ON THE AJ CONJECTURE FOR KNOTS

THANG T. Q. LE AND ANH T. TRAN
With an appendix written jointly with VU Q. HUYNH

ABSTRACT. We confirm the AJ conjecture [Ga2| that relates the A-polynomial and the
colored Jones polynomial for hyperbolic knots satisfying certain conditions. In particular,
we show that the conjecture holds true for some classes of two-bridge knots and pretzel
knots. This extends the result of the first author in [Le2] where he established the AJ
conjecture for a large class of two-bridge knots, including all twist knots. Along the
way, we explicitly calculate the universal SLo-character ring of the knot group of the
(—2,3,2n + 1)-pretzel knot and show that it is reduced for all integers n.

0. INTRODUCTION

0.1. The AJ conjecture. For a knot K in S3, let Ji(n) € Z[t*!] be the colored Jones
polynomial of K colored by the (unique) n-dimensional simple representation of sly [Jo,
RT], normalized so that for the unknot U,

t?n _ t—?n
The color n can be assumed to take negative integer values by setting Jx(—n) = —Jg(n).

In particular, Jx(0) = 0. It is known that Jg(1) = 1, and Jk(2) is the ordinary Jones
polynomial.
Define two linear operators L, M acting on the set of discrete functions f : Z — R :=
C[t*] by
(L)(n) = f(n+1),  (Mf)(n):=t"f(n).
It is easy to see that LM = t?M L. The inverse operators L™, M~ are well-defined. One
can consider L, M as elements of the quantum torus

T = R(L*, M*) /(LM — *M L),

which is not commutative, but almost commutative.
Let
It is a left ideal of T, called the recurrence ideal of K. It was proved in [GL| that for
every knot K, the recurrence ideal Ag is non-zero. Partial results were obtained earlier by
Frohman, Gelca and Lofaro through their theory of non-commutative A-ideals [FGL, Ge].
An element in A is called a recurrence relation for the colored Jones polynomial of K.
The ring T is not a principal left ideal domain, i.e. not every left ideal of T is generated
by one element. By adding all inverses of polynomials in ¢, M to 7 one gets a principal
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left ideal domain 7, cf. [Ga2]. Denote the generator of the extension Ax := Ak - T by
ag. The element ag can be presented in the form

d
a(t; ML) = ag,(t,M) L,
j=0

where the degree in L is assumed to be minimal and all the coefficients ag ;(t, M) €
Z[t*!, M| are assumed to be co-prime. The polynomial ay is defined up to a polynomial
in Z[t*!, M]. We call ax the recurrence polynomial of K.

Garoufalidis [Ga2] formulated the following conjecture (see also [FGL, Ge]).

Conjecture 1. (AJ conjecture) For every knot K, a|i=_1 is equal to the A-polynomial,
up to a factor depending on M only.

In the definition of the A-polynomial [CCGLS], we also allow the abelian component
of the character variety, see Section 2.

0.2. Main results. Conjecture 1 was established for a large class of two-bridge knots,
including all twist knots, by the first author [Le2] using skein theory. In this paper we
generalize his result as follows.

Theorem 1. Suppose K is a knot satisfying all the following conditions:

(i) K is hyperbolic,

(ii) the S Loy-character variety of w1 (S®\ K) consists of two irreducible components (one
abelian and one non-abelian),

(iii) the universal SLo-character ring of 71 (S*\ K) is reduced,

(iv) the localized skein module S of S®\ K is finitely generated, and

(v) the recurrence polynomial of K has L-degree greater than 1.
Then the AJ conjecture holds true for K.

For the definition of the localized skein module S of $® \ K in the condition (iv) of
Theorem 1, see Section 3.

Theorem 2. The following knots satisfy all the conditions (1)—(v) of Theorem 1 and hence
the AJ conjecture holds true for them.

(a) All pretzel knots of type (—2,3,6n+1), n € Z.

(b) All two-bridge knots for which the S Lo-character variety has exactly two irreducible
components; these include

e all double twist knots of the form J(k,l) (see Figure 1) with k # [,
e all two-bridge knots b(p, m) with m = 3, and

e all two-bridge knots b(p,m) with p prime and ged(25+, 1) = 1.

Here we use the notation b(p,m) for two bridge knots from [BZ].

Remark 0.1. Besides the infinitely many cases of two-bridge knots listed in Theorem 2,
explicit calculations seem to confirm that “most two-bridge knots” satisfy the conditions
of Theorem 1 and hence AJ conjecture holds for them. In fact, among 155 b(p, m) with
p < 45, only 9 hyperbolic knots b(15,11), b(21, 13), b(27,5), b(27,17), b(27,19), b(33,5),
b(33,13), b(33,23), and b(35,29) do not satisty the condition (ii) of Theorem 1. Thus,
the AJ conjecture holds for all two-bridge knots b(p, m) with p < 45 except for these 9
knots.



ON THE AJ CONJECTURE FOR KNOTS 3

FIGURE 1. The double twist knot J(k,[). Here k and [ denote the numbers
of half twists in the boxes. Positive (resp. negative) numbers correspond
to right-handed (resp. left-handed) twists .

0.3. Other results. In our proof of Theorem 2, it is important to know whether the
universal SLo-character ring of a knot group is reduced, i.e. whether its nil-radical is
zero. Although it is difficult to construct a group whose universal SLy-character ring is
not reduced (see [LM]), so far there are a few groups for which the universal S Lo-character
ring is known to be reduced: free groups [Si], surface groups [CM, Si], two-bridge knot
groups [Le2, PS], torus knot groups [Mar], two-bridge link groups [LT]. In the present
paper, we show that the universal SLo-character ring of the (—2,3,2n + 1)-pretzel knot
is reduced for all integers n.

0.4. Plan of the paper. We review skein modules and their relation with the colored
Jones polynomial in Section 1. In Section 2 we prove some properties of the S Ly-character
variety and the A-polynomial a knot. We discuss the role of localized skein modules
in our approach to the AJ conjecture and give proofs of Theorems 1 and 2 in Section
3. In Section 4, we prove the reducedness of the universal SLy-character ring of the
(—2,3,2n + 1)-pretzel knot. In Section 5, we prove that the localized skein module S of
the (—2,3,2n + 1)-pretzel knot is finitely generated. Finally we study the irreducibility
of non-abelian SLs-character varieties of two-bridge knots in the appendix.

0.5. Acknowledgements. The authors would like to thank J. Etnyre, S. Garoufalidis, J.
Marche, T. Mattman, K. Petersen, A. Sikora for helpful correspondence and discussions,
and the referee for comments/suggestions.

1. SKEIN MODULES AND THE COLORED JONES POLYNOMIAL

In this section we will review skein modules and their relation with the colored Jones
polynomial. The theory of the Kauffman bracket skein module (KBSM) was introduced
by Przytycki [Pr] and Turaev [Tu| as a generalization of the Kauffman bracket [Kau] in
S3 to an arbitrary 3-manifold. The KBSM of a knot complement contains a lot, if not
all, of information about its colored Jones polynomial.

1.1. Skein modules. Recall that R = C[t*!]. A framed link in an oriented 3-manifold
Y is a disjoint union of embedded circles, equipped with a non-zero normal vector field.
Framed links are considered up to isotopy. Let £ be the set of isotopy classes of framed
links in the manifold Y, including the empty link. Consider the free R-module with
basis £, and factor it by the smallest submodule containing all expressions of the form
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N =t =t7' Y and O+ (t* +t?)0, where the links in each expression are identical
except in a ball in which they look like depicted. This quotient is denoted by S(Y') and
is called the Kauffman bracket skein module, or just skein module, of Y.

For an oriented surface ¥ we define S(X) := S(Y), where Y = X x [0, 1] is the cylinder
over . The skein module §(X) has an algebra structure induced by the operation of
gluing one cylinder on top of the other. The operation of gluing the cylinder over 9Y to
Y induces a S(9Y)-left module structure on S(Y).

1.2. The skein module of S* and the colored Jones polynomial. When Y = S3,
the skein module S(Y') is free over R of rank one, and is spanned by the empty link. Thus
if £ is a framed link in S3, then its value in the skein module S(S?) is (£) times the empty
link, where (¢) € R is the Kauffman bracket of ¢ [Kau] which is the Jones polynomial of
the framed link ¢ in a suitable normalization.

Let S,(z)’s be the Chebychev polynomials defined by Sp(z) = 1, Si(z) = z and
Spi1(z) = 2S,(2) — Sn_1(2) for all n € Z. For a framed knot K in S* and an inte-
ger n > 0, we define the n-th power K™ as the link consisting of n parallel copies of K
(this is a O-framing cabling operation). Using these powers of a knot, S, (K) is defined as
an element of S(5%). We define the colored Jones polynomial Jx(n) by the equation

Jr(n+1) = (=1)" x {S,(K)).

The (—1)" sign is added so that for the unknot U, Jy(n) = [n]. Then Jx(1) =1, Jx(2) =
—(K). We extend the definition for all integers n by Jx(—n) = —Jk(n) and Jx(0) = 0.
In the framework of quantum invariants, Jx(n) is the sly-quantum invariant of K colored
by the n-dimensional simple representation of sis.

1.3. The skein module of the torus. Let T? be the torus with a fixed pair (u, \) of
simple closed curves intersecting at exactly one point. For co-prime integers k£ and [, let
Ak, be a simple closed curve on the torus homologically equal to kp+IA. It is not difficult
to show that the skein algebra S(T?) of the torus is generated, as an R-algebra, by all
Aes’s. In fact, Bullock and Przytycki [BP] showed that S(T?) is generated over R by 3
elements p, A and A; 1, subject to some explicit relations.

Recall that 7 = R(M** L*Y) /(LM — t*M L) is the quantum torus. Let o : T — T
be the involution defined by o(M*L!) := M~*L~!. Frohman and Gelca [FG] showed that
there is an algebra isomorphism T : S(T?) — T° given by

T(A\y) i= (V)R (MFELE 4+ MRLTY.

The fact that S(T?) and 7 are isomorphic algebras was also proved by Sallenave [Sa].

1.4. The orthogonal and peripheral ideals. Let N(K) be a tubular neighborhood of
an oriented knot K in S*, and X the closure of S*\ N(K'). Then 9(N(K)) = 9(X) = T%
There is a standard choice of a meridian p and a longitude A on T? such that the linking
number between the longitude and the knot is zero. We use this pair (u, A) and the map
T in the previous subsection to identify S(T?) with 7.

The torus T? = 9(N(K)) cut S? into two parts: N(K) and X. We can consider S(X)
as a left S(T?)-module and S(N(K)) as a right S(T?)-module. There is a bilinear bracket

() : S(N(K)) ®s(r2y S(X) = S(S*) =R
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given by (¢, ") := (¢’ U "), where ¢’ and ¢" are links in respectively N(K) and X. Note
that if £ € S(T?), then
(000" =l 0-0".

In general S(X) does not have an algebra structure, but it has the identity element-the

empty link. The map
0:8(T?) — S(X), O) :=(-0

is S(T?)-linear. Its kernel P := ker © is called the quantum peripheral ideal, first intro-
duced in [FGL|. In [FGL, Ge|, it was proved that every element in P gives rise to a
recurrence relation for the colored Jones polynomial.

The orthogonal ideal O in [FGL] is defined by

O:={teSOX) | {,6{)=0 forevery ! € S(N(K))}.

It is clear that O is a left ideal of S(0X) = 77 and P C O. In [FGL], O was called the
formal ideal. According to [Le2], if P = O for all knots then the colored Jones polynomial
distinguish the unknot from other knots.

