Yang-Baxter equa-
tion. On the other hand, Vassiliev [25] constructed a wide family of knot invariants.
Let y, be a knot invariant coming from a solution R(%) of the Yang-Baxter equa-
tion with a parameter % such that R(0) is the trivial solution. Then, d*y;/dh*|,—o is
contained in Vassiliev’s family of invariants. Hence, Vassiliev’s invariants include
many invariants, ¢.g. the Alexander, Jones, Homfly, Kauffman polynomials and their
generalizations in {1, 17, 20, 22], etc. Kontsevich gives a universal construction of
Vassiliev’s invariant by using an “algebra of chord diagrams” and “iterated inte-
grals.” Let V; denote the space of Vassilev’s invariants of degree less than &k + 1.
By studying combinatorial properties of invariants in ¥}, he constructs a module
Mgk) spanned by chord diagrams on a circle with relations in Fig. 1 which cor-
respond to the combinatorial relations for Vassiliev’s invariants given in [7]. He
shows that V/Vi_; = (&lgk))*, the dual space of &ff)k). Let o/ = @,fioA(()k). Then
o/ has a graded algebra structure with a product coming from the connected sum
of chord diagrams. The 4-term relation assures the well-definedness of the above
product, i.e. the product does not depend on the positions of the strings we cut
to produce the connected sum. Let ./ denote the formal completion of s/ with
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Fig. 1. 4-term relation and framing independence relation

respect to the grading. For every knot X, we can define an invariant Z(K) €
by using an iterated integral. Let Z®(K) € & be the degree k part of Z(K).
For f € @izo(df)k))*,f(f(")(K)) € V,. On the other hand, for any g € V, there is
some f € B_o(# Py such that g(K) = f(35_s ZP(K)) and Z®) is universal in
this sense.

Now we define o7, a linear span of chord diagrams with 4-term relations, but
without the framing independence relation. There is a natural projection from ./ to
. We extend 7 to a framed knot invariant Z £

The main purpose of this paper is to give a combinatorial description of Kontse-
vich’s integral of knots, links and tangles. We will consider R® as the product of R
x C with a fixed orientation. A point of R® has coordinates (z,z), let z = x + iy. A
plane {t}x C C Rx C is called horizontal. A tangle T is a 1-dimensional compact
oriented piece-wise smooth submanifold of R? lying between two horizontal planes,
called the top plane and the bottom plane of T, such that every boundary point of
T is lying in the top and bottom plane. Two tangles 7 and T are called equivalent
if there is an isotopy of R? sending 7 to 7’ and the top (resp. bottom) plane of
T to the top (resp. bottom) plane of 7’. Kontsevich’s integral is generalized to an
invariant of equivalence classes of tangles. We assume that a tangle 7 is contained
in R x R € R x C except a neighborhood of each double point with respect to
the projection R x € — R x R. Especially the boundary points of T' are con-
tained in R x R. Let r = (ry,r2,..., 7 )(r; = £1) and s = (51,52,...,8.)(5; = *1)
such that #{r; |r; = 1} = #{rj]lr; = =1} —#{s; |s; = 1} + #{s;|5; = ~1} = 0. Let
T be a st of tangles such that the string ending at the /™ point at the top is
oriented upward (resp. downward) in the neighborhood of the end point if r; =1
(resp. —1) and the j® point at the bottom is oriented upward (resp. downward)
if s; =1 (resp. —1). We generalize the integral Z for tangles in the above sense.
For a one-manifold X, let «/(X) denote the space spanned by chord diagrams
on X with the 4-term relation. Every chord expressed by dashed lines in figures
just means a pair of points on X and nothing more. For T € 7, we define
an isotopy invariant Z(T) € o (T) depending on the positions of the end points
of T.

We introduce g-tangles, which is a generalization of tangles with non-associative
words of two numbers 1 and —1. A word w with brackets is called a non-associative

~word of 1 and —1 if w is equal to [, —1 or (wywy), where w; and wy are non-
associative words of 1 and —1. A support of w is the sequence of 1 and —1 obtained
from w by removing all brackets. For example, there are two non-associative words
((11)1) and (1(11)) with support (1,1,1). Let « and v be non-associative words
with support 7 and s respectively. The triple (7,u,v) is called a g-tangle. As for
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Fig. 2. Generator tangles

usual tangles, we can consider a category of q-tangles. For T € 7" and T’ € F r/’sl,
the product of two g-tangles (7, u, v) and (I, ', v") is defined by

(T, u, vXT', u, VY=(T T, u, vy, (0.2)

if s=+"and v =1/, and T T’ is the tangle obtained by putting T above 7’. We
show the following in Sect. 2.

Proposition 0.3. Every g-tangle is a product of tangles of the following types. The
first type is a positive crossing (R;,u,u), where u contains (rjrj.1). The second
type is a negative crossing (Rj_l,u,u), where u contains (r;rjy1). The next type is
(Ej,u,v), where v contains (r;rj1) and u is obtained from v by removing (r;rj1)
and its dual type (E},u,v), where u contains (rjrj.1) and v is obtained from
u by removing (rjr;y1). The last types are (Iu,v) and (I,v,u), where u is any
non-associative word and v is obtained from u by replacing a subword of u of
the form (ui1(uaus3)) by ((wux)us). In the above, Rj,R]TI,Ej,E_;‘ are tangles as in
Fig. 2, and I is a trivial tangle.

By this proposition, we can compute the integral for any g-tangle from the modi-
fied integrals of the g-tangles in the above proposition. Let 2, denote the horizontal
chord connecting the p™ and g™ strings of the trivial tangle, and Q@) ... Q1) denote
the chord diagram with chords Q, ..., Q) from top to bottom in turns. We use &
for the formal power series > ;o  X*/k!. Let P; ;11 denote the diagram presenting
the permutation at i and j + 1™ strings as in Fig. 3.

Theorem 0.4. We define Z r for generator tangles as follows:
Zp(Rjyu,u) = €1 Y2
ZrR Y, wu) = e Py
Zf(E;,u,U) = E]* ’

2f(E‘jauaU) = yf_l E] 5

Zr(Lu,v)=¢ 2 Tprepg Fp¥efpq |
josp=si1—1 NEpsjr—1
J18g95/p—1 J22q5/3—1

ZiLv,u)=¢ S Fetepq D Fp¥i2,4 | (0.5)
J15pSjpr—1 JosSpsj—t

RS A J1895/h-1
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where yr = Zp(U) is given by (5.7) for a diagram U in Fig. 5, and the action
of vy is induced by the connected sum at the distinguished strings. For the last
two formulas, ¢ is given in (3.7) and (3.21), v is obtained from u by replacing a
subword for u of the form (ui(uuz)) by ((uruz),us), the support of uy,uy and uy
are (Figs- 575 =1)s (Fjys- o> Fjy=1), GNA (Pjys . .., ¥j5—1) respectively. In the right-hand
sides of the above, E; and Ej represent the chord diagrams without any chords
on E} and E; respectively.

Then Z '+ defines a representation of q-framed-tangles. Especially, for a knot
K, the image Z(K) of Zy(K) by the projection sf — /g in [5] is equal to Kont-
sevich’s integral invariant.
Remark. 0.6. For a sequence r, let w, = (((...(rir2)...)7};|~1)7};)- Then, for a

tangle T € 79, Z((T, w,, ws)) and Zf((T,wr,ws)) are invariants of a tangle and
a framed tangle respectively. They also give representations of the categories of
tangles and framed tangles respectively.

Knots can be expressed as a product of g-tangles in Proposition 0.3 as in the
following example.

j j+l
Fig. 3. ij+l

j j+l

oo k
(il) rj- 1'5+1

k
— 2k Kl (Q j j+1)

Py

Fig.4. e %m2p, |

Fig. 5. Diagram U
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&)+

Fig. 6. The second degree part of Zf(trefoil)

Example 0.7. Let K be the trefoil knot and U be the trivial knot diagram as in
Fig. 4. Then they are (0, 0)-tangles

(E1, uo, wy Y(Ep, uy, w2 )(L, w2, us YRy, uz, us Y (L, us, uz Y E3, ug, wi WEY, w1, ug)
and
(E1, vo, v1)(Ez, v1, 1), v2, 3 )(ET, v3, vy (ET, U1, Vo) »
where g = vg =the null-word, uy =v1=(1—-1), w, =((11—-1))—-1), w3 =
(D) -1 —=1), v ={1(=11))—=1) and v3s = (((1 — 1)1) — 1). Hence

2f(K) = Vf_l . Elyfﬂl « By (R, —203)e> 122 Py (—Qo3, Q1) ES E

=y, B - Exd(Qiz, —Q3)e 122 Py (— 3, Q2)ES B}

where  ¢(£12,£23) = 1 + C( )(912923 —Q3Qp)+--- as i (3.10), y,=EE;

¢(Q23,912)E*E* =14+ 24EIE2(912923 — ngQu)ETET + .- by (57) and so

yf_2 =1- lEIEZ(QuQn — $53812)ETE] + - - -. For example, the degree two part
of Z/(K) is E1Ex (3077 + §053 ) PESE;.

