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Abstract. We prove that the SU(2) Witten—Reshetikhin—Turaev invariant of any 3-
manifold with any colored link inside at any root of unity is an algebraic integer. As
a byproduct, we get a new proof of the integrality of the SO(3) Witten—Reshetikhin—
Turaev invariant for any 3-manifold with any colored link inside at any root of unity of
odd order.
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0. Introduction

In the late 1980s, Witten [34], using path integral (which is not mathematically
rigorous), constructed an invariant 7$;(¢) € C of a closed oriented 3-manifold M,
a simple Lie group G, and a root of unity . Reshetikhin and Turaev [30] gave
a rigorous construction of 7/ (¢) for the case G = SU(2). The construction was
later generalized to the case when G is a simple, compact, connected, and simply-
connected Lie group, with some restriction on the order of the root £ of unity.
Moreover, the invariant was extended to pairs (M, L), where L C M is a framed
oriented link whose components are colored by finite-dimensional G-modules. We
will call T]\C/'}) (&) the quantum or WRT invariant of M with a colored link L inside.

For more than 20 years, the problem of integrality of the WRT invariants has
been intensively studied. The interest to this problem was drawn by the theory of
perturbative 3-manifold invariants generalizing those of Casson and Walker [29], by
the construction of Integral Topological Quantum Field Theories [6], [9] and their
topological applications and more recently, by attempts to categorify the WRT
invariants [15].

*A.B. and T.L. are supported by the Swiss and American National Science Foundations.
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In the case G = SU(2), there is a projective version Tffo(g) (€), introduced by
Kirby and Melvin [16] and defined at roots of unity of odd order. This projective
version, when defined, determines the SU(2) version.

In this paper we completely solve the integrality problem for both SO(3) and
SU(2) versions of the WRT invariant for all 3-manifolds with arbitrary colored
links inside. Before stating our results, let us give a brief introduction into the
history of this subject.

In 1995 Murakami [26] established the integrality of the WRT SO(3)-invariant
for rational homology 3-spheres at roots of unity of prime orders. This result
was extended to all 3-manifolds by Masbaum and Roberts [23]. Masbaum and
Wenzl [24], and independently Takata and Yokota [31], proved the integrality of the
projective WRT SU (n)-invariant for all 3-manifolds, always under the assumption
that the orders of the roots of unity are prime. Finally the third author [19]
established the integrality of the projective WRT invariant associated with any
compact simple Lie group, again at roots of unity of prime orders.

The case for the roots of unity of non-prime orders is more complicated. The
first integrality result for all roots of unity was obtained by Habiro [12] in the case
of SU(2) and integral homology 3-spheres. Habiro’s proof relies on the existence
of the unified invariant for integral homology 3-spheres as an element of Habiro’s
ring, a certain cyclotomic completion of the polynomial ring Z[g]. This unified
invariant is a kind of generating function for the set of WRT SU(2) invariants at
all roots of unity. The integrality in this approach follows directly from the general
properties of Habiro’s ring.

Habiro and the third author [13] subsequently defined the unified WRT invari-
ant for all simple Lie groups and integral homology 3-spheres, thus proving that
the WRT invariant of any integral homology 3-sphere associated to any simple Lie
group and any root of unity is always an algebraic integer. However, the case of
manifolds other than homology spheres was unknown, even with G = SU(2).

In this paper we give a complete solution for the integrality problem for all
3-manifolds with arbitrary link inside at all roots of unity for the case of the group
SU(2). Our invariants are normalized as in [16] and we show that integrality in
that case implies integrality for all other normalizations used in the literature.

Theorem 1. The WRT SU(2)-invariant of any 3-manifold M with any colored
link inside at any root of unity is an algebraic integer.

Theorem 2. The WRT SO(3)-invariant of any S-manifold M with any colored
link inside at any root of unity of odd order is an algebraic integer.

Theorem 2 is a generalization of a result in [4] to manifolds which contain a
link inside. However, we give here a new independent proof along the same lines
as in the SU(2) case. Theorem 1 is the main result of the paper. The key new
ideas used in the proofs are the following.

One of the main tools is a significant generalization of some divisibility result
(Theorem 2.2) which was originally obtained in [20] using a number-theoretical
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identity of Andrews’ [1], whose special cases are the classical Rogers-Ramanujan
identities.

Further, to include the case of even colored links in 3-manifolds, we had to
introduce a new basis for the Grothendieck ring of the quantum si(2), which is
orthogonal to the odd part of the center with respect to the Rosso form. This
led to an important new result (Theorem 1.1) generalizing that of Habiro, which
states that the colored Jones polynomial can be presented as a sum of integral
“blocks”. This result is proved in the Appendix, and it is of independent interest
in the quantum link invariant theory.

For manifolds obtained by surgery along links with diagonal linking matrix we
show that the contribution of each integral block to the WRT invariant is integral
by using our main tool (Theorem 2.2). The general case can be reduced to the
diagonal one by using some classification results for linking pairings. However, it
is more demanding in the SU(2) case than in the SO(3) one, since the linking
pairings on abelian groups of even order are more complicated [14].

As a byproduct, we generalize the relationship between SU(2) and SO(3) in-
variants at odd roots of unity to the case when a 3-manifold contains an arbitrary
colored link inside. For empty links and links colored by the fundamental repre-
sentation, this relationship was established in [16] and [23], respectively.

At the moment of this writing, our proof cannot be generalized to higher-ranked
Lie groups because we do not have an analog of Theorem 1.1 (splitting into integral
blocks) in those cases. The paper is as self-contained as possible. The only two
results used without proofs here are [20, Theorem 7] and [3, Theorem 2].

We organize this paper as follows. In Section 1 we fix notations, recall the
definition of the WRT invariant and state a generalization of Habiro’s result. The
main strategy of our proofs is explained in Section 1.6. In Section 2 we prove some
divisibility results for generic values of the quantum parameter. Formulas related to
roots of unity are proved in Section 3. Section 4 deals with the symmetry principle
and the splitting of the SU(2) invariant at odd roots of unity into the product of the
SO(3) and Deloup’s invariants. Section 5 discusses how to construct 3-manifolds
that can be obtained by surgery along links with diagonal linking matrices. The last
two sections are devoted to the proofs of Theorem 2 and Theorem 1, respectively.

1. The colored Jones polynomial and the WRT invariant

1.1. Notations. Let ¢'/* be a formal parameter. Set

_ {n} m . {n}!

{n} = qn/2 - qin/2a {n}' = Zl;[{l}a [n] = m7 k = W ’

and

(2 Q) = Wﬁl(l g2, <m>q = @0 neniny [m} .

painy n (¢ Dn n
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Throughout this paper, let & be a primitive root of unity of order r and £'/* be a
complex number such that (£1/4)* = £. There are 4 possible choices for £!/4, and
we will make some restrictions later.

When working in the SO(3) case, we will always assume that » > 3 is odd. In
the SU(2) case, r > 2 will be an arbitrary positive integer.

For f € Q[¢*'/4], we define the following evaluation map

ev§(f) = f|q1/4:€1/4.

It should be noted that although we write eve(f), this quantity depends on the
choice of a 4-th root £/ of €.

If f is a function on positive integers ni,...,n, with values in (@[qil/‘l]7 we
define
4r—1 4r—1
£,50(3) 1 £,5U(2) 1
2 = 2 e > = 2 evelf)
N yenns ng n;=0 N1 yenny ng n;j=0
n; odd

All 3-manifolds in this paper are supposed to be closed and oriented. Every
link in a 3-manifold is framed, oriented and has ordered components.

1.2. The colored Jones polynomial. Suppose L is a framed oriented link in S3
with m ordered components. For an m-tuple of positive integers n = (ny,...,nn,),
one has the colored Jones polynomial Ji(n) € Z[¢g1], see e.g. [32] and [25].
The number n; is usually called the color of the i-th component, and stands for
the n;-dimensional irreducible sl-representation in the theory of quantum link
invariants. We use the normalization so that Jy(n) = [n] where U is the unknot
with 0 framing. It is well known that if L is obtained from L by increasing the
framing on the i-th component by 1 then

n2-1

Jy(n) = ¢ T Ji(n) . (1)

Although there are fractional powers ¢='/4, there exists an integer a = a(L,n)
such that Jy(n) € ¢*/4Z[g*']. For a precise formula of a see [18]. This formula
implies that if all the colors n;’s are odd, then Ji(n) € Z[g*!].