1.5. Relation between the recurrence and orthogonal ideals. As mentioned above,
the skein algebra of the torus S§(T?) can be identified with 77 via the R-algebra isomor-
phism Y sending g, A and A;; to respectively —(M + M), —(L + L™') and t(ML +
ML,
Proposition 1.1. One has
(=1)"(Sn-1(A), 0(6)) = T(£)Jk (n)

for all ¢ € S(T?).
Proof. We know from the properties of the Jones-Wenzl idempotent (see e.g. [Oh]) that

(Sn-1(A) -1, 0) = (" +177)(Sn-1(N), 0)

(Sp1(N) - A, 0) = — ("L, () + 72" S, 5 (M), 0).

By definition Jx(n) = (—=1)""1S,_1(A\),0) and (MJg)(n) = t*"Jk(n), (LJk)(n) =
Jr(n + 1). Hence the above equations can be rewritten as

(=1)"(Sn-1(A), O(n)) = —(M + M) Jx(n) = Y1) Jx(n),
(=1)"(Su-1(A), ©N)) = —(L+L7")Jx(n) = T(\)Jk(n),
(=1)"(Su-1(A), ©(A\1)) = HML+M L7 Jk(n) = T (A1) J(n).

Since S(T?) is generated by u, A and \; ;, we conclude that
(=1)"(Sn-1(A), ©()) = T(€) K (n)
for all £ € S(T?). O
Corollary 1.2. One has O = Ax NT°.
Proof. Since {S,,(\)}, generates the skein module S(N(K)), Proposition 1.1 implies that
O = {{eSOX) | (¢,6(0)=0 forevery ! e S(N(K))}
= {{eS0X) | (Su(N),0()) =0 for all integers n}
{teS(OX) | Y()Jk(n)=0 for all integers n}.
Hence O = A NT°. O
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Remark 1.3. Corollary 1.2 was already obtained in [Gal] by another method. Our proof
uses the properties of the Jones-Wenzl idempotent only.

2. CHARACTER VARIETIES AND THE A-POLYNOMIAL

For non-zero f,g € C[M, L], we say that f is M-essentially equal to ¢, and write

f M g, if the quotient f/g does not depend on L. We say that f is M-essentially divisible
by g if f is M-essentially equal to a polynomial divisible by g.

2.1. The character variety of a group. The set of representations of a finitely pre-
sented group G into SLy(C) is an algebraic set defined over C, on which SLs(C) acts by
conjugation. The set-theoretic quotient of the representation space by that action does
not have good topological properties, because two representations with the same character
may belong to different orbits of that action. A better quotient, the algebro-geometric
quotient denoted by x(G) (see [CS1, LM]), has the structure of an algebraic set. There is
a bijection between x(G) and the set of all characters of representations of G into SLy(C),
hence x(G) is usually called the character variety of G. For a manifold Y we use x(Y)
also to denote x(m(Y)).

Suppose G = Z2, the free abelian group with two generators. Every pair of generators
p, A will define an isomorphism between x(G) and (C*)?/7, where (C*)? is the set of
non-zero complex pairs (L, M) and 7 is the involution 7(M, L) := (M~ L™1), as follows:
Every representation is conjugate to an upper diagonal one, with M and L being the

upper left entry of u and X respectively. The isomorphism does not change if one replaces
(b, A) with (u=, A7H).

2.2. The universal character ring. For a finitely presented group G, the character
variety x(G) is determined by the traces of some fixed elements g1, -+ ,gx in G. More
precisely, one can find ¢y, -+, gx in G such that for every element g € G there exists a
polynomial P, in & variables such that for any representation r : G — SLy(C) one has
tr(r(g)) = Py(x1,- - ,xx) where z; := tr(r(g;)). The universal character ring of G is
then defined to be the quotient of the ring C[zq,--- , x| by the ideal generated by all
expressions of the form tr(r(v)) —tr(r(w)), where v and w are any two words in gy, - , g
which are equal in G. The universal character ring of GG is actually independent of the
choice of gq,- -+, gx. The quotient of the universal character ring of G by its nil-radical is
equal to the ring of regular functions on the character variety of G.

The universal character ring defined here is the skein algebra of G of [PS], where it is
proved that it is T H (G) of Brumfiel-Hilden’s book [BH]. They prove that it is the universal
character ring, which is defined as the coefficient algebra of the universal representation.

2.3. The A-polynomial. Let X be the closure of S® minus a tubular neighborhood
N(K) of a knot K. The boundary of X is a torus whose fundamental group is free
abelian of rank two. An orientation of K will define a unique pair of an oriented meridian
and an oriented longitude such that the linking number between the longitude and the
knot is zero, as in Subsection 1.4. The pair provides an identification of x(0X) and
(C*)?/7 which actually does not depend on the orientation of K.

The inclusion 0X < X induces the restriction map

p:x(X) — x(0X) = (C*)?/7
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Let Z be the image of p and Z C (C*)? the lift of Z under the projection (C*)2 — (C*)?/7.
The Zariski closure of Z C (C*)?2 € C2 in C? is an algebraic set consisting of components
of dimension 0 or 1. The union of all the one-dimension components is defined by a single
polynomial Ay € Z[M, L], whose coefficients are co-prime. Note that A is defined up
to +1. We call Ag the A-polynomial of K. By definition, Ax does not have repeated
factors. It is known that Ag is always divisible by L — 1. The A-polynomial here is
actually equal to L — 1 times the A-polynomial defined in [CCGLS].

2.4. The B-polynomial. It is also instructive to see the dual picture in the construc-
tion of the A-polynomial. For an algebraic set V (over C) let C[V] denote the ring
of regular functions on V. For example, C[(C*)?/7] = t°, the o-invariant subspace of
t := C[L*!, M*!], where o(M*LY) = M=+~

The map p in the previous subsection induces an algebra homomorphism

0 : Clx(0X)] =t — Clx(X)].

We call the kernel p of 0 the classical peripheral ideal; it is an ideal of . We have the
exact sequence

(2.1) 0—p— 7 -5 Ch(X)).

The ring t° C t = C[M*!, L*!] embeds naturally into the principal ideal domain
t := C(M)[L*'], where C(M) is the fractional field of C[M]. The ideal extension p := tp
of p in t is thus generated by a single polynomial Bx € Z[M, L] which has co-prime
coefficients and is defined up to a factor £+M* with k € Z. Again Bg can be chosen
to have integer coefficients because everything can be defined over Z. We call By the

B-polynomial of K.

2.5. Relation between the A-polynomial and B-polynomial. From the definitions
one has immediately that the polynomial By is M-essentially divisible by Ax. Moreover,
their zero sets { Bx = 0} and {Ax = 0} are equal, up to some lines parallel to the L-axis
in the LM-plane.

Lemma 2.1. The field C(M) is a flat C[M*']7-algebra, and t = * @cp=1j0 C(M).

Proof. The extension from C[M*!° to C(M) can be done in two steps: The first one
is from C[M*'? to C[M*'] (note that C[M*!] is free over C[M*!']” since C[M*!] =
C[M*'7 @ MC[M=*']7); the second step is from C[M*!] to its field of fractions C(M).
Each step is a flat extension, hence C(M) is flat over C[M*1]°.

It follows that the extension (t7 < t) ® C(M) is still an injection, i.e.

Y 7 Qcpu)e C(M) — t @cpr=1) C(M) = t, Y ®y) =y,

is injective. Let us show that v is surjective. For every n € Z,
1 M-t
L" = ML"+M'L™®@ ———— = (L"+ L") ® —— | .
o (O ML e e - e L )

Since {L" | n € Z} generates t = C(M)[L*!], v is surjective. Thus 1) is an isomorphism.
U
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Consider the exact sequence (2.1). The ring C[x(X)] has a t°-module structure via
the algebra homomorphism 6 : C[x(0X)] = t° — C[x(X)], hence a C[M*']7-module
structure since C[M*!]7 is a subring of t°. By Lemma 2.1, t = t ®cpy=1o C(M). It
follows that p = p @1 C(M). Hence by taking the tensor product over C[M*!]7 of
the exact sequence (2.1) with C(M), we get the exact sequence

(2.2) 0=t C(X),

where C[x(X)] := C[x(X)] ®cjmz1e C(M).
Proposition 2.2. The B-polynomial B does not have repeated factors.

Proof. We want to show that p is radical, i.e. \/p = p. Here 1/p denotes the radical of p.
Let 2 := M + M~ and

t =17 ®@cpr1)r C(x), p = p cprye C(z).

Note that p, the kernel of 0 : 7 — C[x(X)], is radical since the ring C[x(X)] is reduced.
We claim that p is also radical. Indeed, suppose v € t and 72 € p. Then * = §/f for
some 6 € p and f € Clx]. It follows that (fv)? = fd is in p. Hence fv € y/p = p which
means y € p.

Since t = C(x)[L*!] is a principal ideal domain, the radical ideal p can be generated
by one element, say (L) € C(x)[L*'], which does not have repeated factors. Note
that the polynomial v(L) and §(L) := +/(L), the derivative of y(L) with respect to L,
are co-prime. Since C(z)[L*!] is an Euclidean domain, there are f,g € C(z) such that
fv+gd = 1. Tt follows that y(L) and 6(L) are also co-prime in C(M)[L*']. Hence the
ideal p = p ®c(z) C(M) in C(M)[L*'] is radical. This means that the B-polynomial B
does not have repeated factors. Il

Corollary 2.3. For every knot K one has
K™ its M-factor’

Here the M-factor of Ak is the maximal factor of Ay depending on M only; it is defined
up to a non-zero complex number.

2.6. Small knots. A knot K is called small if its complement X does not contain closed
essential surfaces. It is known that all two-bridge knots and all three-tangle pretzel knots
are small [HT, Oe].

Proposition 2.4. Suppose K is a small knot. Then the A-polynomial Ax has trivial
M -factor. Hence the A-polynomial and B-polynomial of a small knot are equal.

Proof. The A-polynomial A always contains the factor L — 1 coming from characters
of abelian representations [CCGLS]. Hence we write Ax = (L — 1) A, where A,y is a
polynomial in C[M, L].

Suppose the polynomial A,, of a knot has non-trivial M-factor, then the Newton
polygon of A, has the slope infinity. It is known that every slope of the Newton polygon
of A, is a boundary slope of the knot complement [CCGLS]. Hence the knot complement
has boundary slope infinity. The complement of a small knot in S® does not have boundary
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slope infinity (this fact follows easily from [CGLS, Theorem 2.0.3]), hence its polynomial
A, has trivial M-factor. O

Remark 2.5. By [IMS], according to a calculation by Culler, there exists a non-small
knot whose A-polynomial has non-trivial M-factor; it is the knot 935 in the Rolfsen table.

3. SKEIN MODULES AND THE AJ CONJECTURE

Our proofs of the main theorems are based on the ideology that the KBSM is a quan-
tization of the SLy(C)-character variety [Bul, PS] which has been exploited in the work
of Frohman, Gelca and Lofaro [FGL| where they defined the non-commutative A-ideal.
In this section we will discuss the role of localized skein modules in our approach to the
AJ conjecture, and then prove Theorems 1 and 2.

3.1. Ring extensions. Suppose R; is a ring (with unit), C is an R;-complex, and Ry is
an Ri-algebra. We will say that Ry ®p, C is obtained from C by a change of ground ring.

Recall that R = C[t*!]. We often consider C as an R-algebra by C = R/((1+t)). In
this case, we use the notation £(C) := C @ C, where C is an R-complex or an R-module.
Thus if M is an R-module, then

e(M) =M/((1+t)M).
If R is an R-algebra and M is an R-module, then one can easily see that

(M) = M@y £(R).

3.2. Skein modules as quantizations of character varieties. An important result
[Bul, PS] in the theory of skein modules is that s(Y) := (S(Y)), the skein module at

t = —1, has a natural C-algebra structure and is isomorphic to the universal S L,-character
algebra C""[y(Y)] of m(Y). The product of two links in §(Y") is their disjoint union,
which is well-defined when ¢ = —1. The isomorphism between s(Y) and the universal

S Ly-character algebra of m1(Y) is given by K(r) = —trr(K), where K is a knot in Y
representing an element of m1(Y), and r : m(Y) — SLy(C) is a representation of m(Y).
The quotient of s(Y) by its nilradical is canonically isomorphic to C[x(Y')], the ring of
regular functions on the SLy-character variety of m1(Y). For the case when & = S(X),
where X is the knot complement, we have

(3.1) (77 L8 = (v L),

where s = §(X) = C™V[y(X)].