Let Ki#K; be the connected sum of two knots K; and K. Then, from the
definition (5.8) of Z;, we have

Zo(Ki#Ka) =y~ Zp(Ky) - Zy(K3) . (0.8)

For a framed link L with a component #, let Z,(L) be the framed link obtained
from L whose component / is doubled. Then

ZH( DALY = A/Z (L)) € A (DiL)) , (0.9)

where 4,(2) for a chord diagram & € o/(L) is defined as follows. To get 4,(2),
we replace each chord ©,, with end points p and g by ZIZ i=182p, ;> Where p1, p
(resp. g1,q2) are points on the doubled string corresponding to p (resp. g) if p and
g are on the component #, 37 Q, 4 or 37 Q,, if p or g is on £, or Qpq if
neither p nor g is on 7.

The modified integral for trivial g-tangles is not necessarily trivial as in (0.5).
However, this integral satisfies the properties of the associator in the theory of quasi-
Hopf algebras in [8, 9]. Moreover, the above 4 corresponds to the coproduct. With
our ¢ in (0.5) and 4, we can impose a structure like a quasitriangular quasi-Hopf
algebra on the modules of chord diagrams, as explained in Sect. 6.

In Sect. 1, we define Kontsevich’s integral for tangles. In Sects. 2 and 3, we
introduce pre-q-tangles and modified integrals for them. In Sect. 4, we show that
the category of g-tangles is a quotient of the category of pre-q-tangles and the
modified integral is factored by this quotient. We prove Theorem 0.4 from this fact.



540 T.Q.T. Le, J. Murakami

In Sect. 5, Kontsevich’s integral is generalized for framed tangles. In Sect. 6, we
introduce the quasi-Hopf algebra structure to our modified integrals.

After finishing our preparation of this paper, we got papers [6] and [3], which
treat a similar subject from other points of view.

1. Kontsevich’s Integral for Tangles

Let X be a compact l-dimensional oriented piece-wise smooth manifold with or
without boundary. The components of X are circles or segment lines. A chord dia-
gram with support X is a set of dashed chords with end points lying in the interior
of X, regarded up to a diffeomorphism which preserves each component and the
orientation of X. Connected components of X are called strings, Wilson lines or
Wilson loops. Let o/(X) be the space spanned by chord diagrams with support in X
subject to the 4-term relations. Let &7((X) be the space spanned by chord diagrams
with support in X subject to the 4-term relation and framing independence relation.
The framing independence relation means that every chord diagram containing a part
like Fig. 1 (b) is equal to zero. If f : X — X’ is a homeomorphism then there is an
associate isomorphism between /(X)) and & (X’). If X is a circle then we denote
HA(X) by . Let 21 and &, be two chord diagrams in <7, each with a noted string.
Remove an arc on each noted string which does not contain any vertex and then
using two lines to combine the two strings into one single string. We get a chord di-
agram called the product (or connected sum) of 2 and &, along the noted strings.
It is proved in [5] that this operation does not depend on the location of the arcs re-
moved. .o/ has an algebra structure with this product. We denote by &7 the factored
algebra of 7 by the framing independence relation. Using a connected sum and an
evident isomorphism we can define an action of &7 on /(X)) if the string to be acted
on is indicated. The action is the connected sum with the indicated string. As in
[5], it is easily proved that this action is well-defined. Similarly o7 acts on oZo(X).

Let 7%) be a set of tangles as in the Introduction. Let [¢| and |s| denote the
numbers of elements in » and s respectively. For T € 79, let &/(T) denote the
chord diagram algebra on 7, i.e. the space spanned by chord diagrams with support
in the 1-dimensional manifold corresponding to T subject to the 4-term relation
Fig. 1 (a), and let «7((7) denote the quotient of «&/(1") by the framing independence
relation Fig. 1 (b).

We generalize Kontsevich’s iterated integral for knots to tangles. For a tangle
T, we define an integral Z(T') € «/o(T) as follows.

Definition 1.1. Let Z(T') be the element of Af)k)(T ) defined by

= Ft (o RAEO ),

n=o (2mi)" P/~ f <t <+ <ty j=1 Zj(tj) - Z;(Zj)

In this equation, P runs over all horizontal chord diagrams on 7', where a horizontal
chord diagram on 7 means a chord diagram on T with chords parallel to {0}x C
and two horizontal chord diagrams %; and 2, are regarded to be equivalent if &,
can be obtained by moving the chords of 2, along with T by keeping their order
with respect to the level. The parameters 1, .. .,#, represent levels of the chords of P
and the integral is taken over all possible ranges #1,...,#, to represent all horizontal
chord diagrams equivalent to P. The complex numbers z;(¢;) and zJ’-(tj) represent
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T T

Fig.7. T and T are identical except within a ball, in which they are as above

the horizontal coordinates of the end points of the j% chord. Note that the form
does not depend on the choice of z; and z;. #P; is the number of points z; and
zJ’- at which L is oriented upwards, Tp is the image of the chord diagram in /(7))
naturally associated with 7" and P.

Proposition 1.2. ([5, 16]) a) Z(T) remains unchanged under isotopy which preserves
every point of the bottom and the top planes and does not change the number of
the maximal and minimal points of each string.

b) If T’ differ from T only in a neighborhood of a ball in which T and T’
look as Fig. 7, then

2Ty =y - ZT), (13)

where vy is the Kontsevich integral of the tangle U in Fig. 5, y belongs to o/ and
the right side of this equality should be understood as the action of y on the string
containing the part in Fig. 7.

Let T be a tangle with k£ numbered components. For j =1,..., k let m; be the
number of the maximal points of the j string. Let

Z(M =™ -y ™). ZT), (1.4)

here in the right-hand side, =" acts on the ;™ string.
Theorem 1.5 Z(T ) is an isotopy invariant of oriented tangles.

Proof. Using Proposition 1.2, one easily checks that Z(T) is invariant under all the

moves listed in Theorem 3.2 of [24]. Hence 2(T ) is an ambient isotopy invariant.
O

2. Modified Integral for a Tangle

Let 7 € 7% and let &1, 6,... be positive real numbers. Let S, denote the permu-
tation group of n letters and let ¢ (resp. t) be an element of S),|_; (resp. Sjg-1)-

Let T, .. be a tangle isotopic to 7 such that the distance of the /% point and the
( +1)™ point at the top is cqual to &,1;, and the distance of the i point and the
(j + 1)® point at the bottom is equal to &—1¢; as in Fig. 8. We use notation lim

g0

for limo lim0 limO.... The limit of the integral lim, ,¢Z(7; . .) is not convergent.
E]——> 82‘-‘> 83—)
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However, with some modification, we can get a part of this limit. For a positive
real number ¢, let &¥ be a formal power series exp(X loge). Let

I7|

-1
tor = 11 827, and Q(o,r,k) =

Fpre82pq
. >
k=1 <pEok)otisgss, 2T

@b

where #, and ¢, satisfy the following: o~!(p) > k for all £, £ p <k and
e (41~ 1) < kifty > l,67(q) > kforallk+1 < ¢ < ¢, and oWt +1) <
k if £, < [r|. All the terms st(”’k) in (2.1) are mutually commutative and so &,
is well-defined. We consider a limit of Z(7; . ) modified by &, and &;.

Theorem 2.2. lir% 85 1 Z(Ty, 2 ¢ Jeu,s S finite.
e—0 7

Proof of this theorem is given later.

Definition 2.3. For T € 79 and 6 € F)p—1, 1€ L1, we call the triple
(T,0,7) a pre-g-tangle. A category C of pre-q-tangles is a category with objects
(r,0) with o € S),—y and morphisms (T,0,7) from (r,c) 10 (s,7). A product of
two morphisms (T1,01,07) and (Ty,0,03) with Ty € T2 and T € T2 is
(T1T5, 61,03), where TiT» € T 1:"3) s the product defined by joining two tangles
as usual,

Like (1.4), let

ATot) = (™ ®...@7~") - (Eu_% gm,”Z(Tg,,,g)af,s) . (2.4)

From the definition of Z of pre-q-tangles, we get the following immediately from
Theorem 1.5.