1.3. Habiro’s expansion and its generalization. Assume that L U L' is a
framed link in S® with disjoint sublinks L and L’. Suppose L has m ordered
components and L’ has [ ordered components. Fix an I-tuple of positive inte-
gers s = (81,...,5), and let’s consider Jr,r/(n,s) as a function on m-tuples
n=(ny,...,Ny,). Since s is fixed, we will remove it from the notation for sim-
plicity. The function Jy 5/ (n) can be rearranged into another function cr (k)
generalizing an important result of Habiro [12, Theorem 8.2].
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To state the result we need to introduce a few notations. Let Eij be the linking
number between the i-th component of L and the j-th component of L’. For any
1=1,...,m, we define

l
g; € {0, 1} by i = ZEZ‘]‘(S]‘ — 1) (mod 2) . (2)

Jj=1

Theorem 1.1. Assume that L U L' C S is as described above. Suppose that L

has 0 linking matriz. Then for every m-tuple k = (k1,...,km) of non-negative
integers with k = max(ky, ..., k) there exists
k+1.
oo (i) € LD gy )
such that for every m-tuple n = (ny,...,n,) of non-negative integers,
T = 3 enne) T [5e 75 i 2 (@
k;>0 i=1 ki+1
where A\, = ¢"/? 4+ ¢~ /2.
For the case when all ¢; = 0, or, in particular, when all s;’s are odd, the

statement is equivalent to [2, Theorem 3]. A proof of Theorem 1.1 is given in
Appendix A. Note that for a fixed n the right hand side of (4) is a finite sum
because [;:j:ﬂ =0ifn <k.

This is the presentation of the colored Jones polynomial as a sum of integral
blocks mentioned in Introduction. The existence of crr: (k) € Q(¢'/*) that satis-

fies (4) is easy to prove. The real content of Theorem 1.1 is the integrality (3).

1.4. The WRT invariant. We review here the definition of the WRT SU(2)
invariant of a 3-manifold M with a colored link L’ inside [30] and its SO(3) version
[16].

We use the convention that the pair (M, L') is obtained from (S, L’) by surgery
along L. Here L' is an s-colored framed link. For G = SU(2) or G = SO(3) set

FEL©= % 5‘;{JMm) m}. (5)
1=1

N1,y m

=

For simplicity, we assume here that all entries of s are odd if G = SO(3). In
general for G = SO(3), we have to multiply (5) by a power of £, depending on the
linking matrix of L' and the parity of colors. This is done in Section 4.2. Since
the additional factor is a unit, it does not affect integrality.

We want to emphasize that although it is not explicit from the notation, (5)
depends on a choice of a 4-th root £1/4 of &.
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It is known that F¢ () is invariant under the handle slide move and if nor-
malized appropriately, is an invariant of the pair (M, L').

Let U* be the unknot with 1 framing. It is easy to see that FF () is the
complex conjugate of Fg+ (€). Let

DY = |F5 ()| = \/F§. (&) FG-(€) -

This number is called the rank of a TQFT in [32]. We normalize by dividing (5)
by certain powers of FG. (€) # 0. Hence, we want to know when F5, () # 0. The
following is probably known. For completeness we include a proof in Section 3.3.

Lemma 1.2. One has ng (&) =0 if and only if
G = SU(2) and €/* has order 2 ord(£) = 2r. (*)

In [16] and [30] and [21] it is assumed that ord(£Y/4) = 4ord(€¢). However, there
are other cases when F7, (€) # 0. Here we consider all of them.
In the entire paper we will assume that condition (%) is not satisfied, so that

FGL(6) #0.
Then the WRT invariant of the pair (M, L’) is defined by
c _ Fip(©) 6
nin &) = Fa @ (rg ©)F (007 ”

where 5, 5_ and 3 are respectively the number of positive, negative, and 0 eigen-
values of the linking matrix of L.

The invariant Tﬁ’ /(&) is multiplicative with respect to connected sum. If —M
is M with the reverse orientation, then 7, () is the complex conjugate of 7} (),

and 75;(€) = 1.

Remark 1.3. We will prove later that D¢ € Z[¢1/4, eg], where eg = exp(my/—1/4).
Note that Z[¢1/4, eg] = Z[exp(2my/—1/t)], where t = 8r if r is odd and t = 47 if r
is even. In the last case, eg € Z[¢1/4].
Hence a priori, 7§} /. (€) € Q(£*/%, es). Since the ring of integers of Q(£'/4, es)
is Z[¢'/4, eg], our invariant is algebraically integral if it belongs to Z[¢1/4, eg].
Further, if G = SO(3), M is a rational homology 3-sphere, and all the s;’s are

odd, then T}Z}OL(;’) (&) € Q(&) by definition. So, in that case integrality means that

TJ\S;I?L(,?’)(f) € Z[€] for any root of unity £ of odd order.

Relations with other invariants. If we put /4 := exp(my/—1/2r), then our
invariant T]\S/[U(Z) (&) and T]\S/[O(S) (&) are respectively 7.(M) and 7/.(M) in [16]. In
that case, our DSU(2) equals to b~! in the notation of [16].

Again, if £€1/* = exp(my/—1/2r), the original Reshetikhin-Turaev invariant [30]
differs from 7,.(M) by a multiplication with a certain root of unity, so this does
not affect integrality.
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The set of invariants considered in [23] coincides with ours assuming r is an
odd prime. More precisely, the invariants I5.(M) and I.(M), defined in [23] as
functions of a variable A, coincide with ours T@U@)(g) and TAS/[O(:;) (&) after setting
A= —¢Y4 and A = —£0+D?/4 respectively. At these roots of unity, the SO(3)
invariants determine those for SU(2).

Lickorish chose a different normalization and worked with TJ‘ZU(Q)(@“)(DSU(Q))B
in in [21]. Clearly, integrality of this invariant will follow from the integrality of

TJ\C/;I,L’ (€).

1.5. Diagonal case. Of particular importance is the case when the linking ma-
trix of L is a diagonal matrix diag(by,...,bn), b; € Z for any i. Let L° be the
framed link obtained from L by switching all the framings to 0. Recall from (2)
that for 1 < i < m, ¢; := 22:1 Cix(sp — 1) (mod 2). Using (1) and (4), we can
rewrite F'S ;,(€) as follows:

m

Fiip (€)= Z eve(epour (k) /{1}1™) HHG(ki7bi75i) (7)

ki>0

where

§6G yn2aa[n+ k| A
(ke =3 o amCIUR )

n

By (5) and (8) we also have

G
A o)

From (7) and (9) we get the following.

Proposition 1.4. Suppose the linking matriz of L is diag(by,...,by), a diagonal
matriz with exactly t non-zero elements by, ..., b;. Assume the entries of s are odd
when G = SO(3). Then

1=22) t m
2 HEC (k;, b, & HE (ki,0, ¢
€)= 32 evcewan 00 [ ey sty 11 Sgipoe + 00
i=t+

k;=0 i=1

where sn(b;) is the sign of b;.

Note that in the above sum the index k; is from 0 to [Z52|. This is because
(EF Y )1 = 0 when k > (r —2)/2, so eve(cpoyr (k) = 0 when k = max{k;} >
(r — 2)/2 according to Proposition 1.1.

To allow an arbitrary coloring s of L’ for G = SO(3), we have to multiply the
right hand side of (10) by a unit, defined in Section 4.2.

We say that M is diagonal of prime type, when M can be obtained by surgery
along a link with diagonal linking matrix whose entries are (up to a sign) 0, 1 or
prime powers.
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1.6. Strategy for the proof of Theorems 1 and 2. We first prove the inte-
grality of T]\C/’}’ /(&) for the case when M is diagonal of prime type. By (10), in this
case it suffices to show that

H%(k,b,¢) HY(k,0,¢)
700,000 4 Aepo

are algebraic integers when 0 < k < [252|. This is proved in Proposition 6.1 for

G = SO(3) and in Proposition 7.1 for G = SU(2), under assumptions r is odd and
even, respectively.

The general case can be reduced to the diagonal one of prime type by applying
some standard results on diagonalization, presented in Section 5. Roughly speak-
ing, M#M becomes diagonal of prime type after adding a diagonalizing manifold
N, which is a connected sum of some simple lens spaces. In the SO(3) case, this
already solves the problem, since the WRT invariant of N is invertible. In the
SU(2) case, the WRT invariants of N might be 0. We show that there is an odd

colored link L C N such that T]‘\g,fJL@) is integral and non-zero. However, another

difficulty arises since Tf[f]L@) is not invertible. To overcome this difficulty we will

look at the connected sum of many copies of M#M with (N, L), which we will
show to be diagonal of prime type. Further, we make substantial use of the fact
that in any Dedekind domain, every ideal has a unique prime factorization.

The case G = SU(2) and r odd is solved in Section 4. There we generalize the
splitting formula of Kirby and Melvin [16] by showing that the SU(2) invariant
of any 3-manifold with a colored link inside at a root of unity of odd order is a
product of the SO(3) invariant and another integer invariant, previously defined
by Deloup.

2. Basic divisibility: the case of generic ¢q

In this section we establish a divisibility result for generic ¢ which will help us to
prove that each factor of (10) is integral.

2.1. The ideal I. Let I be the ideal of Z[z*!, ¢*!] generated by (¢®z;q)s for
all @ € Z. This ideal plays an important role in the theory of quantum invariants,
see [12], [20] and [13].
We will use the following characterization of I, which is Proposition 4.3 of
[20].
Proposition 2.1. The ideal I, is the set of all f € Z[z*', ¢ such that f(q°, q)
is divisible by (¢; q)x for every b € Z.
We will often use the following g-binomial formula
k 1 o
@z =3 (-1 ( ) i i (1)
q

7=0 J
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2.2. Divisibility for generic q. For a positive integer k let

k

Xpom T _ I a-4). (12)

@Dk s

In this paper, a quadratic Z-polynomial Q(n) is a polynomial of degree < 2
with integer coefficients,

Q(n) = a2n2 4+ ain 4+ ag, ag,a1,as € Z.

