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STRONG INTEGRALITY OF QUANTUM INVARIANTS
OF 3-MANIFOLDS

THANG T. Q. LE

ABSTRACT. We prove that the quantum SO(3)-invariant of an arbitrary 3-
manifold M is always an algebraic integer if the order of the quantum pa-
rameter is co-prime with the order of the torsion part of Hy(M,Z). An even
stronger integrality, known as cyclotomic integrality, was established by Habiro
for integral homology 3-spheres. Here we also generalize Habiro’s result to all
rational homology 3-spheres.

0. INTRODUCTION

0.1. Integrality at roots of non-prime order. Let 73,(q) be the quantum
SO(3)-invariant of a 3-manifold M, which can be defined when ¢ is a complex
root of unity of order odd and greater than 1. The quantum SU(2)-invariant was
defined by Reshetikhin and Turaev (see [Tur]) and the SO(3)-version was defined
by Kirby-Melvin [KM] and Turaev. One important result in quantum topology,
first proved by H. Murakami [Mu], is that mps(¢) € Z[g], when the order of ¢ is
an odd prime and M a rational homology 3-sphere. The result was generalized
to all 3-manifolds by Masbaum and Roberts [MR], using a short, beautiful proof.
Masbaum and Wenzl [MW], and Takata and Yokota [TY] generalized the result
to some other Lie algebras, including the si, series. The author eventually gave a
unified proof of the integrality for all Lie algebras [Le3].

The integrality has many important applications; among them is the construction
of an integral topological quantum field theory of P. Gilmer and G. Masbaum [GM]
and representations of mapping class groups over Z.

In the above integrality, the order of ¢ must be an odd prime, while 7p,(q) can
be defined at any root of odd order. Using a quite different method, Habiro [Hal]
showed the integrality of 7p; when M is an integral homology 3-sphere at roots
of any order. Thus the restriction on the order of ¢ is removed, but there is a
restriction on the manifold: M is an integral homology 3-sphere. Then Habiro and
the author proved the integrality of 7, for integral homology 3-spheres at any root
of 1 for all simple Lie algebras [HLI.

The first main result of this paper is to establish the integrality of 7, for all
3-manifolds with a very minor restriction on the order of the roots of unity.
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2942 THANG T. Q. LE

Theorem 1. (a) Suppose £ is a root of unity of order odd, greater than 1, and co-
prime with the order of the torsion part of Hi(M,Z), where M is a closed oriented
3-manifold. Then Ta(€) € Z[E].

(b) Suppose, in addition, M has 0 first Betti number, and L is a colored, alge-
braically split link in M. Then the quantum invariant Ty (§) € Z[€].

We will recall the definition of 7as, Tas,z in section 1. In the proof of the theorem
we will make use of a result of G. Andrews concerning Bailey pairs in the theory of
g-series.

0.2. Stronger integrality: cyclocomic integrality. We use the standard nota-
tion (a; q), of g-calculus

n—1

(@)n = (a;¢)n == H(l —aq).

i=0
For example, (¢;q), = (1 —q)(1 —¢?)...(1 — ¢"). Define the Habiro ring A by

A= lim Z[g™']/((5 ¢)n)-

Formally, A is the set of all series of the form
f= Z fl@)A=q)1—¢*)...(1—¢"),  where f.(q) € Z[g™'].

When ¢ = &, a root of unity, only a finite number of terms in the right hand side
are not 0, hence the right hand side defines a complex number, denoted by eve(f).
It is clear that eve(f) € Z[¢]. Thus one can consider every f € A as a function
with domain the set of roots of unity. It turns out A has remarkable properties
and plays an important role in quantum topology: Habiro [Ha2] showed that every
f € A has a Taylor expansion T} (f) € Z[[g — 1]] which uniquely determines f. Also,
if £(¢€) = g(£) at infinitely many roots £ of prime power orders, then f = g in A.
The above properties suggest to consider A as a class of “analytic functions” with
domain the set of roots of unity.