Theorem 2.5. For a pre-g-tangle (T,0,7), 2(T, o,t) is an isotopy invariant of
(T,0,1), Le 2(T ,0,1) only depend on a,7 and the isotopy type of T. Moreover, Z
gives a representation of the category of isotopy types of pre-g-tangles, in other
words, Z is compatible with the product of pre-g-tangles.

We call 2(7’, 0,7) a modified integral invariant of the pre-g-tangle (7,7,7).

To prove Theorem 2.2, we first show an analogy of Proposition 0.3, which
says that every pre-g-tangle (7, o, ) is a product of some simple pre-g-tangles. We
give the integral of each simple pre-q-tangle exactly. We can compute the modified
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integral invariant Z(T') from Z of these simple pre-g-tangles as in Theorem 0.4. We
show that the category of g-tangles is a quotient category of pre-g-tangles in Sect.
4. We generalize Z to a invariant of framed tangles Z r in Sect. 5. From those, we
get our main resuit Theorem 0.4.

Proposition 2.6. Every pre-g-tangle is a product of tangles of the following
types. The first type is a positive crossing (Ry, o, a) with o(n—1)=k. The
second type is a negative crossing (Rk‘l,o‘,a) with o(n—1)=k. The next
type is (Ey,0,7), where ©(n — 1) =k,o(i) = 1(i) if ©(i) <k and o(i) = (i) —2
if w(@) > k41, and its dual type (Ef,0,7),1(n—1)=k (i) =0(i) if o(i) <k
and 1(i)=0()—2 if o(i) > k+ 1. The last type is (I,0,7) with ¢ = (ii+
). In the above, Rk,Rk_l,Ek,E,j are tangles as in Fig. 2, and I is a trivial
tangle.

In the following, we prove Proposition 2.6 and Theorem 2.2. Kontsevich’s in-
tegral for a tangle 7 depends on the isotopy type and the positions of the end
points of it. Therefore, the limit of the integral depends on the isotopy type of
T and the elements ¢,7. We can decompose T into a product of several simple
tangles Rk,Rk_l,Ek and E} given in Fig. 2, which we call generator tangles. It
is enough to show Theorem 2.2 for these generator tangles for all the possible ¢
and 7.

Let T =Ry € 7% and « be a permutation such that «~!(k) = || — 1. Then
we have

Ta,r,e :Ia,a,sTa,a,sIa,r,a . (2~7)

Lemma 2.8 In the above situation, 1im, .o&,Z(Tsq )6y~ = Py g€t 1% k1/2
where Py .1 denote the permutation diagram corresponding to (kk + 1) and Q4 111
denote the chord connecting the two strings.

Proof. We first compute

‘rkrkﬂﬂk/\»+1/(27Ti)Z(TDc Ye . Skt 8k f1/(2n0) (2.9)
L0, E . .

im_ e, Ir|—1

—0
8{1‘\“1

The strings of T are parallel except the two strings forming the crossing. Hence,
the integral for a configuration with a chord connecting these parallel strings is
equal to 0. The limit of the integral for a configuration with a chord connecting
one of the parallel strings to one of the strings forming the crossing is equal to
zero, because this integral has order O(e),-1(log ¢)’) for some ¢. The remaining
case is a integral for configurations with chords connecting the two strings forming
the crossing. We can assume that the levels of the bottom and top of T are t =0
and 7 =1 respectively. Let us parametrize the two strings forming the crossing
by ¢+ ép—1€'’ and ¢ — g,|_1€'’, where ¢ is a real constant. The iterated integral
for the configuration with ¢ chords connecting the two strings is 1/(2¢#!). Hence
we get

Fres1 2 k+1/(2m>Z(Ta’

Hm . SkSk41 2k k1 /20) Pirpiet 1 Qi1 /2

—0

[rf=1

Vs
&

(2.10)
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Due to the 4-term relation, 3/9(“’"/) commute with €441 and ng(a,r,/)},k fal =

Slg(a’s’[)Pkk+l if £ < |r| — 1. Therefore,

; -1
21_{% Eyr  Z(To0s)80s

Il r|—2
= lim ... lim ( 11 8/~Q(art’)> Pirs 1891‘ k+1/2 < H ng(a’r’/))

81—>0 8| - 2—'0 /=1 /=1

= lim ... lim Pijpe%i1? = Py e%e/2 O
81—>0 8|r|~2_'0

Similarly, for T = R,:l, we have

Lemma 2.11. With the notations in Lemma 2.8, we have 11m£_+08 Z(Ta,a,g)sd =
Prriie” Q12

Let T =E} € 79 and o be a permutation such that oc(lr[ — 1) =k and o(jr] —
2)—k+1 ifk<|r|-2o0rk~—1if k= |r]—1 and |r] = 3. Let § be a per-
mutation of degree |r| — 3 such that B~1(¢) = a~(£) if £ << k and B~I(¢) =
a~1(£+2)if £ = k. Then we have

TO‘,’E,S = a,oc,zToc,ﬂ,sIﬁ,r,s - (212)
Lemma 2.13. In the above situation, lim,_o¢, "' Z(T, g )eps = Ex € A(T).

Proof. We first compute limg'rH_,Oalrl_lrkr"“Qk“'/(zm)Z(Ta,ﬂ,g). In this case,

rirr+1 = — 1 for any given orientations of the strings. We split 7' to a product of T}
and 75, where T is the tangle isotopic to 7" and has distances &g,y between the o
and (£ + 1)™ points at the bottom if £+k — 1 and &g-1(zy + &|r|—2 + &)1 between
the (k — 1) and k&% points. The strings of T are parallel except the string with both
end points at the top. Hence, the integral for a configuration with a chord connecting
these parallel strings is equal to 0. The limit of the integral for a configuration with
a chord connecting one of the parallel strings to the string connecting two points
at the top is equal to zero, because this integral has order O(g),j—1). The remaining
case is a integral for configurations with chords connecting the string connecting
two points at the top. However, this configuration is mapped to 0 due to the framing
independence relation. Hence the only non-trivial integral is the integral for the con-
figuration without any chords, and we get Iimglrl_lﬁ)oZ(T 1) = Ef. More precisely,

Z(Ty) = Ef + O(a1). From this fact, we get lim, ~ —og,,_, G/ 7oy

r]—
since E; Q1 = 0 and the coefficient of 8|r|—lgk ket (27”) for configurations with p
cords have order O((log £|,|_1)P ). We also have

_Q(oc,r,|7'|—2)8 Q k+1/(2m’)Z(T1 TZ)

lim ~ lim o Elrl—2 1

Urim2 i
—0 —2),
= 11m o Elrl—2 (rrl— )(E + O(gp-2))
e~ 2
= lim_ slrl_Z—Q(%r,lrl—Z)E; =E; .
[r| 2
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The last equality comes from the relation QuE; = Q.1,E;, since both configura-
tions are the same cord diagrams. Now we have

lim ... lim
g—0 -
|#|—3

81Q(rx,r,l) ' Q(a,r,\r|—3)E;81r ~

Q(B,s, || =3) Aps, 1) _
13(/“" g 2P =

B3

Q(oc,r,lr|~3)E;:8 Q(B,s,|r]—3) :E;: 0

since € —3 =3

Let T € 7% be one of the generator tangles with a maximal point. Assume
that the & and (k + 1)™ points at the bottom of T are connected by the string
having the maximal point. Let o be a permutation such that a(|s| — 1) =& and
a(js| —2)=k+1ifk S|s|l-20rk—1ifk=|r|]—1and |[r] = 3. Let B be a
permutation of degree |s| — 3 such that f~1(¢) =,a~!(¢) if £ < < k and B~1(£) =
a~Y(¢ +2) if £ = k. Then we have

Toce = 1o, Thooloyc - (2.14)
As in the previous case, we get the following lemma.
Lemma 2.15. In the above situation, lim,_ sﬂ’r_lZ(Ta,ﬁ,s)sa,s =E € A(T).
Now we discuss about the convergence of the modified integral for the trivial

tangle I , .. Note that the integral Z(l, . .) may not be trivial. Since the symmetric
group is generated by transpositions (k& + 1), we have

Lemma 2.16. I, . . is a product of tangles of the form Iy i1y, Wwhere n € S -y
and 1 £k < jr|— 1.

Proof of Theorem 0.3. First, note that usual tangle is expressed as a product of
several tangles of forms as in Fig. 2. Hence (2.12), (2.14) and Lemma 2.16 imply
Proposition 0.3. [

Lemma 2.17. For a trivial tangle 1 € "), ne S _; and 1 <k < | —1,
ime—og, 1) ZUykkityne) & B8 finite.
A proof for Lemma 2.17 is given in the next section.