For a quadratic Z-polynomial @ let Lg : Z[z% ¢ — Z[qil] be the Z[qil]‘
linear map defined by ‘ ,
Lqo(Z) = U .

Note that this map is not an algebra homomorphism if as or ag # 0.
Let o be the Z[¢*!]-algebra automorphism of Z[z*!, ¢*1] defined by (z) = 2.
An important observation is that if a; = 0, then Lgo = Lg.

Theorem 2.2. Suppose Q is a quadratic Z-polynomial and f(z,q) € I;. Then
Lo(f) is divisible by X, i.e.

Lo(f) € Xi Zlg™'].

Remark 2.3. This theorem will be used substantially. It is a generalization of
[20, Theorem 7], which was proved with the help of Andrews’ identity. The case
Q(n) = n? of Theorem 2.2 appeared in [13] for the construction of the unified
WRT invariant.

Proof. By the definition of I, it is enough to consider the case f = 2™ (¢%z;q)k.
Suppose
Q(n) = agn® + a1n +ao .

Let Qo(n) = asn?. Rewriting f as a sum with help of (11), one can show

Lolg™ 2" (q" " z;0)r) = ¢"° Lo (2" (4" 2 Q)

Hence, the substitution of ¢~“'z for z transforms Lg into Lg,. Without loss of
generality, we can further assume @ = Q.
The rest of the proof is by induction on k.
The case k = 1 is trivial. Suppose that the statement holds true for k — 1.
Since

2@z — 2@ 2 @)k = " (1 — ¢)2" T (" 2 )k

we see that, by the induction hypothesis, Lg, (2™ (¢*" z; q)x) is divisible by X if
and only if Lo, (2™ (¢%%; q)k) is. Therefore we only need to show the statement for
a single value of a. We will take a = —|k/2]. The cases of odd and even k will be
considered separately.
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Suppose k = 2] + 1. Then a = —I and Lg,(2™(¢"'2;¢)21+1) is divisible by
X, = (¢"*1; )11 by Lemma 2.4 (b) below.

Now suppose k = 2[. Then a = —I and we need to show that for every integer
m, X}, divides Lo, (B(m,1)) where

B(m,1) = 2"(q " 2;q)x -

Since
B(m,l) — qlB(m +1,0) = zm(q_lz; q)21+1

and X; = (¢'*t1;¢); divides Lg,(2™ (¢ 2;¢)214+1) by Lemma 2.4 (b) below, it is
enough to show that X} divides Lg,(B(m,l)) for only a single value of m. We
choose m = —I, and we will show that X; = (¢'*1;¢); divides Lg,(B(=1,1)).

Using that ¢ is the algebra automorphism of Z[z*!, ¢*1] sending z to 271, we
get

-1

(id40)B(-1,1) = 27 a+ 2 (g2 )

a2 )+ 27 )
!

(
(

=2 )1 (1 — gl + 711 — ¢'2))
(

'+ )y,

where
1(1+1) ! . )
yi=2 (=2 " % = (D' 2 [[e-d)ET =d).
j=0
From Lg,0 = Lg, it follows that
2Lq,(B(=1,1)) = Lqy((}d +0)B(~1,1)) = —¢~' (1 +¢') Ly (31-1) ,

which is divisible by 2(1 + ¢')(¢'; ¢); = 2(¢'*';q); thanks to Lemma 2.4 (a). This
completes the induction, whence the proof. O

Lemma 2.4. With the same notations as above we have
(a) if f € Z[z*, qFY] is invariant under o, then 2(¢"*1;q) 141 divides Lo, (fyr);
(b) for any f € Z[z*1, ¢F1], Lo, ((q_lz;q)gl_H f) is divisible by (¢! q)141-

Proof. (a) First we prove the case f = 1. We will show that this case follows from
[20, Theorem 7], which was proved by using the Andrews identity. In fact we have

yw=2"1-2"" "2
=2 g 2 )1 — 27 0 2 )4 (13)
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It is easy to see that the two terms of the right hand side of (13) are related by

oz g %)) = =2 g 2 @) (14)

Hence

‘CQU (yl) = 2‘CQ0 (Z_l(q_lz§ Q)2l+1)
20+1

—ZZ |:2l+1:|qa2(j—l)2 7

which, according to [20, Theorem 7], is divisible by

{21+ 1}! )
Tap o (1)t UHFDBIH2)/4 (141

in Z[g*1/?]. Since Lg,(y) and 2(¢'*'; )41 are both in Z[g*!], (a) is true when
f=1

Consider the general case. Since o(f) = f, f is a polynomial in (z + 2z~ 1). It
is enough to prove (a) for f = (z + z71)™. Since

;Q)z+1

+zYu=y+ @+ D,

(z + 271 ™y, is a Z[gT!]-linear combination of y;, ¥ 11, - -, Yirm. Since (¢! ) +i
is divisible by (¢'*';q);41 for every positive integer 4, the case f = (z + 27!
follows from the case f = 1.

(b) For non-negative integer m, using

U(Zm(qfl«z;fl)zurl) =272 g 2 )
we get
m+l
2£Q0 (Zm(qilz(J)Ql—&-l) = ‘CQO ((id Jr0—)Zm((]7lz§q)2l+1) = ‘CQO (yl Z Zj) )
j=—m—lI

which is divisible by 2(¢g'™!;¢);+1 according to (a). Similar argument works for
negative m. O

The following corollary is sometimes more convenient than Theorem 2.2.

Corollary 2.5. For every positive integer k and every quadratic Z-polynomial Q,

X}, divides
k 1 .
Z(l)j< > qQ(j)+(§) )
J/q

Jj=0
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Proof. From (11) we have

k .
Lolza)) = (-1 (’“) g2+

j=0 J

By Theorem 2.2, the left hand side is divisible by Xj, and so is the right hand
side. O

2.3. Polynomials with g-integer values. We also need a generalization of
the following classical result in the theory of polynomials with integer values: If
f(z1,...,2n) € Q[z1, ..., 2,) takes integer values whenever zq, ..., z, are integers,
then f is a Z-linear combination of []"_, (zl), k; € Z>o.

Let us formulate a g-analog of this fact.

Proposition 2.6. If f(z1,...,2,) € Q(q)[21,- ., 2] satisfies f(¢™,...,¢™) €
Z[qTY] for every ma, ..., m, € Z, then f is a Z[q*']-linear combination of

n

II(%;QM with k; € Z.
1 (@G, -

Proof. The elements 2. := [[;_, (2i; Ok, /(¢ O, With k = (K1, ..., kn) € Z2,

form a Q(g)-basis of Q(q)[z1,...,x,]). Hence there are cx € Q(q) such that f =

Zkezg ¢k 2x. Only a finite number of cx’s are non-zero. We will show that
0

ck € Z[qF'] by induction on [k| :=ky +--- + k.

Suppose k = 0. Let 2y =29 =--- =z, = 1, then 2z, = 0 unless k = 0. Hence
co=f(1,1,...,1) € Z[¢*!].

Suppose cx € Z[gt!] for |k| < I. The z’s with |k| < I will be called terms of
lower orders. Consider a k = (ki,...,k,) with [k| = I. Note that when z; = ¢~ %,
Z(ar,...,an) = 0 if for some ¢ one has a; > k;, and 2, = +1. Hence

f(g™™, ..., ¢7*") = i + terms of lower orders.

By induction, the terms of lower orders are in Z[¢*!]. Since the left hand side is
in Z[g*!], we conclude that ¢ € Z[g*!]. O

Corollary 2.7. For any integer a, the element (q%z122;q)x is a Z[qT']-linear
combination of terms

(@ Q)x

m(m;q)kl (221 @)k,

with kl, k2 S k.
Proof. The evaluation of

(¢ Dk € Q=1 2]
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at z; = ¢ belongs to Z[g*!] for any m;. Applying Proposition 2.6 we get the
result. Note that k; and k5 should be less than or equal to k by degree reason. [

3. Basic results: the case of roots of unity

In this section we prove a basic divisibility result for the case when ¢ is a root of
unity & of order r. In Subsection 3.4 the integrality of HY(k,b,e)/H%(0,+1,0)
will be reduced to that of a simpler quotient.
For z,y € Q(£'/4, eg) we write x ~ y if 2 /y is an invertible element in Z[¢/4, eg].
We use the notation k =r — 1 — k, and

k
(Z)ﬁz—evg(:’j)q, Oc= (€0, m= [] (1-6)=eve(Xp),

j=lk/2]+1

where X}, is defined in (12).

3.1. Divisibility. The main divisibility result at roots of unity is formulated
below.

Proposition 3.1. For every quadratic Z-polynomial Q and f(z,q) € I with 0 <

k < r we have
r—1

D €0 f(e,6) € wrO¢ - ZIE] -

n=0
We need the following lemma for the proof of Proposition 3.1.