Theorem 2 (Habiro [Hal]). For every integral homology 3-sphere M there is an
invariant Iy € A such that if £ is a root of unity of order greater than 1, then

eve(Inr) = Tar(§).

The integrality of the quantum invariant follows immediate from the theorem
since for every f € A and & a root of unity, f(§) € Z[£]. However, belonging to A
is a much stronger integrality. We call it the cyclotomic integrality. For example,
the cyclotomic integrality shows that quantum invariants at infinitely many roots of
unity of prime orders determine the values at any other roots of unity. In joint work
with Habiro [HL], we generalize Theorem 2 to the case of all simple Lie algebras
(but still for integral homology 3-spheres).

0.3. The case of rational homology 3-spheres. One main result of this paper
is to establish cyclotomic integrality for rational homology 3-spheres.
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QUANTUM INVARIANTS OF 3-MANIFOLDS 2943

For a positive integer d let Ay := Z[1][¢*'/4] and let Ny be the set of positive
integers co-prime with d. Denote by ®,(¢) the s-th cyclotomic polynomial. Let
Ag C Q(g"/?) be the ring obtained from A, by adding the inverses of each ®(q'/?),
with s not co-prime with d:

1

)

, S ¢Nd]

The ring that replaces Habiro’s ring in the case of rational homology 3-spheres is

Ry = tim Aa/(a: )

Let Uq be the set of all complex roots of unity with orders odd, greater than 1,
and co-prime with d. The ring A, will play the role of the Habiro ring, with the
set of all roots of 1 replaced by Uy.

Remark 0.1. For technical reasons (in the definition of SU(2) or SO(3) invariants)
we exclude the trivial case when the order of the root is 1.

We first define, for each € Uy, the evaluation map eve, which replaces g by €.
Suppose f € Q[¢T!/"], where h is co-prime with 7, the order of £. There exists an
integer b, unique modulo 7, such that (£%)* = ¢. Then we define

ev§f = f|q1/h:£b.

The definition extends to evg : Ay — C, since eve((¢;q)n) = 0if n > r. The
following is a generalization of Habiro’s result.

Theorem 3. Suppose M is a rational homology 3-sphere with |Hy(M,Z)| = d,
a positive integer. There is an invariant In; € Ag such that if £ € Uy, then
(4) eve (¢ =D/ s the quantum SO(3)-invariant of M. Here (4) is the Ja-
cobi symbol.

The cyclotomic integrality has many rigidity properties described in the next
subsections.
Remark 0.2. (1) The reason we single out the factor q(@4=1/4 ig because it might
not be in Ay = Z[1/d][g*"/%]; note that it is always in Z[g*1/27].

(2) Habiro observed that our proof actually showed that In; € Ag, where d’ is
the maximal order of elements of Hy(M,Z).

(3) For the special case d = 2, the result of [BBL] is finer than Theorem 3: In
[BBL], Beliakova, Blanchet, and the author proved that when d = 2, the quan-
tum SO(3) invariants lie in the ring linnl ZlgT?)/((=q; —q¢~Y/?)4,), which is much

smaller than Ay. The finer structure also allowed us in [BBL] to establish a kind
of cyclotomic integrality for quantum invariants associated to spin structures and
cohomological classes.

(4) When d is odd, the fact that Iy, € A, allows us to define I, at roots of
unity of even orders (which were forbidden in the definition of the quantum SO(3)
invariant). We will discuss these values in a future publication.
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0.4. Evaluation and Taylor expansion of Ay. For a subset Q of Uy let

evg : Ag — H C, defined by evo(f) = (eve(f))een-
ceq

Theorem 4. Suppose Q) C Uy contains infinitely many roots of order prime powers.
If f,g € Ag such that eve(f) = eve(g) for every & € Q, then f = g. In other words,
the map evq is injective.

We will prove that for every f € Ay and & € Uy, one has eve(f) € Z[1/d,&).
Hence the image of evg is in H&Q Z[1/d,€&]. It f = Ip for a rational homology
3-sphere, then Theorem 1 shows that eve(f) € Z[¢].