In many cases s(Y) is reduced, i.e. its nilradical is zero, and hence s(Y) is exactly
the ring of regular functions on the SLy-character variety of 71(Y). For example, this
is the case when Y is a torus, or when Y is the complement of a two-bridge knot/link
[Le2, PS, LT], or when Y is the complement of the (—2,3,2n + 1)-pretzel knot for any
integer n (see Section 4 below). We conjecture that

Conjecture 2. For every knot K in S3, the universal SLo-character ring of m1(S3\ K)
15 reduced.
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3.3. The non-reduced kernel. Extending the right hand side of (3.1) from ground ring
C[M*'7 to C(M), we get

(3.2) (t-538) = (1" -5 5) @cpzie C(M).
We call the C(M)-vector space 5 the localized universal character ring of m1(X).
Let p :=ker C t = C(M)[L*']. We have the commutative diagram with exact rows

¢ 2 5

Il
t —2 5/V0
where ¢ is the quotient map. Note that the second row of the above diagram is exactly
the sequence (2.2). i

Both p and p are ideals in the principal ideal domain t = t. Recall that By is a
generator of p. Let By be a generator of p.

0 >

o —— Tl

0

Lemma 3.1. One has By | Bx | (Bk)' for some positive integer 1. Consequently, t/p is
a finite dimensional C(M)-vector space.

Proof. Since A(By) = 0, one has 6(Bg) = 0. This implies Bx € p, and hence By | By.
Since O(By) = 0, one has A(Bg) € 0. It follows that (Bx)' € p for some positive
integer [, and hence By | (Bg)".
Note that Bgx # 0 (since Ax # 0), hence we also have By # 0. If By = L+
Z?;é a;(M)L?, with a;(M) € C(M) and d > 0, then the dimension of the C(M)-vector
space t/p is d. O

3.4. Localization. Let D := R[M*!] = C[t*!, M*!] and D be its localization at (1 +1):

D = {§|f,gED,g€(1+t)D},

which is a discrete valuation ring and is flat over D.
The ring D = R[M™*!] is flat over D7 = R[M*']?, where (M) = M, since it is free
over R[M*1]:
R[Mil} — R[M:I:l]a D MR[M:tl]U.
The quantum torus 7 is a D7-algebra. Let T := T ®p- D. Similar to Lemma 2.1, we
have

T = {Z a;(M)L’ | a;(M) € D, a; =0 almost everywhere} :
jez
with commutation rule: a(M)L* - b(M)L' = a(M)b(t?* M) L*+,

3.5. The localized skein module. Let S := S(X) be the skein module of the knot
complement X.

Definition 1. The localized skein module of the knot complement X is the D-module
S =8 ®ps D. We say S is finitely generated if it is finitely generated as a D-module.
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Recall from Subsection 1.4 that we have the map © : 7% — &, which is considered as

a D?-morphism. Let © := 0O ®p- D, i.e.
(T-58) = (T°-%8)@p D
Lemma 3.2. One has ) )
e(T-58) =155
Proof. Recall D° = C[t*!, M*!)?, and C(M) is a D°-algebra by the composition of two
maps
D° < D — &(D) = C(M).

Hence ®p-C(M) is the composition of two tensor products
(3.3) (T7 -2 8) @pe C(M) =((T7 -2 S) @pe D) = (T -2 S).

The same D7-algebra structure of C(M) can also be obtained by the composition of

D — (D) = C[M*]7 — C(M).

Hence the left hand side of (3.3) can be written as

34)  (T7 -2 8) @pe C(M) = (e(T7 -2 8)) @cpuree CM) = (- 5),

where the last identity follows from the definitions (3.1) and (3.2).
The lemma follows from (3.3) and (3.4). O

3.6. Left ideals of 7. Recall that 7 = D[L*!] is the set of all Laurent polynomials
Zaj(M)Lj, a;(M) € D and a; = 0 for almost every j € Z.

JEZ
Let 7. be the subring of 7 consisting of all polynomials in L, i.e. polynomials like the
above with a;(M) = 0 if j < 0. For f, g in T,, we say that f is divisible by g and write
g | f if there exists h € T, such that f = hg.
Although the ring 7 is not a left PID, we have the following description of its ideals.

Proposition 3.3. Suppose I C T is a non-zero left ideal. There are hq, ..., hpm_1 € Ty
with leading coefficients 1 and v € T, such that I is generated by {ho7y, (1+t)hy 7, ..., (1+
)™ 1y, (14 €)™y}, Besides, 1 < degy(hjy1) < degy(h;) for j =0,...,m—2; and v
is the generator of the principal left ideal I =1-T C T.

Proof. Note that any ideal of D is a power of the prime ideal (1 +t). Suppose M is a
D-module. We say that u € M has height k € Z> it

ue (14+)FMN\ (1+ 1) M,

We have the following weak division algorithm: Suppose f,g € T., with g # 0. Assume
that deg(f) > deg(g), and the height of the leading coefficient of f is greater than or
equal to that of the leading coefficient of g. Then there are ¢,r € D[L] such that

f=qg+r,

where deg(r) < deg(f). Here we use the convention that deg(0) = —oo. In fact, one
can take ¢ = a L*, where a is the quotient of the leading of f by that of g, and k is the
difference between the degree of f and that of g.
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We will frequently use the weak division algorithm with f,g € I. Then the remainder
r is also in 1.
Let I, = INTy, and I, be the set of all elements in I, \ {0} whose leading coefficient
has height n. By definition
L0} = Uy I
Choose the smallest integer N > 0 such that Iy # 0.
Claim 1: I,, # 0 for every n > N.

Proof. (of Claim 1) Since (1 + ¢)" NIy C I, for every n > N, each I,, # (). O

Suppose d,, is the least L-degree of elements of I,,, and choose f, € I, such that the
degree of f,, is d,. The choice of f,, guarantees that if f € I,, than one can divide f by f,
using the weak division algorithm.

Since (1 + t)I, C I,4+1, we have dy > dyy1 > dyyo > .... Hence the sequence of
decreasing non-negative integers dy,dy.i1,... eventually stabilizes. Let m > 0 be the
smallest integer such that dyy,, = dyimy; for every 7 =0,1,2,....

Claim 2: If f € I, \ {0} has degree < d;, then f € I; for some j' > j.

Proof. (of Claim 2) Since I} \ {0} = U2 I,,, f € I; for some j'. If j* < j then deg(f) >
dj > d;, a contradiction. Hence j' > j. 0

Claim 3: If f € I, \ {0} has degree < dy.yn, then f is divisible by fyim.

Proof. (of Claim 3) Suppose f € I, \ {0} has degree < dy,,. Since deg(f) < dnim-1,
by Claim 2, f € I; for some j > N + m. Note that deg(f) > d; = dy+n,. Dividing f by
fnam using the weak division algorithm, the remainder r has degree < deg(f) = dyim.
Since there are no elements in I, \ {0} of degree < dy.,, we must have r = 0, which
implies that f is divisible by fxipm. O

For 0 < j < m let 1Y) be the left ideal of T, generated by fx.;, INtjrt s Ineme
Claim 4: Suppose f € I, \ {0} has degree < dy;, where 0 < j < m, then f € IU+D.

Proof. (of Claim 4) We use induction on the degree of f. Suppose f € I, \ {0} has degree
< dnyj for 0 < j <m. Then, by Claim 2, f € I; for some j' > j+1. Dividing f by fyj
using the weak division algorithm, the remainder has degree < deg(f) < dn;, hence, by
induction, it belongs to JU+1),

If 7/ > m then, by Claim 3, f; is divisible by fxi,,. Otherwise, i.e. if j < m, then f;
belongs to 10V, Hence we always have f; € IU+Y. Tt follows that f € IUFD). O

Claim 5: I, = I9 ie. I, is generated by {f; | j = N,...,N +m}.

Proof. (of Claim 5) We use induction on the degree of f € I.. If the degree of f < dy;,
then f € I by Claim 4. Suppose the degree of f is > dy. Dividing f by fy using the
weak division algorithm, the remainder has degree less than that of f and hence belongs
to I by induction hypothesis. Thus f € 1. O

Claim 6: For every 0 < j < m, fyim divides (14 ¢)"7 fxy;.

Proof. (of Claim 6) We use induction, beginning with the case j = m which is obvious.
Suppose j < m — 1. Dividing (1 +¢)fn4+; by fn+j41 using the weak division algorithm,
the remainder r is an element in I, of degree < dy,;. By Claim 4, r is an element in
IUY = (fyojot, -+ fvem) C Io. Tt follows that (1 + ¢)fyy; is an element in JU+Y,
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By induction hypothesis, every element in (1 + ¢)™7~1[U+1) is divisible by fyim. In
particular, (14 ¢)™7 fy; is divisible by fxim. O

End of Proof of Proposition 3.3. By Claim 6, (1 +t)™fx = hofx4m, for some hy € T;.
Comparing the leading coefficients, we see that the leading coefficient of hg is 1. From
(14+1)™ fn = hofnim, with hg having leading coefficient 1, one can easily show that fxm,
is divisible by (1 +¢)™. Hence fyim = (1 +1t)™y, where v € T,.

By Claim 6, for each 0 < j < m — 1 there is h; € T} (whose leading coefficient is 1)
such that (1 +¢)"7 fyy; = hjfvem = (L+1)"hjy, ie. fny; = (1 +16)7h;y. O
3.7. Assumption f is surjective and S is finitely generated.

Lemma 3.4. Suppose 0 is surjective and S is finitely generated. Then © is surjective.

Proof. From Lemma 3.2, one has the commutative diagram

T8
(3.5) l l

—)5

Suppose {z1,...,x4} is a basis of the C(M)-vector space 5. Let 7; € S be a lift of z;.
By Nakayama’s Lemma, {71,...,Z4} spans S over D. Since f and ¢ in diagram (3.5) are
surjective, each Z; is in the image of ©. This proves that © is surjective. Il

Proposition 3.5. Suppose 0 is surjective and S is finitely generated. Then ¢(Bx) | Bx.

Proof. Recall that p = kerf. By Lemma 3.4, © is surjective. Diagram (3.5) can be
extended to the following commutative diagram with exact rows:

G

L

0 P T y S > 0
S A
0 p t ' s s 0

Taking the tensor product of the first row, which is an exact sequence of D-modules,
with the D-algebra C(M), we get the exact sequence

P, CM) %125 0.
It follows that p = ker(f) = Im(e(¢)) = Im(e 0 1) = h(P).
Suppose {g; = (1 + t)yhiv,7 = 0,1,...,m} (with h, = 1) be a set of generators of

I =P as described in Proposition 3.3. Then h(g;) = £(g;) = 0 except possibly for j = 0.
It follows that p = h(P) is the principal ideal generated by (go). Hence e(go) = Bx # 0.
On the other hand, it is clear that Sx = 7. Hence ¢(Sk) | €(g0) = Bk-. O

Note that if the localized universal character ring 5 is reduced, then Bx = Bg. Since
ag | B, Proposition 3.5 implies the following.

Corollary 3.6. Suppose 6 is surjective, S is finitely generated, and the localized universal
character ring & is reduced. Then e(ar) | Bx in t = C(M)[L*!].

3.8. Proofs of Theorems 1 and 2.
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3.8.1. Proof of Theorem 1. Since K is a hyperbolic knot, it has discrete faithful SLy(C)-
representations. Let yo be an irreducible component of x(X) containing the character of
a discrete faithful SLy(C)-representation. Since X has one boundary component, by a
result of Thurston [Th] y, has dimension 1.