Lemma 3.2. For any integers a, k, with 0 < k < r, and any quadratic 7Z-
polynomial Q, the element

r—1 n+a
n=0 13

is divisible by xf.
Proof. Using 1 —&™ = —£™(1 —£"~™) we have

n+k _ (§k+l;§)7l _ (_1\n¢ckn+n(n+1)/2 (é-r—k—n;g)n
( n )E - (&E)n

n
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Set n’ =n +a — k. One has
r—1 ’
_ Q) (W +Ek
y E:f < N l
/ k
- Z (%) (16)
13

by (15), where Q'(n’) = Q(n' —a+ k) +n'k + n’. In the right hand side of (16),
the index n’ actually runs from 0 to k — 1, since ( )5 = 0if n’ > k. The right hand
side of (16) is divisible by zz by Corollary 2.5. O

Proof of Proposition 3.1. Since the set {z%(z2¢%; q)x : d,a € 7} spans I over
Z[qT], we can assume that f = 2%(2¢%; q);. Then

Snc0 8™ F(€,6) _ (68 w2l Z (Qrban <n +a- 1)
§

l‘kog Og n=0 F
@%ﬁ % 2[§] (by Lemma 3.2),
3

which is in Z[¢] by Lemma 3.3 (f) below.
O

3.2. The ring of algebraic integers. It is known that Z[¢] is a Dedekind do-
main with field of fractions Q[¢].
Lemma 3.3. a) If (a,7) = (b,7) then (1 —£%) ~ (1 — &%) in Z[¢].

b) One has (§;€)r—1 =7.

¢) Suppose y € Q[&] and y* € Z[€] for some positive integer s. Then y € Z[E].

d) Suppose y,z € Q[¢] with z # 0. If as := y°z € Z[£] for infinitely many
positive s, then y € Z[¢].

e) One has

9 r if v is odd,

r/2 if r is even.
f) For every integer 0 < k <1, O¢ divides (§;€)|x/2) T, -

Proof. a) Let ¢ = (a,r) = (b,r). Since 1 —£¢ divides 1 — &%, and also 1 — &2 divides
1 — & =1—£% where aa* = ¢ (mod r), we have 1 — €% ~ 1 — £°, Similarly
1—gbn1—ge,

Part b) is obtained by substituting X = 1 into the following identity.

r—1
1—X" ;
1+X+-~-+X’“‘1:ﬁ= [[x-¢)
=1
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Part ¢) follows from the fact that every Dedekind domain is integrally closed.
d) Let y = y1/y2 and z = 21 /29 with y1,y2, 21, 22 € Z[¢] and z; # 0. Then for
infinitely many s > 0, z1y; = asz2y5, and hence

(20)(11)° = (as)(22)(y2)", (17)

where (z) denotes the principal ideal in Z[£] generated by x. In any Dedekind
domain, every ideal decomposes uniquely into a product of prime ideals:

() = Twt"

and this decomposition respects the multiplication. From the uniqueness of prime
ideal decomposition and (17), we see easily that ys | y1, or y = y1/y2 € Z[¢].

e) First suppose r is odd. Then O¢ = (f;f)%l. Since (1 —&F) ~ (1 —¢77F) by
part (a), we have

OF ~ (&&)r-1 =

Now suppose r is even. Then O, = (5;5)%2. Using (1 —&F) ~ (1 — ¢77F), we

have
OF ~ (681 /(1 =€) =7/2

since £7/% = —1.

f) First suppose r is odd. Note that for odd r, (1 —&7) ~ (1 — £27) by part (a).
One has

[y 'a-¢)

—k—1

M= ‘a-¢)
_Ima-¢)
Mo - )
~ (11— (12l (18)
Using (1 — &) ~ (1 — €27) ~ (1 — £"27), we have

T = Tp_ g1 =

since (1 — &) ~ (1 — %)

L5 L5
(&&)x = H(l —&)~ H(l — &), (19)
j=1 j=1
Multiplying (18) and (19), we get

(r—1)/2 ‘
&gy~ [ =€ ~0, (20)

Jj=1

where the second ~ follows from the fact that 1 —£"~% ~ 1 — £ for any integer a.
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Now suppose r is even.

O¢

e S 17 T/Z*l 17 7‘/272 17 L%JJ,»I

GG (=77 ) =& - (1 =€)
=1+ +€)--- 1+ e7lE), (21)

On the other hand there exists f € Z[¢] such that

[1-)

-1
r—k—1

(1-¢)
o a-¢)
L la-g)
=F+O+€) 1+, (22)

T = Tp_p1 =

Note that |[“=k=1| =2 — 1 — | 2] for even 7. Compare (21) and (22), we see that
O¢ divides (g;g)@ xF. O

3.3. Quadratic Gauss sums. For arbitrary integers b and d, the quadratic
Gauss sum is defined as

ord(£)—1

G(b7 d, 6) — Z gbn2+dn )

n=0
The following is well-known.
Proposition 3.4. a) Let r = ord(&) and ¢ = ged(b,r). Then

cG(b/e,d/ec, &) if cld;

0 otherwise .

G(b,d, &) = {

b) Suppose b and r are co-prime. Then

r if r is odd ;
G(,0,6)*~<0 ifr=2 (mod4) ;
2r  ifr=0 (mod4) .

Furthermore G(b,b,£)? = 2r if r =2 (mod 4).
¢) Suppose d is odd and r =0 (mod 4). Then G(b,d, &) = 0.
d) Suppose r1 and ro are co-prime and r = rira. Then

G(b,d,&) = G(br1,d, &™) G(bra,d, ™). (23)
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Proof. Part (a) is clear from the definition when ¢|d. Now suppose that ¢ { d. We
have

r/fc—1c¢—1
G(b, d, 5) — /Z: Zgb(sr/c+t)2+d(sr/c+t)
t=0 s=0
r/e—1 c—1
_ Z é—bt2+dt ngdr/c =0 ,
t=0 s=0

where the last equality follows from the fact that £97/¢ # 1 and its order divides c.
b) After a Galois transformation of the form £ — £%, with a co-prime to r, one
can assume that b = 1 and & = exp(27i/r). The result now follows e.g. from [5,
Chapter 2].
¢) One has

7\ 2 r 9 r r
b(n+§) +d(n+§)—bn +bnr + b+ dn o+ d

=bn? +dn + g (mod 7).

Hence
r—1 , r—1 . r—1 .
G(b, d, 5) — Zgbn +dn _ Zfb(n+r/2) +d(n+r/2) _ 57“/2 Zfbn +dn _ —G(b, d7 5)
n=0 n=0 n=0

It follows that G(b,d, &) = 0.
d) The proof follows easily from the fact that the map Z/r1 x Z/ro — Z/(r172),
defined by (nq,ns) — r9ny + ring, is an isomorphism. O

Proof of Lemma 1.2. Now we are in position to see that F|7, (€) = 0 if and only
if G = SU(2) and £/ has order 2r.
By completing the squares we have

n2_1

(1-OF ~ =3 T )

§G

~ %_5 <Z q# _5126,qu4)21>

G(4*,0,¢) if G =50(3);

1G(1,0,6Y%)  if G = SU(2) and ord(¢Y/4) = 4r ;
G(1,0,6/%)  if G = SU(2) and ord(£Y/4) = 2r ;
2G(1,0,£Y4)  if G = SU(2) and ord(¢M/4) =r .
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Note that for G = SO(3), the sum is over odd n’s, so n? — 1 is always divisible
by 4. Hence, for any choice of £/4, we have ¢’ /4 = = ¢4 (1) with 4%4 = 1

(mod ).
If r is even, then ord(¢'/4) is always 4. Now Proposition 3.4 (b) implies the
claim. O

3.4. Simplification of HE (k,b, ).

Lemma 3.5. a) For integers k,b, and ¢ € {0,1}, there is f-(z,q) € Iog+14< such
that 5 (G s
) b(n®—-1) 3571
HE(k,b,e) ~ e T g )

T2k+1+4¢ -

More precisely, one can choose f- = 2% (¢7%2; q)an11e-

b) One has v/2,/r € Z[EY*, eg] and

Vvroif G=50(3) ;
HY(0,£1,0) ~ { V2r  if G = SU(2) and ord(£'/4) =
2/r if G =SU(2) and ord(¢/*) =1 .

¢) One has DY € Z[¢Y4 eg] and (1 — £)DE ~ HE(0,4+1,0).
d) Suppose b and r are even. Then HV ) (k,b,1) = 0.

Proof. a) We will use the following simple observation: We have

£,G  bn2-1) n £,G bn2-1) n
Yoa T g =Y"q¢ * gla"a) (24)

n n

for every g(z,q) € Q[zF1/2, ¢*'/4]. To prove it, one only needs to consider g(z,q) =
2%/2 a € Z. Then

LHS = Z s S S et I

n——n

One can check that {n} H?z_k{n +7} = (""" —¢")(¢"*;q)2k+1. Then
we get

{2]€—‘r1}! _ £,G b(n2-1) 71)
eve <{k}'> HY(k,b,0)=> ""¢q {n} H {n+3}

n j=—k

§G b(n?-1) _
2—22 N B T ) P

n

where the last equality follows from (14), (24) and the fact that

qfknfn( n—~k.

q 1Q)2k+1 = —q Im( nk

4" @) 241 Inos—n -
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Analogously, we have

2, k
eve (Wml) HE (k. b,1) = ;g’gq“’%’{n} b L

£,G bn?2-1) _
=2 g T g (TR ) oks
n

This proves a).
b) Let us first show that /r,v/2 € Z[¢!/* eg]. Observe that v2 € Zleg].
Further,

r/2 if r is even.