Any element f € Ay, considered as a function of the variable ¢'/¢, is analytic at
¢"/% = 1. The Taylor series of f, which is a formal power series in (ql/d —1), can
be converted into a formal power series in (¢ — 1) by

1= -1=3 (Y-

Thus we obtained an algebra homomorphism T : Ay — C|[[q — 1]], which can
easily be extended to T) : Ay — C[[g — 1]]. We call Ty (f) the Taylor expansion
of f at ¢ = 1, although in general there is no analytic continuation of f to a
neighborhood of 1.

Theorem 5. (a) For any f € Ay, Ty(f) has coefficients in Z[1/d], i.e. Ti(f) €
Z[1/d)[[q — 1]]. )

(b) The Taylor expansion map at 1, Ty : Aq — Z[1/d][[qg — 1]] is injective. In
other words, an element in Ag is uniquely determined by its Taylor series.

(¢) For a rational homology 3-sphere M, the Taylor expansion Ti(q¢*=D/*1y;) is
equal to the Ohtsuki series of M [Oht1].

Note that because of the factor ¢!~/ the coefficients of the Ohtsuki series in
general are in Z[1/2d]. There is also a similar result for Taylor expansion at any
root € € Uy.

The above properties suggests to consider Ayg as a class of “analytic functions”
with domain Uy.

Remark 0.3. Actually, we will prove, as suggested by Habiro, that Ay is isomorphic
to a ring already defined by Habiro, defined without any denominators. Then
Theorems 4 and 5 part (b) follow easily from [Ha2]. In the original version of the
paper, we had a longer proof, which was also adapted from [Ha2].

0.4.1. Applications.

Corollary 0.4. Suppose M is a rational homology 3-sphere with |H(M,Z)| = d.

(a) The Le-Murakami-Ohtsuki (LMO) invariant of M (see [LMO, Lel, Oht2])
determines the quantum SO(3)-invariant at any root £ € Uy.

(b) The Ohtsuki series of M has coefficients in Z[1/2d).

(c) If the order of & € Uy is p©, where p is an odd prime, then the Taylor series
Ty (¢ =D/, with q = €, converges p-adically to (%) M (E).

(d) The values of Tar at an infinite subset of roots of order prime powers in Uy
determine the value of Ty at any other root in Uy.
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Note that part (b) and (c), with e = 1, were conjectured by R. Lawrence and first
proved by Rozansky [Ros] using a quite different method. Here they, together with
part (d), are easy consequences of our main results. Part (a), which demonstrates
one more universal property [Lel] of the LMO invariant, follows from the fact that
the Ohtsuki series is obtained from the LMO invariant by way of the sls-weight
system; see [Oht2].

0.5. Plan of the paper. Section 1 is devoted to the definition of quantum in-
variants, mainly to fix the normalization. In section 2 we review basic facts of
Habiro’s work on the cyclotomic expansion of the colored Jones polynomial. Proofs
of Theorems 3, 4, 5, and their generalizations are given in sections 3, 4, and 5.

1. QUANTUM INVARIANTS

We will use the following notation for elements in Z[g*'/?]:

. . B o _ {n} n | {n}!
(n} = g2 — g /2, {n}!_g{z}, [n]—m, [k}_{k}'{n_k}'

All 3-manifolds in this paper are supposed to be closed and oriented. Every link
in a 3-manifold is a framed, oriented, and has components ordered.

1.1. The colored Jones polynomial. Suppose L is a framed, oriented link in S3
with m ordered components. For finite-dimensional sly-modules W7, ..., W,,, one
can define the quantum invariant Jz,(W1y, ..., W,,) € Z[g*'/*]; see [Tur, KM, Oht2].
The modules Wy, ..., W,, are usually called the colors of the link L.