Lemma 3.7. Suppose R is a C-algebra which is an integral domain, and the transcen-
dence degree of the fractional field F(R) of R over C is 1. Suppose x € R is transcendental
over C. Then the natural map R ®cp, C(x) — F(R) is an isomorphism.

Proof. Note that C(x) is flat over Clz] and R ®¢[y) C(z) C F(R). Hence we only need to
show that R ®c[, C(z) is a field, or that every 0 # y € R is invertible in R ®¢y C(z).
Fix y € R, y # 0. Since x € R is transcendental over C, the transcendence degree of the
field C(z) over C is 1. The field C(z) is contained in the fractional field F'(R) of R whose
transcendence degree over C is also 1, hence F(R) is algebraic over C(z). In particular,
y is algebraic over C(z). Since C(z)[y] is a subfield of F(R), y~! € C(z)[y]. Clearly
C(z)y] C R ®cpp) C(x). Hence y~' € R Q¢ C(x). O

Recall that the inclusion 0X < X induces the restriction map p : x(X) — x(0X). Let
Yy be the Zariski closure of p(xo) C x(0X). Then Yj is irreducible and has dimension
1. Since ply, : xo — Yo has dense image, the pullback map (p|y,)* : C[Yp] = C|xo] is
an embedding. Both C[Yy] and C[yy] are integral domains. [Du, Theorem 3.1] says that
(plyo)* induces an isomorphism, also denoted by (ply,)*, C(Yy) — C(xo), where C(Yp)
(resp. C(xo)) is the fractional field of C[Yy] (resp. C[xo])-

Let = € C[Yy] C C|xo] be defined by x(p) = tr(p(n)) = M + M~'. By [CS2], x is not
a constant function on y,. It follows that z is transcendental over C. Hence Lemma 3.7
implies that (p|y,)* : C[Yo] ®cpa) C(x) = Clxo] ®cpy) C(x) is an isomorphism.

By assumption, the character variety x(X) consists of two irreducible components: the
abelian component, denoted by Yu, and xg. It is known that y,, has dimension 1 and
the restriction map ply,, : Xao — x(0X) is a birational isomorphism onto its image. It
follows that (p|y,,)" : C[Yas] ®ci) C(2) = Clxa] @) C(x) is an isomorphism, where Y
is the Zariski closure of p(xa) C x(0X).

Lemma 3.8. One has

(3.6) Clx(X)] ®cpag C(z) = (Clxo] ®cag C(2)) X (Clxas) @cp) C()) -

Proof. From Subsection 2.2, we see that C[x(X)] is the quotient of the polynomial ring
R :=Clz,y1, - ,ym] by an ideal I C R, where z = M + M~ is the trace of the meridian
and yi,...,Yyn are traces of some fix elements in the knot group.

Suppose C|xo] = R/Iy and Clx.| = R/I.s where Iy, I, are ideals in R. Since x(X)
consists of two irreducible components xq, and xo, I = Iy N Iy, and hence C[x(X)] =
R/(IyN I,). Consider the following sequence of Clz]-modules

(3.7) 0— R/(IpN L) —5 R/Iy x R/ Iy — R/(Io + L) — 0.

where n(y) = (y,y) and &(y,2) = y — 2. It is easy to check that the sequence (3.7) is
exact.

Consider the C[z]-module R/(ly + I). The zero set of the ideal (Iy + Ip) C R
is precisely the intersection of the two algebraic varieties yo and x., hence it is a set
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consisting of a finite number of points. It follows that R/(Iy + I;) = C* for some k. The
exact sequence (3.7) can be rewritten as

(3.8) 0— R/(IpN Ly) —5 R/Iy x R/ Iy —= C* — 0.

Since C(z) is flat over C[z] and C*®¢(,)C(z) = 0, the following sequence which is obtained
from (3.8) by tensoring it with C(x) over C[x] is exact

77®(C[;v £®c[2)C(2)

0 — R/(Lo N 1) cpe) C(x) (R/[U X R/Ip) ®cp Clx)  — 0.
The lemma follows. O

Let Y C x(0X) be the algebraic set consisting of Yy and Y,. By similar arguments as
in the proof of Lemma 3.8, we have

(3.9) ClY] ®cp) C(z) =2 (C[Yo] ®cpe) C(x)) x (CYar] gl Cla)) -
We have
(p’X0>* X (Plxab>* : (C[}/b] Q] C@)) X ((C[Y:zb] QC]x] C@)))

— (C[XO] ®<C[:):} C(ZL’)) X (C[Xab} ®(C[x} C(l’))
is an isomorphism. Equations (3.6) and (3.9) then imply that (p|y,)* X (p]y.,)" : ClY]@c[
C(z) = C[x(X)]®c[e C(x) is an isomorphism. Since Y is an algebraic set in x(0X), C[Y]
is a quotient of C[x(0X)] = t°. Hence the map t”®¢[;C(z) = Cx(X)|®c[C(2), induced
by p: x(X) — x(0X), is surjective. Taking the tensor product of this map with C(M)
over C(x), we get the map

0: t=1t" @cp C(M) = C[x(X)] = Clx(X)] ®cp) C(M),
which is also surjective. (Note that C(M) is flat over C(z).)

Note that t = C(M)[L*!]. Hence the dimension of the C(M)-vector space C[y(X)] is
equal to the L-degree of By, the generator of the kernel p of 6, and is finite. Since the
universal character ring 5(X) is reduced and S is a finitely generated D-module, Corollary
3.6 implies that By is M-essentially divisible by e(a ). Since Ak is M-essentially equal
to Bi by Corollary 2.3, it must be M-essentially divisible by (o).

It is known that A always contains the factor L — 1 coming from characters of abelian
representations [CCGLS)), and e(ag) is also divisible by L — 1 [Le2, Proposition 2.3].
Hence LA - is M-essentially divisible by = O‘K slok)

Since the character variety x(X) con51sts of two irreducible components, Ak has exactly

two irreducible factors. One factor is L — 1, hence the other one, 4%, is irreducible. Since

7 L 17
ATK is M-essentially divisible by La’i), it follows that
A
slar) iy o, o) w A
L—1 L—-1 L-1
If aéa_}i) M 1, then, by Lemma 3.9 below, the recurrence polynomial o has L-degree 1.

This contradicts condition (iii) of Theorem 1, hence we must have 22 2 A Iy other

-1 -1
words, the AJ conjecture holds true for K.

Lemma 3.9. The polynomial e(ag) is M-essentially equal to L — 1 if and only if the
L-degree of the recurrence polynomial ag is 1.
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Proof. The backward direction is obvious since () is always divisible by L — 1.
Now suppose the polynomial e(ag) is M-essentially equal to L — 1, i.e. e(ag) =
g(M)(L — 1) for some non-zero g(M) € C[M*!]. Then

(3.10) ag =gM)L—1)+ (L+1) > a;(M)L

where a;(M)’s are Laurent polynomials in R[M*!] and d is the L-degree of ay.
By a result in [Gal], the recurrence ideal Ak is invariant under the involution o.

Hence o(ak) is an element in Ag. Since ag is the generator of .,ZK, it follows that
ag = h(M)o(ag)L? for some h(M) € R(M). Equation (3.10) implies that

d
g(M)(L—1)+ (1+) Y a;(M)L

J=0

= h(M)g(M~") (L™ — (1+1) Zh N,

If d > 1 then by comparing the coefficients of L° in both sides of the above equation,
we get —g(M) + (1 + t)ag(M) = (1 + t)h(M)ag(M 1), i.e.

(3.11) g(M) = (1 +1) (ag(M) = h(M)aa(M ™))

Since g(M) is a Laurent polynomial in M with coefficients in C, equation (3.11) implies
that g(M) must be equal to 0. This is a contradiction. Hence we must have d =1. O

Remark 3.10. In the proof of Theorem 1, instead of condition (7ii) we actually use the
following weakened version

(iii’) the localized universal SLqy-character ring 5 of w1 (S% \ K) is reduced.
(Recall that § = s ®@car4-a1-1]C(M) is the localization of the universal S Ljy-character ring.)
Thus Theorem 1 holds if the condition (%) is replaced by (i1i’) above.

3.8.2. Proof of Theorem 2. It is known that two-bridge knots and (—2, 3, 2n + 1)-pretzel
knots, excluding torus knots, are hyperbolic. (Note that the AJ conjecture holds true for
torus knots by [Hi, Tr]). Their universal character rings are reduced by [Le2, Corollary
5.8] and Theorem 4.6 respectively. Their localized skein modules are finitely generated
over the local ring D by [Le2, Theorem 2] and Proposition 5.1 respectively.

The L-degree of the recurrence polynomial of a two-bridge knot is > 1 according to
[Le2, Proposition 2.2]. Also by [Le2, Proposition 2.2], for any knot if the L-degree of its
recurrence polynomial is 1 then the breadth of its colored Jones polynomial is a linear
function (in the color). For the (—2,3,2n + 1)-pretzel knot, by [Ga3, Section 4.7] the
breadth of its colored Jones polynomial is not a linear function, hence the L-degree of its
recurrence polynomial is > 1.

Double twist knots of the form J (k [) with k # [, two-bridge knots of the form b(p, m)
with m = 3 or “p prime and gcd(p; "o 1) 17, and (—2,3,6n %+ 1)-pretzel knots satisfy
condition (ii) of Theorem 1 by [MPL} Theorem A5 and [Bur], and [Mat] respectively.
Hence the theorem follows.
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4. THE UNIVERSAL CHARACTER RING OF THE (—2,3,2n + 1)-PRETZEL KNOT

In this section we explicitly calculate the universal character ring of the (-2, 3,2n+ 1)-
pretzel knot and prove its reducedness for all integers n.

4.1. The character variety. For the (—2,3,2n + 1)-pretzel knot Ky, 1, we have
m(X) = (a,b, ¢ | cach = acba, ba(ch)" = a(cb)"c),

where X = 5%\ Ky,41 and a, b, ¢ are meridians depicted in Figure 1.

b

S

=== 2n + 1 crossings
( AN

FIGURE 2. The (—2,3,2n + 1)-pretzel knot

Let w = c¢b then the first relation of m;(X) becomes caw = awa. It implies that

¢ =awaw ta~ ! and b = ¢ w = awa " 'w ra " w. The second relation then has the form
1

awa *w e fwaw™ = aw™awaw ta”

1.e.

1 1

whawa 'w e = o w  awaw ™ W,

Hence we obtain a presentation of m1(X) with two generators and one relation
m(X) = (a,w | w"E = Fu")

where E := awa " 'w™ta" " and F := a 'w tawaw".

The character variety of the free group Fy = (a,w) in 2 letters a and w is isomorphic
to C3 by the Fricke-Klein-Vogt theorem, see [LM]. For every element w € F, there is a
unique polynomial P, in 3 variables such that for any representation r : Fy — SLy(C)
we have tr(r(w)) = Py(z,y,2) where x := tr(r(a)), y := tr(r(w)) and z := tr(r(aw)).
The polynomial P, can be calculated inductively using the following identities for traces
of matrices A, B € SLy(C):

(4.1) tr(A) =tr(A™"), tr(AB) +tr(AB™") = tr(A) tr(B).

Thus for every representation r : m(X) — SLo(C), we consider z,y, and z as functions
of r. The character variety of m;(X) is the zero locus of an ideal in C[z,y, 2], which we
describe explicitly in the next theorem.

Theorem 4.1. The character variety of the pretzel knot Ko,yq is the zero locus of 2
polynomials P := Pg — Pp and Q, := Pyrng, — Prune. Explicitly,
(4.2) P = z—ay+(-3+2"+y")z—ayz” +2°,
(43)  Qu = Sa2(y) + Su-s(y) = Su-a(y) = Sus(y) — Su-aly) 2
+ (Su-1(y) + Su—s(y) + Su-a(y)) 22 — (Su-2(y) + Su-s(y)) 2*
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where Si(y)’s are the Chebychev polynomials defined by So(y) = 1, Si(y) = y and
Ski1(y) = ySe(y) — Se_1(y) for all integers k.