<r1_1[>/2|1 gﬂ'—{ﬁ if r is odd;
j=1

Since |1 — &7| = £/—1(£/2 — £€79/2), we have \/r € Z[E'/*, ey].
Part (b) follows now from (9), Proposition 3.4 (b) and the proof of Lemma 1.2.
¢) Since Dg = |F§Jr |, from the proof of Lemma 1.2, we get

Vroo ifG=S0(3);
1—¢D¢ =< Vor ifG = SU(2) and ord(£'/4) = 47 ;
2/ if G = SU(2) and ord(¢/4) =1 .
Clearly, /7 is divisible by [1—£|, so DS € Z[¢'/%, eg]. The second statement follows
from (b).
d) By part (a), it is enough to show that

£,G b(n?-1) 3n
Y a T TEflgha) =0

n

for any f € Z[z*!, ¢T!]. We can assume f = 2% a € Z. Assume b = 2b'. Then

2r—1

R S (R}

n n=0

=272 GV, 20 — 3,6Y/7),

'n273n+2na

which is 0 by Proposition 3.4 (c), since ord(¢'/2) is always 2r if 7 is even. O

3.5. Lens spaces. Suppose L LI L' is the Hopf link with framing b # 0 on L and
framing 0 on L. Besides, the color of L’ is a fixed number a. By surgery on L from
(83, L") we get the pair (L(b,1),L’), where L(b, 1) is the lens space. It is known
that Jour(n) = g’ =n/4 [na]. Hence we have

5,5 g -V A na][n
Zni,Gqsn(b)(n2—1)/4[n]z '

TE(b,l),L’ &)= (25)
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Note that the invariant of L(b, —1) = L(—b, 1) is just the complex conjugate of
(25).

Lemma 3.6. a) If b and r are co-prime, then TE(Ob(f’)) is invertible in Z[€].

b) Suppose r is even. For b = 2 there is a knot K in the lens space M =
L(2%, —1) colored by an odd number such that

SU(2)

™, K () #0.

Proof. a) The SO(3) invariant of L(b, 1) can be easily computed. By completing
the square we have

SOB) o c(sn)_bya (1=67") G(b,0,8)
e @) = ¢ (1-¢71) G(1,0,8)°

which is a unit in Z[¢'/4] by Proposition 3.4 (b). Here b*b =1 (mod ).

b) Let L U L' be the Hopf link with framing —b = —2¥ on L and framing
0 on L'. Suppose L’ is colored by a = 2s + 1. Surgery on L gives us a pair
(M, K) = (L(2%, 1), K).

An easy calculation shows

SU(2) G(—b, 45+ 4,6Y/4) — G(—b,4s,£1/%)
M,K (5) ~ (1 _ E) G(*1,0,§1/4)

(26)

For b = 2, then M = RP3. Choose s = 0, or a = 1. Then Tff[((z)(f) =

ijfU(Q) (&) #0.

For b = 4 again choose s = 0. Then one and only one term in the numerator
of (26) is zero, by Proposition 3.4.

Suppose b = 2¥ > 4. Then ¢ := (b,4r) > 4. By Proposition 3.4 one can choose
s such that G(—b,4s,£'/%) # 0. Then c | 4s, and ¢ does not divide 4s 4 4. Hence

G(—b,4s + 4,£/*) = 0. We conclude that 7']\34[7]}((2) (€) £0. 0

4. Symmetry Principle and splitting of the SU(2) invariant

The symmetry principle of the colored Jones polynomial and the splitting of the
SU(2) WRT invariant were discovered by Kirby and Melvin in [16]. In [18] and
[20], the third author generalized these to all higher ranked Lie groups. Here we
extend the symmetry principle and splitting to the case of pairs of a 3-manifold
and a colored link inside. We show that the symmetry principle for a link in an
arbitrary 3-manifold holds only for SO(3) invariant, but does not hold for the
SU(2) invariant.
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4.1. Symmetry Principle for links in S3. Suppose ¢ is a root of unity of
order r. Then the colored Jones polynomial at £ is periodic with period 27, i.e.

eve (JL(nl, ceyng +2r . ,nm)) =eve (JL(nl, RPN TR ,nm)) , (27)
and under the reflection » — n — r + n it behaves as follows:
eve (JL(nl, B e T ,nm)) = —eve (JL(nl, T — ni,...,nm)) (28)

(see [18]). This means that one can restrict the colors to the interval [0, r].

The symmetry principle tells us how J; behaves under the transformation
n — r —n. More precisely, let Z/27Z = {0,1} act on Z/rZ by 0xn =n, 1 xn =
r—mn. For a = (a1,...,amn) € {0,1}™ and n = (n1,...,nm) € (Z/rZ)™, let
axn = (a1 *N1,...,0;, *Ny). In addition, we set 2 := n — 1 for any integer n € Z.

Proposition 4.1. Suppose ({;;) is the linking matriz of L. With the notations as
above one has

)Zi@i gtevg (JL(n)) 7

eve (JL(a* n)) = <—§T/2

where ( 2)
rr — T "
t = T Z&jaiaj + 5 Z&jamj s (29)
Z’j Z’j

and (¢;;) is the linking matric of L.

Proof. This is the sly case of [18, Theorem 2.6]. The factor (—5”2)2" “* comes
from the difference between our Jy, and @y, in [18], where @, is equal to Jy, times
the quantum dimensions of the colors on L. O

Remark 4.2. If ord(¢'/2) = 2r, then —¢"/2 = 1, and this case was considered in
[16]. Proposition 4.1 handles also the case when ord(£!/2) # 2r, i.e. ord(£/2) =r.

A simple but useful observation is that if all entries of n are odd, then the
second term in (29) is an integer multiple of 7, hence can be removed.

4.2. WRT SO(3) invariant for an arbitrary colored link in M. In the
literature, the WRT SO(3) invariant of the pair (M, L’) was defined in the case
when all colors of L’ are odd or all equal to 2 (compare [23]). Here we extend this
definition to arbitrary colors. Since the colors of L’ will play an important role in
this section, we will make the dependence on them explicit in the notation.

Note that SO(3) invariants of M with evenly colored links inside are not com-
ing from Topological Quantum Field Theories. The main reason is that fusion
preserves odd colors. However, fusion of an odd and an even color produce an even
color. This violates the invariance of (6) under sliding in the case when some of
the s;’s are even. We will show that this defect can easily be taken into account
by a simple factor depending on the linking matrix and parity of the colors only.



22 Beliakova, Chen, and Le

Throughout the remaining of this section let r = ord(§) be odd and s =
(s1,...,51) be the color on L'. Let (¢;;) and (p;;) be the linking matrices of L
and L' respectively. The linking number between the i-th component of L and the
j-th component of L’ will be denoted by EZ]

Let
£,50(3)

FpOD(&s) = #9527 m) Jpup(ngs) (30)

M1y m

where [n] := [];~,[n;] and

r(r—2) l
u(L'ss) = =1 Z PijSisj -
ij=1
Observe that, when all s; are odd, (30) coincides with (5).

Lemma 4.3. FESJ-E?)(&;S) is invariant under the handle slide of a component of

L or L' over a component of L.

Proof. The invariance under sliding of one component of L over another component
of L follows by standard arguments (see e.g. [21]).
Let L U L"” be the link obtained from L LI L’ by sliding a component of L’ over

a component of L. It is enough to show that

50(3 SO

GRS AGDE
Using the fact that § « §* s = s for any s with § = s — 1 (mod 2) and Proposition
4.1, we have

¢ 8) i (mys) = (=€) Z% Jpip(n,8xs). (31)

Here we used the fact §xs is always odd, and hence all summands of > p;; §7,‘§]/*\8]
are even.

By the invariance of Ffuo L(,3)(§ ,8) in the standard case when all colors are odd,
we get

£,50(3) N £,50(3) R
Z [n)Joup (n,§*s) = Z [n)Jrupy(n,§*s). (32)
N1y N1y

Further using Proposition 4.1 again, we obtain
Joopn (0,8 s) = (=€) %05 g9 1 (n,s). (33)

Inserting (31), (33) into (32) we get the result. O

Lemma 4.3 suggests that one can define TA‘ZOL(/)(f; s) for arbitrary s by substi-

tuting FL,_,L(,)(E) given by (30) into (6). When all colors of L' are odd, the only
additional factor 5“(L/’S) is 1 and we get back our old invariant.
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50(3) . . . _ ,
Corollary 4.4. 7,7, (&;8) is an invariant of the pair (M, L’).

Remark 4.5. For a colored link L in the 3-sphere, our invariant equals to
SO —r(r— . ijgigj
o (€8) = €7D Res bt v (J(s))

Hence if some colors of L are even, this invariant might differ from the colored
Jones polynomial by some factor depending on the linking matrix (I;;) of L.