Proof of Theorem 2.2. We showed that the modified integral of a tangle is a product
of the modified integrals of the simple tangles of several types. We also proved the
finiteness of the modified integral for these tangles. Hence we get the finiteness of
the modified integral of any tangle. [

3. Modified Integral of Trivial Tangles

The aim of this section is to prove Lemma 2.17, and give the actual form of
im. o Enge k1),r " Z(y(k k+1),n,2 ) En,»- We prepare several lemmas.

Lemma 3.1. Let r =(1,1,1) and I(a,b;e,a+b—c) € T be a trivial tangle
such that the distances of points at the top are a and b, and those at the bottom
are ¢ and a+ b~ ¢ as in Fig. 9. Then lim._ Z(I(¢)) e92/?™ s finite, where Qy,
denote the cord connecting the first (left-most) and the second (middle) strings.

Proof. We place I(a,b;e,a+ b — ¢) so that the level of the bottom is equal to
e and that of the top is equal to a. Let # € R be the parameter for the vertical
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I/

a+b-¢

Fig.9. Tangle I(¢)

(k)

Fig. 10. Configuration Q = Q%) Q@M

coordinate and y € C be the parameter for the horizontal coordinate. The first string
is presented by y = 0, the second string is presented by y = ¢ and the third string is
presented by y = a+ b. Let ;; denote the chord connecting the i and j® strlngs
The distance of the first and the third strings are constant and so the integral is
equal to 0.

We show the finiteness of the integral for any configurations with Q, and £2,3.
Let Q be a configuration of Qy, and ;3 as in Fig. 10. We denote this configuration
by @ =00 ... Q@00 where QM) = Q3 and Q) = Q;y or Q3 for i = 2. Let
fi(x) = 1/x if Q0 =Qy, and 1/(x — a — b) if QO = Qy3. Let C[[¢]][log ] be the
set of polynomials in log ¢ whose coefficients are series in .

We compute the integral for the configuration Q€,,”. Let f[ S (s )ds, =

fa SR ) fre=1(Sk=1) - - S1(s1)ds1 f2(s2)dsy ... dsg_adsp_1dsi and f[f,kz]

Se(s:)dsy = fabf;k o S22 S0 fr1 (e-1) - g (s1f1(s1)ds1 fa(s2)dsy . .. dsp—a
dsg—_1dsi. Then the coefficient of QQ,* in Z(I(¢)) is

@ @ g,
[ [ == u(t)dt.00,k (32)

k=0 (27tl)k 4 [e,a] [e,41] S

On the other hand,

00
Qp/(2mi) _ lo ko ko 33
LBl — 8 i (log 2y (33)

Hence the coefficient of QQ,,” in Z(I(¢))%2/C™ is given by

1 (r) (k) ds.
@riyr >

1
X £.(t)dt, Z(1og Y QQ,”. (3.4)
k+t=ple,al[e,y] S* ’
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das.. 1 1
We have f[(gkgl] . = E(log t, — loge)F, and Ek+f:p m(log e¥ (logt — log )

1 . ) ) 1
= Siisrmp gy (oe) tog ) (=1Y (og ) = ¥, 57 (g = — log &'
; 1
(log 1) = })T(k)g t1)?. Therefore,

1 ®
‘f*(l*)(l()g h )p dt. lezp . (35)

(34) = (zni)p+r [6.,{;] ;7—

The limit € — 0 of the above integral is finite because f(x) = 1/(x —a — b) and
a+b>0 0O

We get a similar lemma for the vertically and horizontally flipped tangles of
I(g), and combining these results, we get the following.

Lemma 3.6. For the tangle I(a — ¢, €; €, a — €), lim g™ 93/C™ 7(J(a — ¢, ¢; ¢,
a — €)) /) s finite.

We can compute the integral for every configuration. Let J = (p1. g1, ..., Py, 94)
for positive integers p1, g1 ..., Py, 9g. PCJ) =D 10— P> 9CJ) =1, qi- 1] = p(J)
+q(), g =g, Q= Q,"7 Q)" ..Q,7" Q" and

=0, La+L L., Le+l .., L. Lg + 1),
N—— S— N——
pi—l p—1 py—1
where

1
C(sla"':sk): Z £ 5 Sk
my<my < <myeN My My LMy
{(s1,...,s1) is called Zagier's multiple zeta values. Let ¢;;, be the numbers
given by

(=1)PY)
€J0,0 = G {r, (3.7a)
o = (—I)ZZ/mJ,J/ €J7,0,0 » (3.7b)
7

where J' = (p}, 41, ..., P}y, qy) and Qy: runs over all substitution of ¢ copies of

Q)2 to Qy except to the right of it, and m; ; is the number of ways to get J’ from
J as above,

Crit = (—l)kZ,mJ,ﬂ Cro,¢ (3.7¢)

J

where Q;/ 912// runs over all substitution of £ copies of p; to Q; lef except
to the left of it, and m; ;+ is the number of ways to get J’ from J as above. For
example, ¢(1,1y,0,1 = —2¢(1,2),00 = —{(3), and ¢, 1),1,1 = —2¢(2,1),0,1 = 2¢(1,1,1,1),0,0
+ dce,2y,0,0 = 20(2, 2) +-4L(1, 3).

Proposition 3.8. For I(1 —¢,g;¢,1 — &),

.8 2 w2 : x ‘
lim e™ 2w ZUI(1 —¢,e56,1 —€))eTm = 3 > > s y° 2,920,
e—0 m=0g=0 k{20

4(/)=g
k+{+|T |=m

3.9)
where we put cj,0 = 1 for empty sequence J.
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We denote the right-hand side of (3.9) by ¢(£212, 253). Reformulating (3.9) by
using (3.7), we get

oo [m/2]

G212, Q3) =323 > cro0 > -V %

m=0g=0 g(J)=g (! ’ 29(J)
k] [=m S =Pty S g

J' £J (component wise)

9(/) . .

P
1—‘[1 <p{> <Zi> Qz3k QJ_J/ 912/ . (310)
J= J J

Proof of Theorem 3.8. Let @; = QWD | Q@ QM) where Q%) = Qy, or Q,3, and
let fi(x)=1/x if QO =Qy, and 1/(x — 1) if Q) = Q,;. First we prove for the
case k = ¢ =0. The coeflicient for the configuration Q; in the integral lim, g
e~/ Z(J(1 — ¢, &5 &, | — £)) 212/ is equal to that in lim, .o Z(I(1 — &, ¢; &,
1 —¢)), and it is equal to the iterated integral

0
| fe(se)dss . (3.11)
[0,1]

Note that f1(x)=1/(x—1) and

f 5 "k dt 3 x™k
51 Sk 4 1 °
0 my<<-- <mpEN ml "'mk z my <---<mp€EN mlsl .A.mkSA

x Mk dt x™Mk+1
/ by S r_1
0

51
my <o-<mpEN my "'mk

51 Sk :
my<---<my <mp ] EN my "'mk M1

By using these relations inductively to compute (3.11), we get the right-hand side
of (3.7a).
We reduce the other cases to the £ = 7 = 0 case. Since

Lnfem) _ 5 _1 ds»
=0 2miYe (1 s

>

s—fnfem) _ 3> L . A (3.12)
=0 2mi)e g o 5% — 1

the coefficient of Qz, of the integral £~%3/%™ Z(I(1 — ¢,6;¢,1 — )) e212/@™) js
given by

1 k ¢ (k—n) dx., (£—m) dy. (Ij_l)f (52)ds.x

(Zni)k+/+|J' n=0m=0[1—¢,¢] X = 1[5,1—5] Y [e,u1]

(n) du, (m) dv,

(3.13)
e U = Lrg Us
The iterated integral satisfies the following:
k) (&) ) (k)
[ [ Fa(s)dseget)dte = [ [ gu(t)dte fu(s)dss . (3.14)

[a,b] [a,7;] [a,b] [51,8]



Representation of Tangles by Kontsevich’s Iterated Integral 549

This implies

m (D Cm gy, ™ gy,
P ).

(3.13) =

/

0smst [55] V* [Le] U

(2mi )k+f+|J| 0 2

Enskle, 1—¢] [e,u1]

du, *2m dx,

J

Ue — L g o) %6 — 1

S (s:)dss

(_])k+/ CHERG) du* &) dU*

=~ S/ [ (s dsy .
(i e+ [e,1—e] [0,5,] ¥* — 1 Is,11 U=
Hence the limit of (3.13) is
1y I ) @ 4
(-1 du, U*f* (5.)ds, .