Proof. The explicit formulas (4.2) and (4.3) follow from easy calculations of the trace
polynomials using (4.1).

Because E and F' are conjugate (by w™) and w"FEa = Fw"a in m(X), we have P =
Qn = 0 for every representation r : m;(X) — SLy(C).

We will prove the converse: fix a solution (z,y,z) of P = @, = 0, we will find a
representation r : m(X) — SLy(C) such that = = tr(r(a)), v = tr(r(w)) and z =
tr(r(aw)).

We consider the following 3 cases:

Case 1: 3% # 4. Then there exist s, u,v € Csuch that s+s7! =y, ut+v =z, sut+s v =
SkJrl_kafl

z. Since Si(y) = === for all integers k, we have

P = s7%(s-1)P,
Qn = s ((s™u = sv)P' — (14 5)(=1 +u0)Q},),

where
P = s%u—stu—sPu4 v+ sv— sPv — suPv — s3uPo + stuPo + sPuPo
—uv® — suv® + sPuv® + s3uv2,
Q. = 8+ — 2T 4 s 4 SPun — sPuw — s 4 2w + sv? — 5307

Since s # £1, P = @, = 0 is equivalent to P’ = (=1 4+ wv)Q), = 0. We consider the
following 2 subcases:
u 1 s 0 .
wo—1 v and r(w) = 0 sl ) It is
easy to check x = tr(r(a)), y = tr(r(w)), z = tr(r(aw)) and the calculations in the
following 2 lemmas.

Subcase 1.1: @/, = 0. Choose r(a) =

Lemma 4.2. One has
872H11 —872H12 —873H22 —Singl
r(E) = ( s (=14 uv)Hy —s2Hy )’ r(F) = s3(=14+wuwv)Hyp s 1Hy

where

Hy = s?u — stu + v — s2uv + stuv — uv? + 32uv2,
Hyy = 1—s%2+ s'u? —uv + s2uw,
Hy = —s*—suv+ s*uv —v? + 32v2,
Hy = —stu +v— s?v — s2u*v + stuo — uv? + s2uv?.
Lemma 4.3. One has
—3+n p/ —2—n )/
S P -8
n n n
r(w"E — Fuw"™) = _q o
( ) < S 3 ”(—1+uv)Q§l —3 2 n p! )
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Since P’ = @', = 0, Lemma 4.3 implies that r(w"E — Fw") = 0, i.e. r(w"E) = r(Fw").

Subcase 1.2: —1 + wv = 0 then v = u~!. In this case the equation P’ = 0 becomes
sful(s—u?)=01ie s=u? Let

u 0 u? 0
=g 0 ) =)

Then it is easy to check that z = tr(r(a)), y = tr(r(w)), z = tr(r(aw)) and r(Ew™) =
r(w"F). (Note that r(a) and r(w) commute in this case).

Case 2: y = 2. Then Sk(y) = k for all integers k. Hence

P = (v—2)(~1+z2—2%),
Qn = 4—(n—12°+ (3n—5)zz — (2n — 3)2°.

It follows that (x,2) = (=2,-2),(2,2) or (r =2+ 2" and 1 —n+ (1 +n)z? — 2* =0).

If z =2 =2 we choose

w-(39) w=(3)

If £ = 2z = —2 we choose

=3 5 ) =g 7).

Ifz=z+z"tand 1 —n+ (1+n)z? — 2z* = 0 we choose

r(a)z(_jl 201), r(w):<(1) })

Lemma 4.4. One has

iy () T )

_ 3 -1 _
Proof. By direct calculations we have r(E) = ( g 2;:'1— : ) , T(F) = ( o 1 : >

and r(w") = ( (1) 711 ) The lemma follows. O

Hence x = tr(r(a)), y = tr(r(w)), z = tr(r(aw)) and r(w"E) = r(Fw").
Case 3: y = —2. Then Si(y) = (—1)*k for all integers k. Hence
P = 3x+4 2422242222 + 22,
Qu = ()"(@@P —(z+2)Qp)/2,

where Q = z +2nx + 2z + 122 + x2°. It follows that the system P = Q,, = 0 is equivalent
to P = (x + 2)Q! = 0. We consider the following 2 subcases:

Subcase 3.1: x + z = 0. Then it is easy to see that P = 0 is equivalent to z = z = 0.
In this case we choose

=y %) rw=(5 %)

where 7 is the imaginary number.
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Subcase 3.2: x+ z # 0. Then Q! = 0. Choose
B /2 (1—22/4)/(x + 2) (-1 -1
r(a) = ( —r— 2 .Z‘/2 ) T(W) - 0 —1 :
Lemma 4.5. One has

Fw"E — Fu") = (~1)" ( S —Qf)/lerQ;; > .

Proof. By direct calculations, we have r(w™) = (—1)" ( Lon > and

0 1
r(E) = —(z 422+ 222 + 22%) /2 —4+3x2+jﬂ(6;i:)3z+m2z2
(x4+2)1+zz+2%)  (Bzr+2z+2%2+222)/2 )
(z + 22 + 2z +22?) /2 —4+5x2+10“+31’(32+4)22+5x222”1’23
F = 4(x+2z
rif) ( (x+2)(1+22+2%)  (=5r — 4z — 3222 — bxz? — 22%) /2. )
The lemma follows. U

Hence = = tr(r(a)), y = tr(r(w)), z = tr(r(aw)) and r(w"E) = r(Fw") in all cases.
It follows that the character variety of the pretzel knot Ks,,; is exactly equal to the
algebraic set {P = Q,, = 0}. O

4.2. The universal character ring. In this subsection, we will prove the following

Theorem 4.6. The universal character ring of Kop,.1 is reduced and is equal to the ring

Cle,y, 21/ (P, Qn).

Proof. Suppose we have shown that the ring Clz, y, z]/(P, Q) is reduced, then it is exactly
the character ring C[x(X)] of Kayt1.

Recall that m(X) = (a,w | w"E = Fw"), and Fy = (a,w) is the free group on two
generators a,w. It is known that the universal character ring of F5 is the ring Clx,y, 2]
where x = tr(r(a)), y = tr(r(w)) and z = tr(r(aw)) as above. The quotient map
h : Fy — m(X) induces the epimorphism h, : Clz,y, 2] — (S(X)). Since P,Q, come
from traces, they are contained in ker h,.

Since C[x(X))] is the quotient of £(S(X)) by its nilradical, we have the quotient ho-
momorphism ¢ : £(S(X)) — C[x(X))] = Clz,y, 2]/(P, Q). Then

¢oh,: Cla,y, z] = e(S(X)) = Clx(m)] = Cla, y, 2]/ (P, Qn)

is a homomorphism. It follows that kerh, C (P,Q,). Hence we must have ker h, =
(P, @n), which implies £(S(X)) = Clz, y, 2]/(P, Qn) = C[x(X)].

In the remaining part of this section we will show that the ring Clz,y, z|/(P, Q) is
reduced, i.e. the ideal I,, := (P, Q) is radical. The proof of this fact will be divided into
several steps.

4.2.1. Clz,y,z2]/1, is free over Clz].

Lemma 4.7. For every xo # 0,£2, the polynomial P |,—y, is irreducible in Cly, z].
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Proof. Assume that P |,—,, can be decomposed as
(4.4) 23— a2y + (P 2R =3z +ae(l—y) = (z + f1) (22 — (zoy + f1)z + f2),

where f; € Cly]. Equation (4.4) implies that fo — fi(zoy + f1) = v* + 22 — 3 and fifo =
zo(1 —y).

If f; is a constant then fo = xo(1 — y)/f1 has y-degree 1. Hence fy — fi(zoy + f1) has
y-degree 1 also. It follows that fo — fi(zoy + f1) # v* + 22 — 3.

If f5 is a constant then f; = zo(1 — y)/fo. Hence

fom filwoy+ f1) = fo— (52— 20) (22 — L0 4 )

o BNE TR
2 2 2
xH 1, 4, xf 2 xH
—(l-——)y——1-=)y+ (fo— =)
AR AC R AR
Then since fo — fi(zoy + f1) = y* + 2§ — 3, we have fc—;%(l = %) =1, fc—f(l = %) =0, and
f _ % = 2 — 3. This implies zy = 0 or 7y = +2. O

13

Lemma 4.8. For every xy, the polynomials P |,—., and Q, |,=z, are co-prime in Cly, z].

Proof. If g # 0,42 then, by Lemma 4.7, P |,—,, is irreducible in Cly, z]. Lemma 4.8
then follows since P |,—,, and @, |z—=z, have z-degrees 3 and 2 respectively.
At 1o = 0, we have P = 2(—=3 + y? + 2?) and Q,, = a,, + b,2> where

an = Sn-a(y) + Sn-3(y) — Sn-a(y) — Su-s(v),
b = — n—2(y) _Sn—B(y)-

In this case, it suffices to show that @, |,2—3_,2= a, + b,(3 — y?) # 0. This is true by
Lemma 4.13 below.

At xg = 2, we have P = (z +1-— y) (22 —(14+y)z+ 2) and Q,, = a, + b,z + ¢/, 2% where
a,, bl c € Cly]. When z =y—1, wehave Qo =l and @1 = y—1 and Qp41 = yQn— Qn1
for all integers n. It follows that @), |.—y—1= Sn(y)—S,—1(y) is a polynomial of y-degree n if
n > 0and —(n+1) if n < —1, with leading coefficient 1. Hence @, |.—,—1 is not identically
0. It remains to show that Q,, = al, + b,z +c,2* # ¢, (2* — (1 +y)z+2). It suffices to show
that 0/, |,—_17 0. Indeed, when zy = 2 and y = —1 we have b, = Q(Sn,l(—l)—l—Sn,g(—l)%—
Sn—a(—1)). It is easy to check that Sy(—1) = 1if k =0 (mod 3), Sp(—1) = -1 if k =1
(mod 3) and Sy(—1) = 0 otherwise. Hence b/, = 2(S,_1(—1)+Su_3(—1)+ Sp—a(—1)) # 0.

The case xg = —2 is similar. O

Proposition 4.9. C|x,y, z|/1,, is a torsion-free C[z]-module.

Proof. Suppose S € Clz,y,z] and (z — x¢)S € I, for some xy € C. We will show
that S € I,,. Indeed, we have (z — x¢)S = fP — gQ, for some f,g € Clx,y, z]. Hence
(fP) |oezo= (9Qn) |z=z, Which implies that f |,—s, is divisible by @y, |z=x,, since P |,—z,
and @, |z, are co-prime in the UFD Cly, z|] by Lemma 4.8. Hence f,—,, = h Qy, |4z, for
some h € C[y, z]. From this, we may write f = hQ,, + (z — 20)Q for some @ € C|x,y, z].
Then we have

(2 —x9)S = fP = gQn = (hQn + (x — 20)Q) P — gQn = (x — 20) QP + (hP — 9)Qn
which implies that hP — ¢ is divisible by x — 2 and S = QP + Tj—;f@n el,. U
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Proposition 4.10. Clz,y, z]|/I, is a finitely generated Clz]-module.