4.3. Symmetry Principle for the WRT SO(3) invariant. We use the same
notations as in the previous section.

Proposition 4.6. For a € {0,1}! and s € (Z/rZ)" one has

. i Qi
50(3 2 50(3
TM,L(')(f§a* s) = (—gT/Z) TM,L(')(f;S) .
Proof. By Proposition 4.1 we have

£,50(3)

> T s mars) = ceATee 3 T mnnms)

MN1y.eesMm MN1yeesm

where u = # > ;i Pijaia; + 5 > ; pija;8;. Here we use the fact that n is odd
in the above sum. On the other hand

r(r—2 — .
w = p(L;s) — p(L;axs) = % Zpij(ai * S0 * Sj — 8i8;) .
,J
Then
r(r—2 . ' .
u—w= %Zpii(s? —a; *5; +2a;8; +a?)
7
T A A — o ~
+ 3 Zpij(sisj —a; * 8;a; % S; +a;8; +a;8 +aa;) =0 modr,
i<j
which can be verified directly. O

Remark 4.7. Proposition 4.6 is not true for the WRT SU(2) invariant. For
example, consider the Hopf link with framing 2 on the first component and framing
0 on the second. Surgery on the first component produces a pair (RP3, K). If

ord(¢) = 3 and ord(¢'/4) = 12 then TA“":I[{IQQ)(l;f) =0 and T]“\gfl(f)(l x1=2;¢) #0.

4.4. Splitting. In [16] it was proved that when both the SO(3) and SU(2) WRT
invariants can be defined, i.e. when r is odd, then one has the splitting

my (€)= 12 () D)
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where T]%I/z (&) is a simple invariant depending only on the linking pairing of M.
Here we generalize this result for invariants of pairs L'’ C M. We will follow the
approach in [19], where the splitting is generalized to all higher ranked simple Lie

algebras.
Let s1,...,s be the colors on L’ and set
7/2 r(r=2) s~ oo T2 SN s
il (Es) =T st 57 RSt Rae g

ai,..,am€{0,1}

where (¢;;) and (p;;) are the linking matrices of L and L’ respectively, and ¢; is
defined by (2).
For example

r(r—2)
1

Fy2(§) =1+¢* (35)
We will assume that r = ord(€) is odd and &'/ is chosen so that ord(£'/4) # 2r,
i.e. ord(£/4) is either r or 4r. This choice guarantees that FZ/Q( €) # 0. Define

Fr (& >
()™ ()" [riel

Then Tﬁ/’ZL, (&;s) is an invariant of the pair (M, L’).

T (658) = (36)

Remark 4.8. This type of invariants were studied in [27] and [7] for 3-manifolds
without links inside, and in [8] for 3-manifolds with links inside. When the abelian
group is Z/27Z, set the parameters ¢; in [8] to be equal to s; —1 mod 2, and define
the quadratic form ¢ on Z/2Z as follows: ¢(0) = 0, ¢(1) = (r — 2)/4, then the

invariant introduced in [8] is equal to T]%/I/i, (&;8) after setting £7/* = \/—1.

Proposition 4.9. Suppose r = ord(€) is odd, and ord(¢'/*) is either r or 4r.
(a) One has the splitting

]\S4UL(’2)('£; s) = TM L (&8) JiOL(/g)(f;S)'
(b) If ord(€'/%) = r, then TJZV[/?L,(f;s) =1 and
50
TM L’ (f, S) = Ty, IE?)(&S) :
(¢) One has the integrality
Tt (E8) € ZIE o]

Proof. (a) Recall that !71-]- is the linking number between the i-th component of L
and the j-th component of L’. Also note that Va € (Z/2Z)™, a* (a*n) = n. By
Proposition 4.1 we have

eve([n]Jrur (n,s)) = eve(fa*n]Jiup (a*n,s))
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where ¢ = @Z@jam]’ + gzgijaiéj. Note that the factor (—£7/2)2@ ig
missing because of the quantum integers. Therefore by (5), (30) and (36) we have

SU r(r=2) §~, aa rr=2) aia, ais; 0SO(3
FpoiD(gs) =77 Brusiss N ¢ Rlsaati Nles; pRo (g s)

a;€{0,1}
= Fyli(65) FO0 (6s)

which implies (a).

(b) If ord(¢'/*) = r, then by (34) FLuL’ (&;8) = 2™. In particular, Fg/f(f; s) =
2. Tt follows that TM,L, (&;s) =

(c) The case ord(¢'/4) = r was covered by (b). Assume that ord(£1/4) = 4r.
Then from (35) it follows that F; Z 12(€) ~ /2. Hence the denominator of (36) is
~ (V)™

According to [16, p. 522], we may assume ¢;; =0 mod 2 if i # j. Since {;;a;0;
appears twice in the exponent in (34) if i # j, we can write

§ : gir(r—Z)&;ia?—&-gei a;

aie{O,l}

(1+§47‘(r 25”+ 51) )

Z
LlﬁQL’ (67 ) ~

".:1S [JamE

Il
—

K2

Since fir(“m 2 tits 3.8 g a 4-th root of unity, each factor in the above product
is either 2, 0, or ~ v/2, and hence is divisible by v/2. This means F~/2,(¢;s), the
numerator of (36), is divisible by (v/2)™, and the statement follows. O

5. Diagonalization of 3-manifolds

We recall and refine some well-known facts about diagonalization of 3-manifolds.
The first diagonalization result was obtained in [28] and was further developed in
[20], [4] and [2].

A 3-manifold is said to be diagonal of prime type if it can be obtained by
surgery along a framed link L C S3 with diagonal linking matrix diag(by, ..., bm)
such that b; = £p5*, where each p; is a prime, 1, or 0. Denote by L(b,a) the lens
space obtained from S3 by surgery on the unknot with framing b/a. Also M#M’
is the connected sum of M and M’ and M## is the connected sum of s copies of
M.

Proposition 5.1. For every 3-manifold M, there exists a 3-manifold N of the
form
N = L(2k17 _1)# e # L(ij ) _1) 9

such that for every positive integer s, M#2#N s diagonal of prime type.
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To prepare for the proof we recall some well-known facts about linking pairing.
A linking pairing on a finite abelian group G is a non-singular symmetric bilinear
map from G x G to Q/Z. Two linking pairings v,v’ on respectively G, G’ are
isomorphic if there is an isomorphism between G and G’ carrying v to v/. With the
obvious block sum, the set of equivalence classes of linking pairings is a semigroup.

Any non-singular n X n symmetric matrix B with integer entries gives rise to
a linking pairing ¢ on Z"/BZ" by ¢p(z,2') = 2! B2’ € Q/Z, where x, 2’ € Z"
and z! is the transpose of x. A linking pairing is diagonal of type B if it is
isomorphic to ¢p, where B is a non-singular n x n diagonal matrix with integer
entries.

An enhancement of an n X n symmetric matrix B is any matrix of the form
B @& D, where D is a diagonal matrix with entries 0 or +1 on the diagonal.

For any closed oriented 3-manifold M, there is a linking pairing ¢(M) on the
torsion subgroup of Hy(M,Z) defined by the Poincare duality, see [14]. For exam-
ple, if b # 0 is an integer, then the lens space L(b, 1) has linking pairing ¢, and
L(b, —1) has linking pairing ¢(_). Here (b) is the 1 x 1 matrix with entry b.

It is clear that ¢(M#M') = ¢(M) & ¢(M’). The result of [20, Section 3.5
shows the following.

Proposition 5.2. If the linking pairing (M) on the torsion subgroup of Hy(M,Z)
is diagonal of type B, then M can be obtained from S® by surgery along an oriented
framed link whose linking matriz is an enhancement of B.

Proof of Proposition 5.1. In [4, Section 2.2] it was noticed that ¢(M#M) is almost
diagonal. More precisely,
P(M#M) = ¢p D v, (37)

where B is a diagonal matrix whose diagonal entries are prime powers and v has

the form .
j

V= @E{f‘

i=1

Here E} is a certain linking form on Z/2% x Z/2*. We don’t need the exact
description of Ef. For us it is important that (see [14])

E§ @ ¢(_ary = P(_ar) B drary B rany.- (38)

Note that there is still one ¢(_sx) in the right hand side of (38). From (38) and
(37),

J
QINH#MH#M)#*) = 5 ¢p & @D (¢(_2v:) © 25 bar.)) = b, (39)
=1

where B’ is a diagonal matrix with diagonal entries of the form +p™ with prime
p. By Proposition 5.2, N#(M+#M)#* is diagonal of prime type. This completes
the proof of Proposition 5.1. O
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6. Proof of the integrality in the SO(3) case

Throughout this section G = SO(3) and £ is a root of unity of odd order r.
Proposition 6.1. Forinteger 0 < k < (r—3)/2, arbitrary integerb, and e € {0, 1},

HSOG)(k, b,¢)

1 c7et/t 40
HSO(3)(O7:|:1,0) € LI es] (40)

and
H59®)(k,0,¢)

g pio € 2 el (an

Proof. First note that by Lemmas 3.3 (e) and 3.5 (b), O¢ ~ H3°®)(0,£1,0). By
Lemma 3.5 (a), there is f-(2,q) € Iogt14+e C Z[zF1, ¢ such that

HSO(S)(;@ b,e) 22”5,50(3)(1%(17

P ACRY)
HS0G)(0,+£1,0) Tops14e0¢ '

(42)

Since r is odd, (n? — 1)/4 and (1 — n)/2 are integers, and there are integers

2*,4* such that 2*2 = 4*4 = 1 (mod 7). We then have (' =1D/4 — ¢4"(n*~1)
£73n/2 — ¢=3/2¢3(1-m)2"

The numerator of (42) is

2r—1

oY T (g g) = g2 Y Tt e () (n g
" nnozc?d
r—1 )
— 5—35/2 254 b(n*—1)+3¢2"(1—n) fs(gn’g) ,
n=0

(43)

where the second identity follows by replacing odd n € [r, 2r — 1] with n —r, which
is even and in [0, r — 1].