(27-”')k+/+|]| [0,u11(0,5¢] Y* — 1 [s1,1] Vs

First split the integral intervals of wu, ..., ux by s1,..., 5, and then split the
integral intervals of vy, ..., vy by 51, ..., S|, U1, - .., ;. Then the above integral is
a sum of iterated integrals and each integral is expressed by c; 0,0 for some J. Con-
sidering which J corresponds to a part of the integral, we get the proposition. [

Now we introduce an operator A which duplicates a string of a tangle. Let
T € 7% be a tangle without maximal nor minimal points. Let w be a string of
T connecting the k™ point at the top and the j point at the bottom. Let 7’ be the
tangle obtained by adding an extra string w’ to T which is close and parallel to
w. The orientation of w' is equal to that of w. We denote this operator by Aj.
Then Ag (Tyce) = Té,’r,,s , where ¢'(£) =o(k) if a(¢) £k o' (s|)=k d(¢) =
() + 1 if otherwise, and v/ (/) =1(£) if 6 (¢) = 1, T () =4 () =1()+ 1
if otherwise. We can compute the modified integral of Ay (T5,; ) from the modified
integral of 7; .. as follows.

Proposition 3.15. We have
. -1 / . -1
lime, .~ M(Ty  )eoy =lime, .~ Z(T5,)Ens |@uu=Quut s, (3.16)
£e—0 s P e O wo

for every string v of T other than w.

Proof. Let o, = Ay (T;,’T,’a) and o = Z(Tm,r)|ng=9wu+gw,v. Then we have |a(g,|)
—a(0)] < O(gy). Since the coefficient of 5|r‘9m1,//(2ﬂi) for the configuration with #
cords has order (loge, )’, we have

. Q,,1/(2ni) —Q,,/(2ni) . Q,, /(2ni) ~Q, [(2mi)
tim ey ey = lim e ey T = 00, (3107)
r r

For the last equality, we use the 4-term relation [Q,,,/, Q.. + Q,/,] = 0. The for-
mula (3.16) comes from (3.17). O

Lemma 3.18. For I(a — ¢,2;e,a — €),

. _ 212403 . _ 3 L Q13+
lim @~ ~ 2= lim e 2w Z({(a —¢,¢6,6,a—¢€))em | g— 24
a—0 e—0

. 2 ab)
= hr% e m ZUI(1 — g, 5,8, 1 —e))em | (3.19)
£—>
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1 €
T, a-g
I(a,e)
T, a-&
€ 1

Fig. 11. Product of tangles I{(¢,a), T, and T

Proof. Consider a product 71/(a —¢,2;¢,a — )T, of three tangles in Fig. 11. Let
&(gk)(X ) denote the subspace of ./¢(X) spanned by cord diagrams with & cords

and pr: Ho(X) — Mgk)(X ) be the natural projection. Form (3.12) and proof of
Proposition 3.15, we have

Dk (a—(912+913)/(2ﬂi)) = px (5—923/(2751') Z(Ty) 6923/(2”)) + O(s(loga)k) ,

Di (a(913+923 )/(2m')) = pi (E—le/@m’) Z(Ty )5912/(2711')) + O(E(loga)k) )

Hence

_2pp+y3 . _ D3 2 213483
Pk (a Zni 1]1‘1(1) e m Z(I{la—¢e,e5¢e,a—¢))e | g 2u
E—>

. _ 9103 ; 9 23493
= 111'1(1) D <a T g Vel g [(g — ¢ ey e, a—¢e))em a W
E—

= lirrb <pk (6% Z(T)Z(I{a—¢,¢,¢,a— 6))Z(T2)€%%) 0(6(Iogs)k))

. x) Lip
= 11rr(1] pr(e 7 ZU(1 —¢, 6,6, 1 —e))em ),
£—>

since the tangle T} [(a — ¢, ¢; ¢, a—€) T3 is isotopic to I(1 —¢,¢; ¢, | —¢) with
the same endpoints. The last form does not depend on a and so we get (3.19). U

Let
oo [m/2]

D@, Q3) =23 Y 259,00 .
m=0g=0 k720

9()=g
k+£+|J|=m
Then, by (3.9),
¢(Q12, Q) = lim e~/ 7([(1 — ¢, &; &, 1 — £)) 42/ (3.21)

Theorem 3.22. Let I be the trivial tangle in T for some r and let n be
a permutation of |r| — 1 letters. Then the limit

lim e, iy 2l kryne) eny =1 € () (3.23a)

if there is j < k between n(k) and n(k + 1),
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: -1
bm e, piny, ZUnkkryne) Enr

¢ > ¥ o€ pq, > ’”p”quq): ifnk) < nlk+1),

7(k)+1= p=n(k+1) ¢ < palk)
_ nle+l+l=qg=t n0+1 =g <nlk+1)
¢ > "pg 82 pgs > ”p”quq>= if nk) > nlk+1),
e+ 1+1 < p<n(k) ¢ < pEn(k+1)
ne+lsq=s nlk+1)+1 g < (k)

(3.23b)

where ¢ is the maximal number such that n~'(q) = ¢' + 1 for all q such that
max(n(k), nlk + 1))+ 1 £ g £ ¢, and ¢’ is the minimal number such that n=' (p)
=k forall ' = p < min(n(k), n(k + 1)).

Proof. We prove the above for » = (1,1,...,1). Results for other cases come
from this case by changing the signatures corresponding to the factor (—1)"1 in
Definition 1.1. Assume that g, is very small for & > i+ 1. Then the strings of
Lyk k+1y,5,¢ are split into k£ + 2 groups, in which strings are parallel and very close.
Let Gi,Ga,...,Giiz be those groups from left to right. Let # be a sequence of
k + 1 ones and I’ be the trivial tangle in J~ ', Then, there is #' € S, such that

y” 'kt 1), 18 the modified tangle obtained by replacing each group G, by a single

string. Let QU9) = > e G 1€

s and ¢. Proposition 3.18 implies that we can get lim,_, €k k+1),r*1 Z(Lytk k+41),n,2)

G, Qs where Qg denote the cord connecting the strings

ey from lim._g €k k+1),r,'lZ(I,’7,(k k+1),n’,s)5n’,r’ by changing each string to
strings in the corresponding group and each cord Q;, connecting the j® and /®
strings of I’ to a sum of cords QU?).

From now on, we investigate lim. &,/ k+1),,/‘lZ(11;,(k kH),nl’g)an/,,/. Let j
be an integer with 0 < j < y(k) or y(k +2) < j £ k + 2. Then the coefficient of
a configuration containing Qjyt), Qjn(k)+1,---» OF Ljye+1)+1 is 0 in the limit of the
modified integral since such a coefficient in Eﬂ’(kk+1),r’_1 Z(I,;,(k k+1)’ﬂ,}€)5,7/,,/ is 0

or bounded by O(g; (loge, )’) for some 7.

Now consider the case n(k)+ 1 < (k4 1). Let n(k) +1 < j < gk + 1)+ 1.
Then the coefficient of a configuration containing Qi) or Q)1 is 0 in the
limit of the modified integral as before. Let (k) +1 < ¢ < n(k + 1)+ 1. Then
the coefficient of a configuration containing Qi) 0r Q)41 is also 0 in the limit
of the modified integral as before. Hence, the limit has a nontrivial coefficient for

configurations consisting of Q)41 and Qi 1yyr+1)+1- We can compute the
coefficient of Qn(k)n(k)+1an(k+1)11(k+l)+1q in Z(Ir]’(k k+1),n’,€)v and it is m
(log e —log e11)P(log ey — log ;). Therefore, the coefficient of Quytr+1

Quiies yne+1y+1? in the modified integral e, kﬂ),,/”lZ(I,;,(k KDyt e JEn 18

1 1
e —————(~log )" (—log ¢ 1%
(27Il)p+q Fltrotra=p S1!S2!S3!7‘1!r2!}’3!( & k) ( & k+l)

S| +sp+s3=¢9
(log e — log eg1)2(log ery1 — log ¢ )?(log ex41)7 (log £)*
_ { 1 if p=¢g=0,
0 if otherwise.
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This implies that lim. o €,k g41),~ Z([ Yey,» =1 € A(I'), and so

'tk k+1),1 e

Lim ene kryrF Z(ytk kat)me ) Enr =1 € () (3.24)

If nlk + 1)+ 1 < n(k), we get the same result.
Ifnky+1=nk+1)or ylk+1)+1=nlk), we get

- -1
Lim ey a1y, ZWgr kst ) Enort = ey k1041 Lo doy1) - (3:25)

from (3.16) and (3.21). Hence, by substituting 2;; = QUD, we get (3.23b). [
This theorem implies the lemma at the end of the last section.