Proof. We want to show that y and z, considered as elements of Clz, y, z]/I,,, are integral
over C[z]. Indeed, the resultant of P and @),, with respect to z is

Fr P P, P 0
0 P P P, P
T = Qn,O Qn,l Qn,2 0 0

0 Qn,O Qn,l Qn,2 0
0 0 Qn,(] Qn,l C2n,2

where Py = v —ay, P, = -3+ 2*>+y? P,=—zy, P;=1and

Qn,O = Sn—2<y) + Sn—3<y) - Sn—4<y> - Sn—S(y) - Sn—2<y)$2>
Qni = (Sn-1(y) + Sn—3(y) + Su-a(y))z,
Qn,Z = _(Snf2(y) + SnfS(y))

Write y = s + s7! then Si(y) = % for all integers k. By a direct calculation

s

s+st4+2—2? _ _ _an e —an
T = (S_S_1)2(8+S_1+2)(53n+5 3n+383n 1+351 3 +3$3 2+352 3
_|_83n—3+83—3n+8n+5+S—n—5+38n+4+38—n—4+38n+3+38—n—3+8n+2_|_S—n—2
o 287171 . 281711 - 68n72 - 6527” o 6Sn73 . 6537” - 281174 o 284771

+ 113'2(—83n_1 . Sl—3n =2 2-3n __ 28n+3 _ 28—71—3 _ 3Sn+2 _ 3S—n—2

s s
— gt gl 5t 5T 9T 261 4 ™2 4 862 4 65" 4 637"

+ Sn—4 4 S4—n) + ZL‘4(Sn+1 + S—n—l + 2™ + 25" — 28n—2 _ 282—n . 8n—3 o 83—71)).
Let Ti(y) = s* + s7% for all intergers k. Then we have

y+2—a?
vo= -y +2) (Tsn(y) + 3Tsn-1(y) + 3Tsn—2(y) + Tsn—s(y) + Tnss(y)
+3T44(y) + 3Ta43(y) + T (y) — 2T0-1(y) — 6T02(y) — 6T0—3(y) — 2T5-4(y)
+ 2 (= Tap1(y) = Tan2(y) = 2T013(y) — 3Ty (y) — Toya(y) — 5Tu(y) — 27,1 (y)

+ 8T 2(y) 4+ 6T 5(y) + Tn-a(y)) + 2" (Tns1(y) + 2Ta(y) — 2T02(y) — Tn-s(y)))

Note that Ty (y) has y-degree |k| with leading coefficient 1. If n > 4 then it is easy to
see that t has y-degree 3n — 2; moreover the coefficient of =2 is 1. Similarly, if n < —5
then t has y-degree 1 — 3n; moreover the coefficient of y*=3" is 1. If —4 < n < 3 then by
direct calculations, one can check that the coefficient of the highest power of y in v is 1.
Hence the coefficient of the highest power of y in v is 1 for all integers n. It follows that
y, considered as an element of C[z,y, z]/1,, is integral over C[z].

Since z, considered as an element of Clz,y, 2]/, satisfies the equation P = z — xy +
(=3 + 2% +y%)2? — xyz® + 2% = 0 with 1 being the coefficient of the highest power of z, it
is also integral over C[z]. Therefore C[z,vy, 2]/I, is a finitely generated C|z]-module. O

Since Clz| is a PID, Propositions 4.9 and 4.10 imply that

Proposition 4.11. Clx,y, z|/1,, is a free C[x]-module.
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4.2.2. Reduction to a special case. For a Clz]-module J, let J |,—:= J ®¢[z) C, where C
is considered as an C[z]-module by reducing = = x.

Proposition 4.12. I, is radical if I, |z, is radical for some xy € C.

Proof. Let R = Cl[z,y, z]. Consider the exact sequence of C[z]-modules

0 — /Io/I, — R/\/I, — R/I, — 0.

By Proposition 4.11, R/I, is free, hence the sequence splits and +/1,,/I, is projective.
Since Clz] is a PID, v/I,,/1I,, is free. Let k be the rank of the C[z]-module \/T,/I,, then
the rank of the C-module (\/T,,/1,,) |z=z, is always k for every xo € C. Hence if I, |p—z,
is radical for some 9 € C then k¥ = 0 which implies that /I, = I,,. O

4.2.3. I”‘x:O is radical. By Lemma 4.8, P}x:O and Q”|x=0 are co-prime in Cly, z]. This

means In‘x:o is a zero-dimensional ideal of Cly, z]. By Seidenberg’s Lemma (see [KL,

Proposition 3.7.15]), if there exist two non-zero free-square polynomials in ["}xzo N Cly]
and [n’z:O N Clz] respectively, then [”‘xzo is radical.
From now on we fix x = 0. Then P = z(—3 + y? + 2?) and Q,, = a,, + b,2* where

an = Sn—2(y) + Sn—3<y> - Sn—4<y> - Sn—5<y)u
by = —Sn—2(y) — Sn-3(y)-
Let U, = a, + b,(3 —4?). Then Uy = 1,U; =y + 1 and U, = yU, — U,,_;. Hence
Un - Sn(y) + Sn—l(y)'

We first consider the case n > 3. Then U,, and a,, have y-degrees n and n—2 respectively;
moreover their leading coefficients are equal to 1.

Lemma 4.13. One has

2 .
H y—2cos + 1)

Proof. 1t is easy to see that U, is a polynomial of degree n in y. Note that if y =

s+ st # £2 then Si(y) = “°'k+81+ We now take y = AT + T = 2cos 233:1
where 1 < 7 < n. Then
sin((n + 1)2312&) sin(nszl)
Sn(y> = . Jon = T jon = _Sn—1<y)'
sin(s47) sm(2n+1)
The lemma follows. g
Lemma 4.14. One has
n—3
(2k + 1)m
- — 2cos T,
k=0
Proof. The proof is similar to that of the previous lemma. O

Note that
bi 2P =0,z ((—3 + %) by, + anQ) = (Qn — a,)(Qn — Uy,).
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Hence a, U, = a,Q, — Q> + Q, U, + b2 2z P is contained in I,, |,—o. But a,U, is a
polynomial in y, hence it is actually contained in I, |,—o NC[y]. It is easy to see that
a, U, is square-free, i.e. does not have repeated factors.

Let ,
T ), 327 T , 2k+ D1,
Vn—zjl_[l(—?)—i-élcos 1 +z );!1)(—34-4008 m—i—z ).

Then it is easy to show that V, € C[z] is square-free. Moreover, since

J2m )
2n +1 )

n

V, = zH(—S +9® + 2% + (4 cos?

(2k + 1)m iy

X H(—3+y2—|—22+(40082 T y7))

. n—3
j2m 2k+1)m
(4 cos® 1 y?) H(4 cos? % —9?) (mod P),
=1
= 0 (mod (P, a,U,))

it is contained in I,, |,—o . Hence V,, is in I, |,—o NC[z] and is square-free.

Since both a, U, € I, |.=0 NCly] and V,, € I, |,—0 NC|z] are square-free, I,, |, is a
radical ideal by Seidenberg’s Lemma. Hence by Proposition 4.12, I, is also radical. It
follows that R/I, is reduced. Hence the ring Clz,y, z]/(P, Q,) is reduced and is equal
to the universal character ring of Ks,.1. This proves Theorem 4.6 for the case n > 3.
The case n < —1 is similar (in this case U, and a, have y-degrees 3 —n and —(n + 1)
respectively; moreover their leading coefficients are equal to 1 and —1 respectively). If
0 < n < 2 then by direct calculations one can check that I, |,—¢ is reduced. This
completes the proof of Theorem 4.6 for all integers n. O

Il
I\
3 -

k=0

5. THE SKEIN MODULE OF THE (—2,3,2n + 1)-PRETZEL KNOT

Let K be the (—2,3,2n + 1)-pretzel knot and S be the skein module of $*\ K. Recall
from Section 3 that R = C[t*'], D is the localization of D = R[M*'] at the ideal (1+1¢),
and S =8 ®pe D. The goal of this section is to prove the following.

Proposition 5.1. The localized skein module S is a finitely generated D-module.

For n = 0,1 or 2, K is a torus knot and hence its skein module & has been understood
in [Mar]. Hence we consider n > 3 or n < —1 only.

5.1. Knot complement. Consider the genus 2 handlebody H,, which is presented as
the cylinder D? x [0, 1] minus two vertical tubes as in Figure 3.

Let = (resp. y) be a small loop on 0H; circling the top of the left (resp. right) hand
side tube of 0H,, and let z is a small loop on JH, circling the top of the left hand side
tube and the top of the right hand side tube of OH, as in Figure 4.

For n > 3 (resp. n < —1) we consider the closed curve C' on 0H as in Figure 5 (resp.
Figure 6), where the part of C' along the right hand side tube of dHs is drawn in the right
hand side part of Figure 5 (resp. Figure 6). We also choose the point pt on C' as in Figure
5 (or Figure 6) and consider it as the based point in Hs.

Let X be the 3-manifold obtained by attaching a 2-handle along C' to Hs.
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2n-1 points
7~ (including the two
boundary points)

. =
the right hand side tube
F1GURE 5. The closed curve C' on 0Hy and the based point pt, for n > 3.
Lemma 5.2. There is a homeomorphism between X and the complement of the (—2, 3, 2n+
1)-pretzel knot K in S® under which x is mapped to a meridian of K.
Proof. Recall from Section 4 that
1 (S*\ K) = (a,w | w"awa 'w e = a 'w fawaw ™ w™)

where a is a meridian of S*\ K.
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2n'-1 points
~ (including the two
boundary points)

P

the right hand side tube

FIGURE 6. The closed curve C' on 0Hs and the based point pt, for n < —1.
Here n' =1 —n.

We have 7 (Hs) = (z,y |). In m(Hs), one has
C =y ey e yay eya Ty e i > 3
and
C =y ayrly ey ey ey if n < —1.
Here n’ =1 — n. Since X is obtained by attaching a 2-handle along C' to Hs,
m(X) = (z,y |y "y e yay ey y T e = 1),

which is isomorphic to (5% \ K) via the isomorphism sending z,y to a,w respectively.

Let H) be the 3-manifold obtained by attaching a 2-handle along = to Hy. Then H)
is just a solid torus whose core is homotopic in H) to y. In m(H5), one has z = 1 and
C' = y. It implies that the 3-manifold obtained by attaching a 2-handle along C' to HJ is
a 3-dimensional ball D3,

Note that this 3-manifold is also obtained by attaching a 2-handle along x to X, since x
and C are disjoint. Hence the 3-manifold obtained by attaching a 2-handle along x to X
is D3. Let D" = 83 — D3. Then D" is another 3-dimensional ball in S3, and D" = 0D?3
is a 2-sphere. The complement of X in S® is the 3-manifold obtained by attaching a
2-handle along = to D’®, and hence is a solid torus. It follows that X is the complement
of a knot K’ in S°.

Since S3\ K’ and S3\ K have isomorphic fundamental groups and K is a prime knot,
a theorem of Gordon and Lueck [GoLu| implies that K’ is equivalent to K. O

From now on, we identify X with the knot complement S\ K. Note that x is a
meridian of X.

The proofs of Proposition 5.1 in the cases n > 3 and n < —1 are similar. Hence in the
remaining part of this section, without of loss of generality we assume that n > 3.

5.2. Skein module. We now describe the skein module S as a quotient of R[z,y, z] by
a submodule.

A type 1 tangle in a 3-manifold Y (with boundary) is the disjoint union of a framed
link and a framed arc in Y such that the parts of the arc near the two end points are
on the boundary 9Y’, and the framing on these parts are given by vectors normal to Y .
Type 1 tangles are considered up to isotopy relative the endpoints.
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Recall that X is obtained from H, by attaching a 2-handle along the closed curve C.
Note that S(H,) is isomorphic to the commutative algebra R[z,y, z] where z,y and z are
as defined as above, see [Pr]. The embedding of Hs into X gives rise to a linear map from
S(Hy) = Rz,y, 2] to S(X). It is known that the map is surjective, and its kernel N, see
[Pr, BL], can be described through slides as follows.

Suppose a is a type 1 tangle in H, whose 2 endpoints are on C' such that outside a small
neighborhood of the 2 endpoints a is in the interior of Hs and in a small neighborhood of
the endpoints a is on the boundary dHs. The two end points of a divide C' into 2 arcs C}
and Cy. Let sl(a) be a-Cy — a- Cy, considered as an element of the skein module S(H,).
Here a - C; is the framed link obtained by combining a and Cj.