It is known that for every positive integer n there is a unique irreducible slo-
module V;, of dimension n. For positive integers ny, ..., n,, we define Jr(n1, ..., nn,)
= JL(anﬂ ceey Vnm)

We recall here a few well-known formulas, and at the same time fix our normal-
ization. For the unknot U with 0 framing one has

(1) Ju(n) = [n] = {n}/{1}.

If L’ is obtained from L by increasing the framing of the i-th component by 1,
then

(2) Jr (1. onm) = @™V (ny, L ).

When all the n;’s are equal to 2, then Ji,(ni1,...,nmy) = = Z[q**], a version
of the Jones polynomial [Jo, Oht2], which satisfies the skein relation:

g —q - = (¢ - 7 Y?) o,

where LT, L~, L° have a blackboard link diagram identical everywhere, except for
a small ball in which L, has a positive crossing, L_ a negative crossing, and L° a
resolution of the crossing.

In general, Ji(n1,...,nm) € Zlg¥'/*]. However, there is a number a€ {0, 1, £, 3}
such that Jr(n1,...,n.,) € ¢*Z[gT!]. For a formula for a and more general results

(for all simple Lie algebra), see [Le2]. A special case is the following.
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Lemma 1.1. Suppose L has 0 linking matriz. Then
Jo(ng,. .. ny) € ¢mtmm=m)/2 7 E

Let R be the Grothendieck ring of finite-dimensional sl;-modules, tensored by
C(q'/*). As a vector space over C(¢*/*), R is freely spanned by Vi, Va, ..., but as an
algebra, it is isomorphic to C(g'/4)[V5]. Using linearity we can define, for W; € R,
JL(Wi,...,Wy,) € C(¢"/*). Thus Jy, is considered as a multi-linear function from
R™ to (C(ql/4).

1.2. Definition of SO(3)-invariant of 3-manifolds. Suppose ¢ is a root of unity
of order r, which is odd and greater than 1, and f(¢;n1,...,n,) a function of
variables ¢ and integers ni,...,n.;,. Let

S =S eve(h),

where in the sum all the n; run the set of odd numbers between 0 and 2r. Let

Fre) =" (JL(nl, ) H[nﬂ) .

uz =1

Let U* be the unknot with framing 1. It is known that Fy=(£) # 0; see
Lemma 1.3.

Suppose M is an oriented 3-manifold obtained from S® by surgery along a framed,
oriented link L. (Note that M does not depend on the orientation of L.) Let o
(resp., o_) be the number of positive (resp. negative) eigenvalues of the linking
matrix of L. Suppose £ is a root of unity of odd order r. Then the quantum
SO(3)-invariant is defined by

Fr(§)
(Fu+(&)7+ (Fy-(&))7-"

Suppose in addition to L, in S3 there is another framed link L’ with s com-
ponents, and surgery along L transforms (52, L) to (M, L"). Then the quantum
SO(3)-invariant of (M, L") is defined by

() =i V(€)=

Eii(JLUL/(nlv ey Mimy, kl, ceay ks) Hzl[nz])
(Fu+(§)7+ (Fy- (€))7~

For a connected sum, one has 7arun (&) = 7a (&) 7 (€).

T, (b, ks §) o=

1.3. Gauss sum, Laplace transform, and the value of Fy;+ (). Suppose that
¢ € Uy has odd order r. A variation ~y4(&) of the Gauss sum is defined by

ral€) = gt

It is known that |v4(£)| = v/, and hence is never 0.
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QUANTUM INVARIANTS OF 3-MANIFOLDS

Let Lan : Zlg™", ¢ — Z[g*'/9] be the Z[g*']-linear operator, called the

Laplace transform, defined by
2
Ed;n(qna) =q /d,
Lemma 1.2. Suppose £ € Uy is a root of 1 of order r and f € Z[q*™, ¢T].

Zg P = 7a(€) eve(Lan(f))-

Proof. Tt’s enough to consider the case when f = ¢"%, with a an integer.

case is proved simply by using the standard completing the square method; see for

example, [Le3].