Remark. 3.26. Lemma 2.8, Lemma 2.11 and (3.23) give modified integrals for sim-
ple tangles in Proposition 2.6.

4. Modified Integral for g-Tangles

In Sect. 2 and Sect. 3, we investigate the modified integral for pre-q-tangles. Here,
we show that the category of g-tangles is a quotient of the category of pre-g-
tangles. We also show that the results for pre-q-tangles in the last two sections can
be translated for g-tangles.

First, we give a mapping f from pre -g-tangles to g-tangles. Let » and s be
sequences of +1,7 € 7% and ¢ € Sis,T € S)y. We define

FUT, 0,7)) = (T, fulo), fw(7)) (q-tangle), (4.1)

where f,(0) and f,(7) are non-associative words with supports r and s defined
by the following. For the sequence r = (r1, 72, ..., 7},|), first put a bracket to group
Po(lr|=1) a(lr=1)+1- At the k™ step, put a bracket to a subsequence (w;wy), where
wy is the group containing 74—, as the right-most element and w; is the group
next to wy. Repeating this procedure to (|| — 1)th step, we get a non-associative
word and we denote it by f,(g). We similarly define f,(t). Since the families
of morphisms of the categories of pre-q-tangles and g-tangles are identical, the
definition of the mapping f/ immediately implies the following.

Proposition 4.2. The mapping f induces a surjective functor from the category of
pre-g-tangles to the category of g-tangles.

In the rest of this section, we show the following.

Proposition 4.3. The mapping f induces a representation of g-tangles from the
modified integral for pre-q-tangles in the last two sections.

Proof. We show that the modified integrals of pre-q-tangles (7,01, 7;) and
(T, 02, 72) are equal if f(01) = fi(02) and fy(71) = fWw(12). Since (T, 02, 72) =
U, 02, X T, o1, 7)1, 71, 72), it is enough to show that the modified integral for
(I,0,7) is equal to I if f,(¢)= fu(z). Then the following lemma and (3.24)
implies the proposition. [

Lemma 4.4. Let o and © be two permutations of n—1 letters. Then f,(6) = fu(1)
if and only if there are sequences of permutations ¢ =1y, ..., §; = © and integers
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ki, ..., ke satisfying (* W1 = ni(k;, ki + 1) and there is some j; < k; between n;(k;)
and V]i(ki + 1)

This lemma comes from a combinatorial argument. We omit the proof.

Proof of Theorem 0.4. By Remark 327, Z 7 in Theorem 0.4 for simple tangles
in Proposition 0.3 coincide with the representations in Proposition 4.3 for those
tangles. [

5. Invariant for Framed Tangles

In this section, we construct an invariant of oriented tangles with blackboard fram-
ing (see for example [13]). Let T be a tangle. In this section we use chord diagrams
2/(T") instead of o7 o(T'). It means that we do not impose the framing independence
relation given in Fig.1 (b). We construct an invariant of framed g-tangles with
values in «Z(7T). Kontsevich’s integral for a tangle becomes infinity at neighbor-
hoods of maximal and minimal points if we don’t have the framing independence
relation. We normalize the integral at maximal and minimal points so that it is
finite.

Let T be a tangle with only one minimal or maxima point p. For small positive
e € R, let T, be the tangle obtained from T by cutting a part near p by a horizontal
plane. Here ¢ is the distance between two intersection points of the distinguished
string containing p with the cutting horizontal plane. Then T = T, x (T — T.) and
T, is a trivial tangle. We can define Z(7T.) € «/(T.). Let w? stand for a chord dia-
gram in #Z(T — I..) which consists of d parallel dashed lines near p and connecting
points of the distinguished string as in Fig.12. We regard w as the formal d™
power of w.

Proposition 5.1. Let T be a tangle with just one extremal point p. If p is a
minimal point, there exist

Zy(T) = lim Z(T.) e~ /™) ¢ /(T .
£—
If p is a minimal point, there exist
Z;(I') = lim e’CZ(TY e A(T) .
E—>

Proof. We use a similar argument in the proof of Lemma 3.1. We prove for the
minimal point case. We may assume that the bottom plane of T’ contains the mini-
mal point p. Let 77 be a tangle obtained from 7 by a horizontal move, keeping
each point of the top and the bottom planes invariant. Due to the 4-term relation,
Z(T"y = Z(T) if Zy(T) is finite. Hence it is enough to show the finiteness for
the tangle 7 in Fig.13.

We compute the coefficient of the integral Z(7T.)e~“/®™) for the configura-
tion Q@ ... QP QWP Recall that we assumed every tangle is contained in
R x R C R x C except neighborhoods of crossing points. Hence, 7. C R x R. As in
the proof of Lemma 3.1, this notation stands for a configuration with Q... QM

from top to bottom in turns and the lowermost part is w?. Let wg) and wf)
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Fig. 12. Cord diagram o

z=0

Fig.13.
be the two string of 7 containing the end points of Q®. If w" and w? are
parallel for some k, then the coefficient is equal to 0. So we assume that they
are not parallel for all %, in other words, one of wg) and wf) is the non-vertical
string. Let 1/|f#(¢)| denote the distance of the end points of Q® at level ¢, i.e.
fi(t) = £1/(t — ar) for some a; € R. We choose the signature of f(¢) as follows.
Si(®) > 0 if the distance is increasing with respect to ¢ and the orientations of
wi, w; are coherent, or the distance is decreasing and the orientation of wy,w, are
not coherent; f1(z) = +1/(t — a). By repeating similar computation to get (3.5), we
know that the coefficient is '

1 ) 1 .
e f E(log 1) fi(5:)ds, 27 ... QDw? (5.2)
[e.11] £

The limit of the above integral is finite because f1(z) = £1/(¢t — a1) with a; +0.
Similarly, we can prove the finiteness for the maximal point case. [
Due to the 4-term relation, we have

Lemma 5.3. Let T be a tangle and t1 <t < --- < t, € R such that T has a
maximal or minimal point at level t =t;. Let T' be a tangle obtained from T
by a horizontal move keeping each point of levels t = t; invariant. Then Zy(T") =
Zy(T), where Zy is defined in Proposition 5.1.

Lemma 5.4. Let T be a tangle and t, < tp < -+ < t,, € R such that T has a
maximal or minimal point at level t = t;. Let T(¢) be a tangle equal to T except
a neighborhood of a maximal or minimal point at level t; of T where T(e) is
given as in Fig. 14. This figure explains the case of maximal point. Assume that
the two strings used for moving the extremal point ave parallel to each other, they
are not parallel to C and they are contained in a plane transversal to C. We also
assume that the level of the moved maximal (resp. minimal) point is less than t,
(resp. more than t;_1). Here we use conventions to = —oc and t,1 = co. Then

Zp(T(e)) = Zs(T).
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A \ . A \
ota
tpt+a >
. T 1O (2)
3 A \J
Tl \ tpta-€ \ ! !
t, ’ ) 2)
NN 2 \ G PN
tp-€ to- €
Q) 2) ’ 1) 2
T3 \ uj / \U3 T, \ \Z) V(3)

Fig. 14. Vertical move of a maximal point

Proof. We prove for the maximal point case since proof for a minimal point
is similar, We split T to three parts Tj, 7> and 73, and split 77 to three parts
7!, T} and T%. Let ulV, u(zz), ugl) and u§2) be parts of a Wilson loop of T and
let o, v, v(zl), v vgl) and v be parts of a Wilson loop as in Fig.14.
A configuration for T; is called zype I if it has only chords with end points on
uﬁl) and u§2). A configuration for 7; is called type II if it has a chord with one
end point on ugl) or u§2> and another end point on neither ugl) nor ufz). A con-
ﬁgura(tli?n for (g;- is called type III if it has only chords with neither end points

on u; nor u;’. We also define types of configurations for 7] similarly. Let

Z(T)) = AL + AT + A%, where 47 denote the integral for configurations of type
j. Similarly, Z(T}) = B! + BY + B,

We have Z(T) = Z(T1) Z(Ty) Z(T3) = AT (AL + AT + 450y (44 + AT + 44
and Z(T") = Z(T7) Z(T;) Z(T3) = (B} + BY + B{") (BY + BY") (B} + BY + BY).
Note that BL = 0. By using lim,_qef(loge)’ =0 for k > 0, we have Z(T) =
lim,_g Z(T) = lime_g A (A} + AT + A4y (4% + AT + A%) = lim,_o 41454}
+ AT 4 40y and Z(T') = lim.—y Z(T') = lim. (B} + B + By (BY + BI)
(BY +BY + By =lim._o B{(BY + B (BL + BY + BiT). Here we use the in-
variance of Z; under the horizontal move and use the condition for the level of new
maximal point. We also have lim._oB{BY =0, and Z(T’) = lim._,B{BY (B} +
gé;j_)Béé) Noting that B! = 4%, B = 4 and BIB¥ = BY¥B!, we get Z(T) =

2

An isotopy of R®> =R x C is called horizontal if it preserves the first (R)
component of each point. By using previous two lemmas, we get the following.