It is clear that as framed links in X, a - (' is isotopic to a - Cs, since one is obtained
from the other by sliding over the 2-handle attached to the curve C. Hence we always
have sl(a) € N. It was known that N is spanned by all possible si(a), where a is chosen
among all type 1 tangles in Hy with endpoints on C.

There is a natural bilinear map S(0Hs) ® S(Hs) — S(Hz), where ¢ ® ¢’ — (% {', which
is the disjoint union of ¢ and ¢'. Hence N contains all sl(a) x S(H,), where a is any type
1 tangles in 0Hs x [0, 1] with endpoints on C'.

Consider the points u,v,u’ and v’ on the curve C' as in Figure 7. Let P = sl(ww) and
Q = sl(u'v') be skein elements in S(OH,), where w0 (resp. wv') is the straight segment
on 0H, connecting u, v (resp. u/,v") whose interior is slightly pushed inside the interior of
H, (to avoid intersections with other arcs on 9H;) and whose framing is given by vector
normal to 0Hs.

FIGURE 7. The points u, v, v’ and v' on C

From the discussion above, one has

Proposition 5.3. The skein module of the complement of the (—2,3,2n+ 1):pretzel knot
is Rlz,y, 2]/N, where N is an R[x]-submodule of Rlz,y, 2] containing all P x y*2t and
Q * yF2t with k,1 > 0.

By isotopies in dH, one can check that P = P, — P, in S(OH,), where P, and P, are
curves on 0H; depicted in Figure 8.

Similarly Q = Q1 — Q. in S(OH,), where Q; and Q, are curves on dH, depicted in
Figure 9. Note that Figure 10 explains the notation used in Figure 9.
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FIGURE 10

Note that P and Q respectively correspond to taking the SLo-trace of the relations
wrawa fw e lw! T = ailwflawaﬁnd w”ozwcf{w*1 = a 'wlawaw™ 'a in the funda-
mental group 71(S%\ K). Hence e(Px1) = P,e(Q x 1) = Q, where

P = z—aoy+ (-3+2°+yH)z—ayz? + 25,

Q = Sua(y) + Su3(y) = Sn-a(y) = Sus(y) — Snaly) 2”

+ (Sn-1(y) + Sn-3(y) + Sn-a(y)) 22 = (Sn-a(y) + Sn-s(y)) 2.
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are the defining equations for the character variety of the (—2,3,2n + 1)-pretzel knot K
as in Theorem 4.1.

5.3. Degrees. For a monomial m := ¢"z! define deg,(m) = k, deg,(m) = [ and deg,.(m) =
k 4+ 1. We linearly order the monomials y*z!' by the lexicographic order of the pair
(deg,.,deg,). Using this linear order, for a non-zero element in D]y, z] (or in C(M)l[y, z])
one can define its leading term, leading coefficient, and leading monomial.

In the discussion below, when talking about polynomials, we assume that the ground
ring is either D or e(D) = C(M).

We say that two polynomials f and g has equivalent leading term, and write

1t
f =9

if the leading term of f is a unit times the leading term of g. Here unit means an
invertible of the ground ring. For the case when the ground ring is C(M), a unit is a
non-zero element.

Lemma 5.4. (a) There are polynomials cp,cq € C(M)y, 2] with deg,.(cp) < 3n—3 and
deg,.(cq) < 2n such that

cpP + coQ & 32,
(b) There are polynomials dp,dg € C(M)[y, z] with deg,.(dp) < 2n — 4 and deg,,(dg) <
n — 1 such that

dpP—l—dQQ l:t y2n722.
Proof. (a) In general, if P = 23+ az? + bz +c and Q = dz? + ez + f, then the resultant v
of P and @) with respect to z is

t=coQ +cpP,

where

cp=(—d*b—de*+d*ae+d*f)z+2edf—dbe+d’c+dae® —ad® f—¢°

cog=(*—df+d’b—dae) 2>+ (ad’b—da*e— fe—d’c+ae®)z
+dd f+ P+ —eaf+dect+e*!b—2dfb—d*ac—daeb.
In our case, with explicit P and (), one can check that cp is a polynomial in y, z with
deg,.(cp) = 3n — 3, cq is a polynomial in y, z with deg,_(cq) = 2n. By Proposition 4.10,
t is a polynomial in y with (equivalent) leading term y3"2.
(b) Let
T = Pcoeff(Q, 2*) — 2Q = (ad — €)2* + (bd — f)z + cd.
Then deg,(T) = 2. Let
v = T coeff(Q, 2%) — Q coeff(T, 2*) = (d(bd — f) — e(ad — €))z + cd* — f(ad — ).

As in the proof of Proposition 4.10, one can show that t/ is a polynomial in y, z with
(equivalent) leading term y*"~2z.

Note that v = d*P — (dz + ad — )Q. Let dp = d* and dg = —(dz + ad — €). Then
v = dpP + dqQ. With explicit P and Q, it is easy to see that deg, (dp) = 2n — 4 and
deg,.(dg) = n — 1. This completes the proof of the lemma. O
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5.4. Filtration on S. Recall that S = R[z][y, z]/N, where N is the submodule defined
using sliding relations, see Proposition 5.3. It follows that § = § ®z[, D is given by

S=Dly,z]/ N,

where A" = N Qgy D.
Let & be the D-span of P xy*z!, k,1 > 0, and 2 be the D-span of Q v*2!, k,1 > 0.
By Proposition 5.3,

(5.1) P.DCN.

Let 9, = {z}. For k > 2 let M;, be the set {y'z* 1 =0,...,k—1} U {y*2}.
For m > 1 let

. m
Mo, 1= Ui My,

and i, C D[y, 2] be the D-span of M<n, which is a free finitely generated D-module.
Then {iL,,, m > 1} forms a filtration of D[y, z]:

U Ciy CUs. .., Uﬂm:D[y,Z].

This filtration induces a filtration on the quotient S = Dy, 2]/ as follows. Let
L =2 N, for =4, P, 2, and

S 1= [ N

Then S,, is the set of elements of S which can be represented by an element in 1,,.
There is the natural embedding

jm . Sm — Sm+1.
and
S=1JSn
m=1

We will show that if m > 3n, then j,, is an isomorphism. This implies that Sis a
finitely generated D-module.

Recall that for a D-homomorphism f : V — V' g(f) is the map (V EN V) ®p e(D).
Lemma 5.5. If (j,,) is surjective, then j,, is surjective.

Proof. Since S,, is a finitely generated module over the local ring D, surjectivity of j,,
follows from Nakayama’s lemma as in the proof of Lemma 3.4. U

5.5. On £(S,,). Recall that S,,, = U,,,/A;,. Let p: D[y, z] — C(M)[y, z] be the algebra
map which sends ¢ to —1.

Let u,, := p(th,). Then u,, is the C(M)-vector space spanned by M<,,. As A;, is a
subset of i, one has p(A;,) C Uy,.

Lemma 5.6. One has a natural isomorphism

(5.2) e(Sp) = U /p( ).
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Proof. Taking the tensor product of the exact sequence 47, — U, — S, — 0 with C(M)
over D, one gets the following commutative diagram with exact rows
Ny —— o, — S, —— 0

53 J! J» |

e( ) = c(ih) —— £(8p) —— 0
where q : A, — e(A,) is the natural map. Since ¢ is surjective, one has
Im(e(e)) = Im(e(e) 0o q) = Im(p o) = p(AH,).
The exactness of the second row of Diagram (5.3) shows that
e(Sm) = (W) /Im(e(r)) = e(thn) /p(Am) = i /P(A7)-
This completes the proof of the lemma. O
5.6. On the filtrations &,, and 2,,.
Lemma 5.7. Suppose f(y,z) € C(M)y, 2] such that deg,, f < m. Then
15*f6 Prvsz C Npts,
Q*f € PDiin C Nnin.

Proof. Recall that Hy is the cylinder D? x [0, 1] minus two vertical tubes. Let D,, be the
top surface of Hy, which is the disk D? x 1 minus 2 holes. Let ay and ay be the straight
arcs on D,, depicted in Figure 11.

To prove Lemma 5.7 we apply the upper bound and parity of deg,, using the intersection

number of link diagrams (on D) of P« f and Q x f with the arc as, and an upper bound
for deg, using the intersection with ag as in [Lel, Lemma 5.1].

FI1GURE 11. The straight segments ay and as on D,

We can assume that f is a monomial, i.e. f = 3*2! for some k,I > 0. We will only
show that P f € Pr11+3- (The proof that Qxf¢€ Dy t14n 1s similar.)

We have Pxy*2! = Py« y*z! — Py xy¥2!, where P, and P, are depicted in Figure 8. Let
ko (resp. k3) be the intersection number of the link diagram (on D,,) of P +y*2! with aq
(resp. ag). It is easy to see that kg = k+2 and ko =k + 1 + 3.

Suppose cqy®2 is a monomial of Py «y*2! € C[x][y, 2], where a,b > 0 and ¢, € Clz].
By [Lel, Lemma 5.1], one has

(degca,b) +a< k:O =k + 2,

a+b<ky=k+1+3, and a+b=k+1+3 (mod?2).
If b > 0, then since a +b < k + 1 + 3 one has ¢, y*2° € Uy 143
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Ifb=0,thena < k+2 < k+1+3. Since a =k +1+ 3 (mod 2), we must have
a < k 4 1 + 1 which implies that c,;, y* € le+l+3 )

Hence P, x y*2! e Uprirs. Similarly, Py x y*2! € $pires. It follows that P x ¢zt =
Py xykzl — Pyxytzt isin Uy 3N P = Prias. O
5.7. Surjectivity of £(j,,).

Lemma 5.8. If m > 3n, then &(j,,—1) is surjective.
Proof. By Lemma 5.6, £(S,,) = u,,/p(-4;,), and
€(Jm=1) * Um—1/P(An—1) = thn/P(A0)
descends from the embedding u,, 1 < u,,. It follows that £(j,,_1) is surjective if and only
U C Uy + p(A),
which, because of (5.1), will follow from
(5.4) U, C U1 + (D) + D(Zn).
Hence to prove Lemma 5.8, one only needs to prove (5.4).
Claim 1: One has
U [ty 4+ (Pn) + (CM)-span of {522,y z,y 2]
i.e. modulo (ty,_1 + p(Pn)), Uy, is C(M)-spanned by y™ 222 ym=1z ¢ym=2
Proof. (of Claim 1) Modulo u,,_1, u,, is C(M)-spanned by
M, = {2™, 92"y 22y Uy R

Note that P € p(23), with leading term 2%. Modulo p(Z,,), any monomial in 91, with z-

degree > 3 can be reduced to a sum of terms With z—degree less than 3. Since the elements

of M, with z-degree less than 3 are y™ 222, y™ 'z and y™ 2, Claim 1 follows. O

Claim 2: One has
y" 22 € w1 +p(2) + (C(M)-span of {y™'z,y™?})] .
Proof. (of Claim 2) From Lemma 5.7 one has
Qy" " =p(@xy" ") € p(2n)-

Note that Q4™ ™ has leading monomial y™222. Hence modulo p(2,,), ¥™ 2?z? can be

reduced to a sum of terms in u,, such that each of them is < 3™ 222 (by the 1ex1cograph1(:
order of the pair (deg,,,deg,)). Since a term in u,, that is < y™~ 2 2 is either y™ 2z, y™
or a term in u,,_;, Claim 2 follows. EI

Claim 3: One has
y" 2 € [umo1 +p(Pn) + p(2) + (C(M)-span of {y"*})].
Proof. (of Claim 3) From Lemma 5.7 one has
(dpP + doQ)y™ "V = (P x dpy™ V) 4+ 2(Q  doy™ *" V) € p(P) + p(2yn).
By Lemma 5.4(b), one has

(dpP + dQQ)ym_(2n_1) e Y™z
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Hence modulo p(£,,) + p(2,,), y™ 'z can be reduced to a sum of terms in u,, such that
each of them is < y™ !z. Since a term in u,, that is < y™ 'z is either y™ 2 or a term in
U,,_1, Claim 3 follows. Il

Claim 4: One has
Yy € o1 + (D) + p(2n)] .-

Proof. (of Claim 4) From Lemma 5.7 one has
(cpP + coQ)y™ " = e(P % cpy™ ") + &(Q * coy™ ") € p(Pom) + p(D,n).