By Proposition 3.1, the right hand side of (43) is divisible by the denominator
of the right hand side of (42), and (40) follows.

Statement (41) follows from (40) with b = 0 and Lemma 3.5(c), which says
that H59G)(0,+1,0) ~ (1 — £) DSOG), O

Proof of Theorem 2. By Proposition 6.1, each factor in the right hand side of
(10) is in Z[E1/4, eg], hence Ty ) (€) € ZIE/, eg] if M is diagonal.

Now suppose M is an arbi,trary 3-manifold. Let N be the manifold described
in Proposition 5.1, for which M#M#N is diagonal. Since the WRT invariant is
multiplicative with respect to connected sum, we get

2
(oP©) O (©) ez es)
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Since 2% is coprime to 7, 7o) (€) is a unit in Z[¢'/*] by Lemma 3.6 (a). It

L(2k,—1)

2
follows that 7'1“30(3)(5) is a unit, hence (Tf;%@(f)) € Z[¢'*, eg]. By Lemma 3.3

(c), 71\34?5?) (€) € Z[¢Y/4, eg]. This completes the proof of the theorem.

O

7. Proof of the integrality in the SU(2) case

If the order of £ is odd, then by the splitting property (Proposition 4.9),

SU(2 7.2 50(3
e (©) =T O T (€) -

Both factors of the right hand side are algebraic integers by Theorem 2 and Propo-
sition 4.9. Hence TZ“EIUL(,Z)(Q is also an algebraic integer.

Therefore throughout the remaining part of this section we will assume that
r = ord(§) is even. Note that in this case the order of €Y% is always 4r and
es € Z[EM4].
Proposition 7.1. Let r = ord(§) be even. Suppose b = +p®, where p is 0, 1 or a
prime, k an integer, and € € {0,1}. Then

HSUO) (k. b, )

HSUQ) (K, 0,¢€)
HSU®)(0,+1,0)

Z[§1/4] and (1—¢&)DSU®

e Z[eVY) .

The following lemma will be used in the proof of the above proposition for odd
b.

Lemma 7.2. Suppose b is odd, r is even, a € Z, and f € I,. Then

bn?

. 2,55 T f (g, q)
' :,CkOg

belongs to Z2) [51/4], where Z gy is the set of all rational numbers with odd denom-
mnators.

Proof. Let 7 = r.r,, where 7, is odd, and 7, is a power of 2. Then ord(£/4) =
4r = (4re)r,, with 4r. and r, coprime. By definition,

£,5U(2 n2 | an . 1
3 @ P+ i 1 G(b,4j+20,64) by Proposition 3.4 (d)

1
= G(bre,4j 4 2a,/*) G(4bre, 47 + 2a,7¢)

1

161 Glbro, 0,670/ €107 Gdbre, 45 + 20,€7)

(44)
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where d is any multiple of 7, such that db = —1 (mod 4r.).
Let us extend A(z) = 2 ® 2 to a Z[qT!]-algebra homomorphism

A : Z[Z:tl,q:tl] N Z[Z:tl,qil] ®Z[qi1} Z[Zil,qil].
Define Q(j) = dj? + daj. Also define a Z[¢*'/*]-module homomorphism
T - Z[Zi17qi1/4] N Z[q1/4]

by
T(2) = G(4bre, 45 + 2a,£") .
Using (44) we can rewrite

gda2/4

S () = S Gl 0.6 eve {(Lq e TY(A N} (45)

n

It is enough to consider the case f = 2™(q¢'z;q)x. Applying Corollary 2.7 to
A(2™(¢"2;q)r), using z; = 2® 1 and 23 = 1 ® z, we see that A is a Z[F/4]-linear
combination of terms of the form

B (G(broigfr"ﬂ)) <(§;§)k evi:é?g(;:(z;Q)kl)}> (T(Z(T;(gli)kz)> (46)

with k; < k. There are three factors on the RHS of (46) and we will show that
each factor belongs to Zz) [€'/4]. The last factor in B is in Z[¢]. In fact, if

22k, = 225 ¢5(¢)7 then

ro—1

T(2™(2% @) = 3 ¢5(6) Gldbre, 4j + 2a,67) = Y ¢;(€) Y g2relbren®+(itaim)
j J

n=0

J
_ Z §4brgn2+2rean Z ¢ (§)€4renj — Z £4br§n2+2ren(a+2m) <§4r6n; §)lc2 ,
n J

n

which is divisible by (£;&)x, in Z[£]. This shows that the last factor of (46) is in
L)€
By Theorem 2.2, eve (L (2™ (25q)k,)) is in y, Z[¢]. Hence the second factor

o (& )k, (&6) k2] 7

&0 2 D e

By Proposition 3.4 (b), G2(br,,0,£"/*) ~ 8r., while Og ~ r/2 by Lemma 3.3
(e). It follows that the square of the first factor, and hence the first factor itself, is
in e Z[¢] = %Z[f] C Z2)[§]. Here we use the fact that Z)[¢] is integrally closed.

We can conclude that B, and hence A, is in Z)[¢]. O

€] C Z[¢].
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Proof of Proposition 7.1. By Lemma 3.5 there is f.(z,q) € Iak+1+c such that

HSU(Q)(k,b, 8) %Zi":ol € (n —1)5 3&n/2f (gn g)
HSU®)(0,+1,0) Top414e0¢

(47)

We split the proof into 3 cases: (1) b=0 mod 4; (2) b= +2 and (3) b is odd.
(1) b = 4, 0" € Z. Since H3V?)(k,b,1) = 0 by Lemma 3.5 (d), we can assume
e =0. By (47),

HSU®(k,0,0) 5300 €0 fo(6m,8) i €D fo(en, )

HSU(2)(O,i1,O) - x2k+105 $2k+105 '

which is in Z[¢] by Proposition 3.1.

(2) b= £2. Again H3Y®)(k,b,1) = 0 by Lemma 3.5 (d), and we can assume
£ = 0. This case was studied in [3], where the exact value of H5Y(®)(k, +2,0) was
obtained. By Lemma 5.2 in [3] we have

1— £(21+1)/2 1

k
HY®) (k, +2,0) ~2WHW =2V;Hm '
=0

=0

Hence from Lemma 3.5, with k < r/2 — 1,

HSYQ) (k, +2,0) V7T/O¢

~— : Z[e"*)
HSU@(0,£1,0) T, (14 £Ci+D/2)

where

_ Vr/O¢
HT/2 1(1_,_5 2z+1)/2)

The square of the numerator of z is T/Og ~ 2, by Lemma 3.3.
Let us calculate the square of the denominator. For any integer j one has

(1 +€(2j+1)/2) ~ (1 7 £(2j+1)/2)'

Hence
/2— 2 e
H 1 +€(2j+1)/2) ~ H (1 +€(2j+1)/2)(1 _ §(2j+1)/2)
=0 =0

/2—
I, 01-¢) r
(2]+1 7‘] = — =
1} ¢ T -y 2

SU(2) +
We can conclude that M € Z[gV).
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(3) Assume that b is odd. Splitting the sum in the numerator of the right hand
side of (47) into even and odd n we get

4r—1

7 3 Qg2 (e g
n=0

= i {5—b/4 2rz—:1 gan—Bgn f5(§2n7f) + 5—35/2 2rz—:1 gb(nZ—&-n)—Bsn f€(£2n+1,€)}
n=0 n=0

r—1 1
= % {f—b/4 Zgbnz—iisn f£(§2n7§) + 5—36/2 Z gb(n2+n)—35n fa(§2n+1,§)}
n=0 n=0

(48)

Since f.(22,q) and f-(2%q, q) belong to I>x1 1. (according to Proposition 2.1),
each summand in the curly brackets of the right hand side of (48) is divisible by
Tok+14:0¢, by Proposition 3.1. It follows from (47) that

HSY A (b, e)

1
R S e - Z 1/4
U@ (0, 41,0) < 2 27T

which, together with Lemma 7.2, implies

HY®(k,be) 1,
777 /4 1/4) _ 1/4
HSUCI(0.£1,0) © 2 Z[EY N Loy [ = Z[¢VY).

Finally
HSY?)(E,0,¢)

g psve <2

follows from Lemma 3.5 (c), which says that H5V(2)(0,£1,0) ~ (1-¢) DSV, O

Proof of Theorem 1 . By Proposition 7.1, each factor in the right hand side of
(10) is in Z[¢/4], hence TJ@UL(,Q)(&) € Z[¢Y/4] if M is diagonal of prime type.