Lemma 5.5. Let T' be a tangle obtained from T by a horizontal isotopy. Then
Z(T") = Z,(D).

By using this lemma, we can remove the condition for the new maximal or
minimal point in the lemma for a vertical move.

Lemma 5.6. Let T(¢) be a tangle equal to T except a neighborhood of a maximal
or minimal point where T(g) is given as in Fig. 14. This figure explains the case
of maximal point. Assume that the two strings vgl) and vgz) are parallel to each
other, they are not parallel to C and they are contained in a plane transversal to

C. Then Z(T(¢)) = Z(T).

Due to the above two lemmas, Z,(T') is invariant for Reidemeister moves except
the stretching moves. As in the case of original Kontsevich’s integral, we normalize
Z(T) so that it is equal for tangles T T’ in Fig.7. Let
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vy =2Zs(U), (5.7)

where U is the diagram in Fig. 5. Let T be a tangle with £ numbered component
and

Zi(T) =@M ®...99,™) - Z{(T) , (5.8)

where m; is the number of maximal points of the j% component of T and so y;mj
acts on the j™ component.

Theorem 5.9. 7 (T is an invariant of regular isotopy.

Proof is similar to Z case.

Remark. 5.10. 7 #(T) is not invariant by the twisting at the minimal and the maxi-
mal points. Let T be a tangle and let 7' be a tangle twisted by angle £n at a max-
imal (resp. minimal) point of 7. Then Z (") = e*%? Z(T) (resp. e¥? Z /(T)).

Now we compute the values of Zf(T ) for simple g-tangles in Proposition 0.3,
which are given in Theorem 0.4.

Proof of Theorem 0.4. If the tangle T is R k,Rk_l or 1, the argument for Lemmas

2.7, 2.10 and Theorem 3.22 is also good for Z and so we get the values of these
cases as in Theorem 0.4. For T = E}, we show that

lim e, Zp (7,0, ) ep.s = E - (5.11)
E—

We may assume that the tangle E} is of the form as in Fig.13 and the string
with the cusp connect the ™ and k + 1™ points at the top. It is enough to show
that lim,, _ot; 2k #+1/@™)Z(T)!, &, B) = E. For a configuration containing a cord
other than Qy;y1, the coefficient of the integral Z,(T f)‘,oc,ﬁ) of this configura-

tion is bounded by O(¢;(logt)’) for some # from the proof of Proposition 5.1.
Hence, for a conﬁguration containing a chord other than Qg 4, the coefficient

of 1) Ykkt/@DZ (T o, B) of this configuration is bounded by O(t (log# Y'Y for
some £, Therefore the limit of this coefficient is equal to 0. The remaining con-
figurations are Q i 4 for nonnegative integers d. The coefficient of Q, , 41 4 is

WZ’C . /zd—kw(log Y+, which is equal to 1 if d = 0 and 0 if otherwise. This

implies (5.11). The proof for the tangle E is similar. E'x contains a maximal point,
so we have to multiply the factor y,. [

For a g-tangle (7,0,7), we have another invariant Z)(T ) € A(T) constructed
from Z(7T,0,1) € o/o(T) as follows. Let ¢ be a mapping from /(T) to (1)
defined by

W(Q) = Q — 1/2(8, + 63) (5.12)

for a cord @, where 8; (resp. 6;) be a cord connecting two points in a small
neighborhood of one (resp. another) end point of Q. i is f factored by o/ O(T ) and let

Yo be the factored mapping from .o7/o(7") to /(7). Let ZO(T o, 1') = l//o(Z(T o, 7))
Then Z, is also an ambient isotopy invariant of g-tangles, while Z ' is regular isotopy
invariant of framed links. We have following relation between Z '+ and Zo.
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Theorem 5.13. For a g-tangle (1,0,7),

N (wity  £1,)6/2 (it £4)0/2 N
Zi(T,0,t)=|e % ®..Qe I - Zo(T,0,7) , (5.14)

where k is the number of components of T,w; is the writhe of the knot of the
J™ component, ¢ ,q is the linking number of the p™ and q™ component, © is the
chord diagram on a circle with one chord, and ©/ in the Taylor series of the

exponentials is the product of j copies of @ in of.

Proof. Due to Proposition 0.3, it is enough to prove for g-tangles in Proposi-
tion 0.3. We have Y(Z,(T)) = W(Z(T)) = Zy(T) since Y(E e?) (resp. Y(e"YE*))
is equal to E (resp. £*). We compare Zf(T,O',‘C) and l//(2f(T,o,f)). We first
compare Z¢(7,0,7) and Y(Z/(7,0,7)), then show that y, =y. For T = E; or E},
W(Z (T, B)) = Z(T,, B), since Z(T,a,f) = Ex or Ef. For T =Ry or Ry, we
have Z (T, a,0) = €2 and so Y(Z;(R)) = eT@2—01/4=02/4) We show

WZ(Ln(kk+1),m) = Zg(Ln(kk +1),n) (5.15)
for a trivial tangle /. Recall that Z,(Z,(12),(21)) = ¢(£212, 253). We first show
Y( (12, 223)) = ¢(212, Q3) (5.16)

where [ is the trivial tangle with three strings. Let 6%, (i = 1,2,3) be k small cords
connecting 2k points of a small neighborhood of a point of the i string without
crossings. Let dzy = (0 + 5;) Let ¥; be a mapping acting on (/) defined by

Vi@ - Loy Qi) = SE Qi V( Qi) Qg and P(Qp ) = Qp
— Oyp if k =1 and Q k! if otherw1se Let ¥, be a mapping acting on «/(/) de-
fined similarly to ¥, with Yo Q) = Qppr — 03 if k! =3 and Q. if other-
wise. Then Y o(p(Q12,Q23)) = exp(¥;1 + P2)p(Q12, 223 ). From (3.10), we have
oo [m/2]
d)(le,ng,) = Z Z Z C_],(),()O( ’ (517)

m=0 g=0 9(J)=g
| |=m

where

o= Z (~ 1)]J|H<p)(q>9 pJ )QJ /,Q q(J).
J

0,.,.00<J/<J
component wise

Here J' = (p, q{,...,p;, q;). We show that ¥ and ¥, send « to 0.

We see the coefficient of 512923" QJ 78 9 in ¥, (a). This is

_npUh+ [ gt ") q;
=7 (41)( )(( D’ p(‘”H (P)(ﬂ)
+§(pi—p,{—l—l)<§,i>...(p;lj_il)...<§z>> : (5.18)
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Since (p; — pi+1) <p{p_i 1) = pi (ﬁi) , (5.18) is equal to 0. Similarly, ¥,
i i
sends « to 0. Hence, ¥o(a) = exp(¥; + P2 )(a) = o and so ¥y does not change
D(Q12, Do3).
We show (5.16) for a trivial tangle 7 with more than three strings by similar
argument. We use the notations in Theorem 0.4. Since

Y > rprefpg | = 3 rprgQpg— 3 rprg(dp+9y),

aspsh aspsb aspsh

btl1=g=c b+1=g=c b+1=qg=c
we can use the previous argument to prove (5.16) with > rq ¥e82, 4,

E<p<Jg
nirtl=gsj+l

_ > Tp TR Yo rprg(0p+dg), and > r, (8, +9,) instead of
Jot1=p=/; k=pZJg Jo=r=Ei
Ji+1<qs/s Jo+1Sa5)) ENETEL

Q12,823,012 and by respectively.
The above argument implies

Wi+ 61702 (wt) £4)0)2
Z(T,0,0)= e /%! ®..Qe J* “Yo(Z(T,0,7)) . (5.19)

In the rest of proof, we show o(y) = ys, where y = Z(U) and y; = Z(U) for
the diagram U in Fig. 5. We know that y, = E>¢(—Q12, —Q2p3)ET, and so y(y,) =
7. On the other hand, ¥ = and yo gives an isomorphism between .2/o(7T') and
the image of  in &/(T') for any tangle T'. Note that i, ! is equal to the natural
projection from Y(/ (1)) C A(T) to o/o(T). Since y, € Y(.#(])), where I is the

trivial (1,1)-tangle, Y '(y7) = 7, and so Yo(y) =y, O
Remark. . Another proof for (5.16) is in Appendix of [19].