By Lemma 5.4(a), one has

m—on 1 m—
(cpP + cgQy™ ™" = ym2,

Modulo p(2,,) + p(2,,), ¥y™ 2 can be reduced to a sum of terms in u,, such that each of
them is < y™ 2. Since a term in u,, that is < y™ 2 is a term in u,,_;, Claim 4 follows. [

From Claims 1, 2, 3 and 4, one has (5.4). Lemma 5.8 then follows. O

5.8. Proof of Proposition 5.1. By Lemma 5.5 and Lemma 5.8, the map j,, is an
isomorphism for m > 3n. It follows that

S3n = 83n+1 = 83n+2 R

Hence S = Ss,,, which is finitely generated over D.

APPENDIX A. CHARACTER VARIETIES OF TWO-BRIDGE KNOTS

We first review the description of character varieties of two-bridge knots from [Le3].
Suppose K = b(p,m) is a two-bridge knot. Let X = S®\ K. Then

m(X) = (a,b | wa = bw),

where both a and b are meridians. The word w has the form a®'0%2 - - - a®»—2b°»~1 where
gj = (—=1)U™/Pl In particular, if we read w from right to left and interchange a and
b then we get w again. For example, b(p, 1) is the torus knot 7'(2,p), and in this case
w = (ab)?, where d := (p —1)/2.

We adopt the convention that if r : m(X) — SLy(C) is a representation and u is a
word then we write u also for r(u) and |u| for trr(u). If u is a word then u' denotes the
word obtained from u by deleting the two letters at the two ends.

Let x := |a| = |b| and z := |ab|. It was shown in [Le3] that the non-abelian character
variety, i.e. the set of characters of non-abelian representations, of m(X) is the zero set
of the polynomial

() (2, 2) = Jw| = [0 + -+ (=1)" D] + (~1)7.

Moreover @, ) (z, ) is a polynomial in Z[z?, z] with z-leading term 2.
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A.1l. Irreducibility over Q. Let ®4(x,2) = ®,1)(x, 2), where d = (p — 1)/2. It was
shown in [Le3, Proposition 4.3.1] (also see below) that ®4(x, z) does not depend on .

Proposition A.1. The polynomial ®4(z) is irreducible over Q if and only if p = 2d + 1
1S prime.

Proof. 1t is immediate from [Le3, Proposition 4.3.1] that ®4(z) = S4(z) — Sa—1(2), where
Sn(2)’s are the Chebyshev polynomials defined by Sy(z) = 1, Si(2) = z and S,41(2) =
25,(2) — Sp—1(2). By similar arguments as in the proof of Lemma 4.13 one can show that
®,4(2) is an integer polynomial of degree d with exactly d roots given by z = 2 cos (%ﬂ'),
0 <j <d-1. It follows that the splitting field of ®,4(z) is Q(cosn), where n := 7 /p.
Hence ®,4(2) is irreducible over Q if and only if the extension field degree [Q(cosn) : Q) is
exactly the degree of ®4, which is d.

Note that cosn = (€™ + =) /2. We need to study the extension field Q(e™)/Q. It is

well-known that the minimal polynomial over @ of €™ is the cyclotomic polynomial

Cap(t) = II (t — ™),
1<j<2p, ged(j,2p)=1
see e.g. [La]. This is an integer polynomial whose degree is ¢(2p) = ¢(p), where ¢ is the
Euler totient function. Thus the degree of the extension field is [Q(e) : Q] = ¢(p). From
the identity (t —e™)(t —e™") = t* —2(cos )t + 1, we see that [Q(e™) : Q(cosn)] = 2, thus
[Q(cosn) : Q] = p(p)/2. Therefore ®4(2) is irreducible over Q if and only if p(p) = p—1,
which occurs if and only if p is prime. O

Proposition A.2. One has ®3,,m)(0,2) = ®,,1)(2). Hence if ®p,1)(2) is irreducible in
Qlz] then @, m)(x, 2) is irreducible in Qlx, 2].

Proof. If x = |a| = |b| = 0 then a™' = —a and b~ = —b. (This follows from the Cayley-
Hamilton theorem applying for matrices in SLy(C): a + a~! = |a| Ioxa, where I5yo is the
2 x 2 identity matrix.)

Recall that ®, ) (z,2) = |w|—|w'|+ -+ (=1)Hw@ V|4 (=1)% From the definition
of the word w, it is easy to see that a~! and b~! appear in pairs in w. This is also true
for a=' and b~' in each word w9, 0 < j < d — 1, hence w9 does not change if one
simultaneously replaces ' by a and b~ by b. Thus w¥) = (ab)?7. Note that for the
torus knot b(2d + 1,1) we have w = (ab)?, hence the proposition follows. O

A.2. Irreducibility over C. For a word u, let % be the word obtained from u by writing
the letters in u in reversed order. Then, by [Le3, Lemma 3.2.2], |% | = |u| for any word u
in 2 letters a and b.

Suppose vy, Vs, ..., Vg € {—1,1}. Let vg4j := vg41—; for j=1,...,d. Let

w; = a7 bt a"iprr—

Then wy = a”'b” ... a"2-1b" and w;41 = (w,)".

Let pj := vjvjqq for j =1,...,d. Note that g = 1. Let ¢; be the number of p;, = —1
among (i, . . ., fld.

Recall that z = |a| = |b| and z = |ab|. Let X := 2%
Proposition A.3. |w;| is a polynomial in X, z of total degree d+ 1 — j and

lwj| = 27174 (2 — X)9 + Lot

Here l.0.t. is the term of total degree < d+1—j.
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wjpa” = @+t btaY and vy = bwj = bYatit

j=1,...,d, where wgy; := 1. We will show that

1) z|u;| and z|v;| are polynomials in X, z of total degree < d+ 1 — j,

2) |w;| is a polynomial in X, z of total degree d; and

lw;| = 2574 (2 — X)9 + Lout.,

by induction on 1 < j < d, beginning with 7 = d which is obvious.
Suppose j < d — 1. Consider the following 2 cases: v;vj1; = 1 and v;v; 4 = —1.
Case 1: vjvj;1 =1, 1.e. vj = v;41. Then ¢; = ¢;41 and

|v|

zluj| = x|(a”tbIr @RI ) a i

w|(auj+1 pri+2 .ayj+2byj+l)(l'_[2><2 — a—Vj+1)|

<___
= $2|wj+1| - 3?|’Uj+1! = 3?2’wj+1! - 93\%’+1|»

— :(:|b”j+1(a”j+1 britz al’j+2bl’j+1)|
= z|(xloyy — b7 (a2 @MY
= 2?|a" b @it — p|a bR | g
<___
= $2|wj+1| — x|Uj1| = lele] — xlujy1l,
|wj| = |(an+1 ij+1)@”.7'+2 oL bYit2 (al’j+1 bl’j+1)|

= (@) at i B (2l — (aVHDYH)TY)|

= z|@ bttt B — |abir L DY
_pat L et |
= zlwj| — |wjie| = 2|wj] — |wjal.

It follows that 1) and 2) hold true for j, by induction hypothesis.
Case 2: vvj 1 = —1, ie. vj = —vj1. Then ¢; = ¢j11 + 1 and

| u,|

||

(A.1)

We have
(A.2)
By Case 1,

(A.3)

ol L atp g = B atebin |

2| = |vjal,

x|bTVIH (@Y L @MY | = x]a DR L iR

2|ii1| = 2w,

|a—l’j+1 britig¥i+2 bl/j+2al'j+1b—”j+1’

|(zlaxg — a1 )"+ a"i+2 | B+ qMit (20 — DYIHY))|

T2 b gt — |t L gt bt

35

.. bt for

:L’2‘byj+1 a¥it? . ij+2an+1‘ + ‘aljj+1 britiglite  pYit2 glitt ij+1|
— x|a”j“ britigli+t2 . ij+2an+1| — :E|b”j“ a¥it? | prit2gVitipri+t |
brranee et = (| = hwysal.

| bt grie it g it It = 2w | — |wjsal.
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We have

x|a P It gt Bt i = x|(xlaxe — aT I DI QMR L DY+ g it

= g | faa )

(A.4) = 2|Wjn| — 2|vj1| = 2P |wjia| — zfvjal.
Similarly,
(A.5) z|Btt et L b et b = ?|wiyg | — 2wy
From (A.1), (A.2), (A.3), (A.4) and (A.5), we get
(A.6) il = (2 — 2?)|wj1| = [wjra] + @fuji| + vl

Hence, by induction hypothesis, |w;| is a polynomial in X, z of total degree d 4+ 1 — j and
lwj| = (z — X) 2497941 (2 — X)9+1 Lot = 2775 (2 — X)% + Lot
where lo.t. is the term of total degree < d + 1 — j, since ¢; = ¢j41 + 1. O
Applying Proposition A.3 with v; = ¢; = (—=1)lUm/P),

Q(pm) (2, 2) = Jw| = [+ + (=1)" D] + (=11

is a polynomial in X, z of total degree d = p%l.

Let I'pm) (X, 2) := ®m) (2, 2) € Z[X, 2]. Then, also by Proposition A.3,
Lipm) (X, 2) = 27%(z = X)“ + Lot.,

where l.o.t. is the term of total degree < d and c is the number of yp = —1 among

fi1, -, pa- Note that ¢ = 4 see e.g. [Bur].

Corollary A.4. (0, 1%1) and ("L EZ™Y gre vertices of the Newton polygon of the poly-

2 0 2
nomial I, ) (X, 2) € Z[X, 2].

Theorem A.5. (i) Suppose P, m)(z, 2) is irreducible in Q[z, z] and ged(E54, 21) = 1.
Then ®,m)(z, 2) is irreducible in Clz, z].

(ii) Suppose p is prime and gcd(’%l, mT_l)
Clz, z].

= 1. Then P m(x,2) is irreducible in

Proof. (i) Suppose @, (2, 2) is irreducible in Q[z, z]. Then I'(, ) (X, 2) is irreducible in
Q[X, z]. Note that (0, 251) and (51, E2™) are vertices of the Newton polygon of the poly-
nomial L', (X, z) € Z[X, z] by Corollary A.4, and ged ((0, 254), (%2, E5™)) = 1 since
ged (22, =) = 1. Hence [BCG, Proposition 3] implies that T, (X, 2) is irreducible in
ClX, z]

Assume that @, ) (z, 2) is reducible in Clz, 2] and f(z,2) is an irreducible factor of
@ pmy(,2). Write f(x,2) = g(X,2) + 2h(X, 2), where g,h € C[X,z]. If h = 0 then
9(X,2) = f(x,2) is an irreducible factor of I'¢,m)(X, 2) in C[X, 2] and the total degree
of g(X, 2) is less than that of I', ., (X, 2), a contradiction since I'(, ) (X, 2) is irreducible
in C[X, z]. Hence h # 0. Note that f(—z,y) = g(X,2) — zh(X, z) is also an irreducible
factor of @, (2, 2) and f(—x,2) # f(x,2). It follows that f(z,y)f(—z,y) € C[X, 2]
is a factor of I',m)(X,2). Since I'm)(X, 2) is irreducible in C[X, 2], we must have
f(z,2)f(=z,2) = Tm(X, 2). In particular f2(0,2) = D(pm)(0,2) = P(pm)(0,2). This
is impossible since @, (0, 2) does not have repeated factors, according to the proof of
Proposition A.1. Hence @, .,)(x, 2) is irreducible in Clz, 2].
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(ii) Since p is prime, by Propositions A.1 and A.2, ®(, .,)(x, 2) is irreducible in Q[z, z].
The conclusion follows from Part (i). O
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