Now suppose M is an arbitrary 3-manifold. According to Proposition 5.1,
there exist lens spaces L(2, —1),...,L(2%, —1), such that M#25#N is diagonal
of prime type for every positive integer s. Here

N :=#_ L2k -1).
By Lemma 3.6, there is an odd colored knot K; C L(2%, —1) such that ng,(j)_l)_K‘
is not 0. The knots K; together form a link L” C N, and

SU(2 SU(2
TN)L(II)(g) = TL(2’("1'?*1),K1’ 7é 0.
4
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Taking the connected sum of (N, L") with 2s copies of (M, L'), we get a diagonal
3-manifold of prime type. Hence,

(#2©)" D@ ez

for every positive integer s. Applying Lemma 3.3 (c), we get TA‘S;IUL(,Q) (€) € Z[V4).
O

A. Proof of Theorem 1.1

A.1. Algebraic preliminaries. We first recall the universal quantized algebra
U, = Up(slz) and some of its properties. For more details see e.g. [12].

The universal quantized algebra Uy, = Uj(slz) is the h-adically complete Q[[R]]-
algebra, topologically generated by the elements H, E, and F, satisfying the rela-
tions
K—-K!

1 9

HE -FH =2FE, HF-FH=-2F, EF-FFE=

v—=v"

where K := exp(hH/2), v := exp(h/2), and v? = q. The algebra U}, has a structure
of Hopf algebra, which makes U}, into a Up-module via the adjoint representation,
and defines a tensor product on the set of Uy-modules. In particular, the completed

tensor powers U,‘?m is a Up-module via the adjoint representation. For a set Y C

U ng its subset of invariant elements is defined by
Y™ i.={yeY|a-y=¢e(y), YacU,},

where € is the antipode of U, and a - y is the adjoint action. It is known that
(Up)™ is exactly the center of Uj,.

For each positive integer n there is a unique n-dimensional irreducible Up-
module, denoted by V,,, we set V := V5. Let

R = SpanZ[vil]{Vn,n > 1} y
which is a Z[v*!]-algebra whose multiplication is the tensor product. One has
VoV =V + Vo1, (Al)

and as a ring R = Z[v*!][V], the Z[v*']-polynomial algebra in V.
For an Up-module W and x € Uy, the quantum trace is defined by

trgv(a:) =tr(zK~ W),

which can be linearly extended to the case when W is a Z[v*!]-linear combination
of Up-modules.
The quantum trace preserves ad-invariance, which means the following. Sup-

pose W € Rand y € (U}?m)inv, then (id®m~" @try )(y) € (U}?(m_l))inv.
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A.2. New bases for R. In R consider the following elements: Péo) = Po(l) =1,

n

PO =TV =2y-1), PO =TIV =Xy,
Jj=1

j=1

where A\; = v +v~7. Note that P,(LO) is P, of [12]. Since P,(LO) is a monic polynomial
of degree n in V with coefficients in Z[v*!], it is clear that the set {Péo),n =
0,1,2,...} forms a Z[v*!]-basis of R. Similarly, {Py(ll),n =0,1,2,...} also forms
a Z[vt!]-basis of R. It is not difficult to express V,, through these bases. In fact,
(A.1), together with an easy induction, will give the following identities, the first
of which was obtained in [12].

n—1

n—1
. n+k (0) n+k n (1)
ED DN AR B DI WU Fes AR

A.3. Integral subalgebras and their completions. Following [12] let L{éo) be
the Z[¢*']-subalgebra of Uj, generated by e, K*2, and F() with [ = 0,1,2,...,
where

FO .= gA-DARKY and  e:= {1}E .

Let U\ = Ku{” and 1, = Ul e uV.

Let F,(UP™) C L{?m be the Z[g*!]-span of elements of the form y; @y @ -+ ®
Ym, Where each y; belongs to U, and one of them belongs to U, ePU,. For a set
Y CUP™ define its completion

ZZP |z, €Y ﬂ]:p(bl,?m)

=0

In particular, when m = 1, one can define Z;lq and Z:lés) for e € {0,1}. For

e = (e1,...,em) € {0,1}™, let Z/Iq®(e) be the completion of Z/légl) ®- - ® uég’")
defined as above.

The center Z(U,) = (U,)™ is freely generated as an Z[g*!]-algebra by the
quantum Casimir operator

C=01-¢HFYE e+ K+q¢ 'K eUV.

Set

n

o® = I_I(qC'2 (" +2+q¢7") and o =Col® .

i=1

Theorem 1.1 in [11] states that
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(Z;{éa))inv = Zap Uz(za) |ap € Z[g™'] ¢ - (A.3)
p=>0
We will need the following result.

©)
Proposition A.1. Suppose x € L{és), e € {0,1}. Then for every n, try" (z)

belongs to (q;q)n Z[g™"].
Proof. If e = 0, this is [12, Lemma 8.5]. The case ¢ = 1 can be proved similarly. It
. , , W, ~ . /
is enough to set = FOK2+1el Tt is easy to see that trg" (FOK%+1el’) =0
if I £1'. Set
(1) -~ .
B(n,l,j) := trf;” (FO K2+l

Then it is clear that B(n,[,j) = 0 when [ > n because ¢' vanishes on Vi, ..., V1.
When [ < n, by a similar argument as in the proof of [12, lemma 8.8], we have

B(n,1,j)={j—n}{j+n}Bn-1,1,j) + A —-q¢ HBn—-1,1-1,j+1) .

The above recursive relation and a simple induction will show that

. —(g+h)n ] -1 .7 +n
Btd) = e e (1)) (17 € oz
" g \" q
O
Lemma A.2. For every non-negative integers k, p and € € {0,1}, one has
P {2k + 1} .
trg" (olF)) = §k’pW Fi1- (A4)

Proof. The case € = 0 is proved in [12, Proposition 6.3]. Hence, we restrict to
e=1

As explained in [12, Section 6.3.1], there exists a homomorphism ¢ : R —
Z (U, ® Z[vF!]) sending V to vC. In particular, for

%WVﬁwﬁ<Mﬂ

we have ga(Sy(ll)) = o, Moreover, for any x,y € R,

3 (o)) = Jule,y) = {0

where (z,y) is the Rosso pairing defined as the colored Jones polynomial of the
0-framed Hopf link H, whose two components are colored by = and y. Note that
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this pairing is symmetric. Hence, for e = 1, the left hand side of (A.4) is equal to
<P(1 —15(1 >
Since A, :=v"™ + v~ " = (V,,V)/[n], for every f(V) € R we have

Vo, f(V)) = [n]f(An) - (A.5)
Hence if m < n, then <V2m+2,P7(11)> =0 and <S,(L1), Vint1) = 0.
Using V,,V = V11 + Vi1, we get
PV =V, 1 +a Z[v*]-linear combination of Vi,Va...,V,
S,(LD = Vanto + a Z[v*!]-linear combination of Vo, V4, ..., Vay, .

Therefore, from Identity (A.5), we have (S,g,}b), P,Ebl)) =0if m # n.
Finally

vtrg (00) = (S, PV) = (S, Viuy) = nHH )? — (O)2)

= [0+ 1A [TGH2n +2 -5}

j=1

This completes the proof of the lemma. O

A.4. Proof of Theorem 1.1. Suppose L LI L’ is an oriented framed link with
fixed colors s = (s1,...,8;) on L. Here L has m ordered components and ¢; are
defined in (2).

According to [10, Section 1.2], there is an element Jr € (Ug@(mﬂ))inv such that
a a - v,
JL(n):(tr;/1®~~®tr;/m®tr;/ ®~~~®trql)(JT).

(In [10], Jr is the universal invariant of a bottom tangle whose closure is L U L'.)
Ei)

Using (A.2) to express V,,, as a linear combination of P,g , we have

ni—1 v (em)
Pyt Py Ve Ve
ki=0

" n; + k; >\€i
Qki + 1| A%

ki+1
ni—1 (51) P(Em,)
- Z (t ST ®-~®tfqv”> (1)
ki=0
ks n; + kl:| /\f;
X kl ! — 5
};[1 |:2k’i +1 { } >\22+1
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which is (4) with
Iisl)/ (em)’ v V.
crup (k) = [trg™ @@ty @trgt @ @trg” | (Jr) -

Here P\¥" = P& /{k}! .
Without loss of generality, we may assume k1 = k = max(k1,...,kmn)-

inv

By Theorem A.3 in [2], (id®™ ®tlr}1/sl Q- tr(‘f‘)(JT) € q° (Ug)(e)) , for
some a € iZ. Let
(e2)’ plem)’

yi=(i[dotry™ @ ®tr, " ®tr¥“1®~-~®trff”)(JT).
Then

(e1)’

P
crur (k) = tqul (y) -
Proposition A.1, as well as the fact that quantum trace preserves ad-invariance,
gives us y € q¢ (L{éal))mv. Hence y has a presentation y = ¢* 3 -, o) with
d, € Z[g*']. We then have

P,isl)/ u P}ial)/ ( )
trg (y) =4¢ de trg" (057,
P

which belongs to % Z[qF3] by Lemma A.2. O
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