6. Relation to a Quasi-Hopf Algebra

Let #® =(1,...,1) and 4% = o/(I®)), where I*®) is the trivial tangle in
——

k

7 ™) whose strings are oriented downwards. Then .#® is an algebra with
the product induced by the product of tangles. We call .#%) the chord dia-
gram algebra of degree k. .#® = C by definition. For a sequence of alge-
bras C= 4@, 4O, .., #4,. . ., we introduce a structure similar to a Hopf
algebra structure. The algebra ./ is isomorphic to .#‘). We have an inclusion
A~ (MY C 4P, We also have a linear mapping #* — o/®* defined
by the following. Let D be a chord diagram in .#®. Removing all the chords
of D with two end points at different strings, we get a disjoint union of 4 chord
diagrams D1,...,Dy. Let D] be the chord diagram on a circle obtained from D; by
connecting the ending point and the starting point of the string of D;. Then D] ®
...® D}, € o/®*. The projection .#® — o/®* is a linear extension of the above
mapping for chord diagrams. We extend the “Hopf algebra structure” of o to 40,
MV, ., P, ... with respect to the above inclusions and projections.



Representation of Tangles by Kontsevich’s Iterated Integral 559

We put numbers 1,...,k to the strings of chord diagrams in .#®. We first
extend the multiplication m : .o/ ® &/ — & to a linear mapping m : A4? — 4D,
For a chord diagram D € .#®, we can make a chord diagram D’ € .#" by con-
necting the ending point of the first string to the starting point of the second string.
Let m be a linear extension of the above mapping. We sometimes need an ex-
tension of the mapping id®*“ ™D @ m @ id®* =D ; g®k _, g®k-1 1 ¢~ g
m@id® D gy ® _ g*=D In our notation, id®“ D @ m @ id®* =1 does
not mean the usual tensor product any longer. For a chord diagram D € .#®), we
can make a chord diagram D’ ¢ .#%*~V by connecting the ending point of the /™
string to the starting point of the (£ + 1)® string. Let id®“ D @ m & id®* 4~
be a linear extension of this mapping. This extended mapping and the original one
commute with the inclusions .&/®* — #® and #®* =D — %=1 The unit I is
the chord diagram without any chords.

Next, we generalize the coproduct 4:4 — A @ o to A: MV — HD. Let
D be a chord diagram in .# and py,..., p; be the points on the non-closed
string of D where the chords are attached. Take a duplicate of the string and let
Pls---» Py be the corresponding points to py,..., pr on the new string. Then replace
chords as follows. If a chord, say ,,,, connects p; and p; then replace it by
Qpip; + Q2 p; T 2y T2y . By the above replacement, D is replaced by a sum

' 4 J Ll

of 2 chord diagrams in .#®). Let A be the linear extension of the above mapping.
We sometimes need an extension of the mapping id¥?~D @ 4 ® id®* =) . o®k _,
ABUHD 16 {d® D @ 4 @ 1d® ) . 4@ — g%+ In our notation, id®¢ D &
A ®id®* =9 does not mean the usual tensor product any longer. Let D be a chord
diagram in .#® and pi,..., p; be the points on the /% string of D where the
chords are attached. Take a duplicate of the /™ string and let pi,..., p} be the
corresponding points to pi,..., px on the new string. Then replace chords as follows.
If a chord, say 2, p;» connect p; and p; then replace it by Q. p 4 oo T Q, ’ +

Q. If a chord, say Q,,, connect the point p; and a point g not on the /™
L]
string, then replace Q,,, by Q,,+ Q p'g- By the above replacement, D is replaced

by a sum of 2* chord diagrams in .#®. Let id®“" ® 4 ®id®**~ be a linear
extension of this mapping. This extended mapping and the original one commute
with the projections .A#* — @ and #*+1) — g@EFD)

We have a counit € : & ~ .#") — C. For a chord diagram D € 4", £(D) = 1
if D is the chord diagram without any chords and e(D) = 0 if otherwise. We
also need an extension of the mapping id®Y ™1 ® £ @ id®F ) . @ , yBE-1) ¢4
id® D geid® . #® _ %1 For a chord diagram D € .4® id®“—1
® e ®id®* (D) = D if there is no chord of D ending at the /® string and
id® D ¢ @ id®* (D) = 0 if otherwise. Let id®“™V @ ¢ @ id®* =) be a linear
extension of this mapping. This extended mapping and the original counit commute
with the projections A#®) — #® and H4* =D s g®*k=1),

We have an antipode S : ./ — /. For a chord diagram D € .#(M),S(D) is a
copy of D with opposite orientation for the string. We also need an extension
of the mapping id® ™D @ § ® id®* 9 . #® _, & 15 id®¢D g § @ id®* .
ME — H*®) . Let D be a chord diagram in .#®. Change the orientation of the /"
string and replace each chord Q with just one end point at the /% string by —€, we
get a chord diagram D' € .#®. Let id®“™V 5 ©id®* ) be a linear extension
of this mapping.
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Let gb:x//f(le,QB)Eﬂ(”, where (212, Q) is defined in Sect. 5. Let
1d®? ® ¢ @ id®? be an element of .#PT973) obtained by adding p+ ¢ strings,
numbered from 1 to p and from p+4 to p+g¢+3. The /% string of ¥ is num-
bered by ¢ + p. By the construction of ¢, we have the following relations.

(d® 4) (4(a)) = (4 ®id) (4(a)) = ¢ (4 ®id) (da))¢~', ae .4V
(d®id® 4) ¢ (4®id®id)d = ([d® ¢) (d® 4®id) ¢ (¢ ®id) ,
(c@id)d=id=(id®e) 4,

(d®e®id) ¢ = 1. (6.1)

These correspond to relations for a quasi-bialgebra, and so the sequence M@, M1,
..., M®) . is a generalization of a quasi-Hopf algebra in some sense.

Let y; = Zs(U). Let 1: C — #") be a linear extension of the unit 1 and
id®D g1 @id®* D . M® — g*+1) be the linear mapping defined by the fol-
lowing. Let D be a chord diagram in M®*). Adding a string to D, we get a chord
diagram D’. We put a number p (resp. p+ 1) to the strings of D’ correspond-
ing to the p™ string of D if p < £ (resp. p = ¢) and put £ to the newly added
string. Then id® Vg id®(k*f)(D) = D'. From the definition of m, 4, and S,
we have

(id®(/"1) QmE id®(k—/)) (id®(f—1) RS® id@(k—f+1)) (id®(/"1) ® Aid@(k—f)) . a
= ({d®“ Vg1 ®id®* ) (1d®“Vgeid®* D). q,
(id®(f’—1) QM id@(k—/)) (id®(/) ®S® id®(kV/)) (id®(5’—1) ® Aid@(k—f)) -a
= ({d®*D g1 ®id?* ) ([d®¢ Ve ®id®* ). a, (6.2)
for a € A% and
m(m®id) ((d®S®id) ¢ =7/,
m(m@id) (SQIAd®S) ¢~ =7, . (63)

These correspond to relations for a quasi-Hopf algebra, and so the sequence
M® p . M®, . is a generalization of a quasi-Hopf algebra in some sense.
Let R = %22 ¢ #®. Then we have

A(a) = RA@R™', ae P,
(A ®id)R = ¢312 Ri3 35 Rz
(id ® A)R = ¢531 Ri3ha13 Rozh (6:4)

where R;; = e%il?, Pie = W(Qy;, Qix). These are relations for quasitriangularity, and
so the sequence M©®, MM, . M® . is a generalization of a quasitriangular
quasi-Hopf algebra in some sense.

As the above argument shows, the sequence M@, M, .., M®, . possess all
properties needed for a quasitriangular quasi-Hopf algebra. This sequence plays the
role of a quasi-triangular quasi-Hopf algebra in the construction of link invariants
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as in [2]. The 4-term relation corresponds to the classical Yang-Baxter equation. So,
once we are given a solution of the classical Yang-Baxter equation, we can construct
a “state model” of the sequence M@, MM, M®  asin [5,18], from which
we get a C-valued invariant of links. The sequence M©, MM . M®  does
not include the quantum groups, but is a universal object for the algebras generated
by classical r-matrices.
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