The point is that L4, (f), unlike the left hand side ZE A== f , does not depend
on ¢ € Uy, and will help us to define a “universal invariant”. Applymg Lemma 1.2

with d = £1 and f = [n]?, using the unknot formula (1), we get the following.

Lemma 1.3. For the unknot U with framing +1, one has Fy+(€) # 0. Moreover,

1/2
Fus (€)= Frsa( eve (T )

1.4. Lens spaces. Let (£) be the Jacobi symbol and s(d,a) the Dedekind sum.

Recall that
|d|—1

s(d,a) := ; <<§)> <<%>) where ((z)) := 2 — |z] — 1/2.

For co-prime integers a,d with d > 0, the SO(3)-invariant of the lens space
L(d,a), which is obtained by surgery along the unknot with rational framing d/a,

is given by (see [LL])
d gy @2 — g1/
(3) Tr(da)(§) = (;) evg (‘1 gelde) 42 —q 12 )

In particular, 77,(4,4)(€) is invertible in Z[¢].

It is also well-known that for every non-zero integer d, if sn(d) is the sign of d,

then

va) (1l oy (gen(d)—d)/4
(4) ’st(d) (5) ( r ) €(q )

2. HABIRO’S CYCLOTOMIC EXPANSION OF THE COLORED JONES POLYNOMIAL

1. The basis P/. Recall that R is isomorphic to C(q'/*)[Va], with Vi, Va, ... as
a basis over C(¢'/*). Habiro [Hal] defined a new basis P,k=0,1,2,..., where

Pl = {k}l H _ 4=/ q7(2i71)/2).

The change from the basis V,, to P}, is given by

3 n+k ,
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n+k

where the sum over k can be made from 0 to infinity, since { % 4+ 1

] =0ifk >n.
For any link L, using the linearity of Jr,, one has
/ / s n; + ks '
(5) Jo(n,.ome) = > TP P )] o 11 |k
0<k; <n;—1 i=1 v

Since there is a denominator in the definition of P, one might expect that
JL(Py, .., P ) also has a non-trivial denominator. A difficult and important
integrality result of Habiro [Hal] is

Theorem 6 ([Hal, Thm.3.3]). If L is algebraically split and zero framed link in
S3, then

Jo(Py,,-... P )€ % Z[gt?) = { Qk/:_ 1 :|(q2)kZ[qi1/2]7

where k = max{ki, ..., kn}.

Thus, Ji(P,, ..., P ) isnot only integral, but also divisible by [ Qk]j 1 ] (@*)g,

which, in turn, is divisible by (q)g.

2.2. Evaluation at €.

Lemma 2.1. Suppose & is a root of unity whose order r is odd and greater than 2.

If k > (r —3)/2, then
o (2B
5(%}!{1}) ’

Proof. First assume that k& > r — 1. Note that

e = e .

Each factor of the right hand side is polynomial in ¢'/2, and r is among {2,3,...,
k+1}. Since eve{r} = 0, the evaluation ev¢ of the left hand side is 0.
It remains to consider the case k +1 < r < 2k + 1. Note that
{2k + 1} {k+1H{k+2}... {2k +1}
{31} {1}
When evaluating using ev, the denominator is not 0, but the numerator is, since
ris among {k+ 1,k +2,...,2k + 1}. a

From the above lemma and Theorem 6 we have the following.

Corollary 2.2. Suppose & is a root of unity of odd order r > 2 and L an alge-
braically split link with 0-framing on each component. Then

(r—3)/2 m
n; + k;
eve(Jr(ni, ... nm)) = eve S>ooow@ P )T [ o+ 1 }{ki}!
ki,....km=0 =1
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3. INTEGRALITY OF QUANTUM INVARIANTS

3.1. Technical results.

3.1.1. Diwisibility of the Laplace transform images.

Proposition 3.1. Suppose & € Uy is a root of order odd r and k < (r — 3)/2.
Choose an integer b such that db =1 (mod r). Then

§l n+k
Z { okt ]{k}!{n} = eve (q(k+1)(k+2)/4 (qk+2)r_k_2) 7

6 3 [ 2”,;’3 ]{k}!{n} = —2sn(b)a(€) eve (H(k, b)),

where H(k,—b) is in Z[g*/?].

The proof will be given later in this section. The upshot here is that the right
hand side of (6) is divisible by v4(§). An explicit formula for H(k,b), defined for
any pairs (k, b) of non-zero integers and not depending on ¢, as well as the proof of
the proposition, is given in section 3.4.

3.1.2. Diagonalizing the linking matriz. A link L in a 3-manifold M is algebraically
split if each component of L bounds an orientable surface which does not intersect
any other component.

Proposition 3.2. (a) Suppose M is a 3-manifold with |Tor(Hy(M,Z))| = d, with
prime decomposition d = pi* ...p*. Then there are lens spaces L(d;,a;) such that
each d; is a power of one of the pj, and the connected sum of M and these lens
spaces can be obtained by integral surgery along an algebraically split link in S°.

(b) Suppose in addition M is a rational homology 3-sphere, i.e. |Hi(M,Z)| = d.
Assume that L is an algebraically split link in M. Then there is an algebraically
split link L, which is the disjoint union of 2 sub-links L, and Lo, in S® such that
surgery along Ly transforms (S3, Ly) to (M',L). Here M' is the connected sum of
M and several lens spaces L(d;,a;) with properties as described in part (a).

The proof will be given later. The proposition, part (a), with M a rational
homology 3-sphere, is a modification of Ohtsuki’s lemma [Oht1].

3.2. The case of a diagonal linking matrix. Suppose M? is obtained from
S3 by surgery along an algebraically split (m + s)-component link L with integral
framings di, ..., dyts on the link components, where d;,11 = -+ = dimys = 0 and
all other d;’s are not 0. Let L° denote the link L with all framings switched to 0.
Let d =[], |d;|. Suppose & € Uy is a root of unity of odd order r. Choose integer
b; such that b;d; > 0 and b;d; =1 (mod r), fori =1,...,m.

3.2.1. Non-degenerate diagonal linking matriz. First we consider the case when
s = 0, i.e. the linking matrix is non-degenerate, or M is a rational homology
3-sphere.
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By framing formula (2),

UL n2_
JL(na, ..y nm) =Jpo(na, ..o ) H g - , and hence by formula (2.2)
i=1
(r—3)/2 m
€V£(JL(TL1,...,TLm)) =€Vg Z JLO Pk17" PI€1 Hq

ot n kg Ry,
A

By definition,

FL(f):zj5 (JL LT 1} Hm) : and hence
i=1

uzs

(r—3)/2
3 71 ) ) ki Y{n;
Fr(§) = eve Z Jpo(Py,s--0 Pr,) HZS - {;L;ciuki }{{}1{}71}

k;=0 =1 n;

m | (r=3)/2 m

k;=0 i=1

Using Lemma 1.3 and the definition of 1), one obtains

(r—3)/2 m

TalS) eve Z Jpo (Pl o) [ a0 2 H ki, —bi)
- Ysn(d;) 5) i=1

: vd; (§)
Using (4) for Ty @ WE get

) m
d )
= = P ... P (3sn(di)—di)/4 py i, —0;i
9) (&) (r) eve E koo s km)ilzllq (ki, —bi)

k;=0

3.2.2. Degenerate diagonal linking matriz. Now we assume the general case, where
s might not be 0.
The argument that leads to (7) will give us

(r=3)/2 , , 1S g i [ ks | (k)
F()= Y, eve(JwPhyo o Pl D[ " 2;+1 | {1}
k;=0 =1 ny

m+s ni + k| {ki{ni}
< IT > {Qkﬁl }{1}>

i=m+1 n,;
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QUANTUM INVARIANTS OF 3-MANIFOLDS 2951

Using Proposition 3.1, we get

(10)
AR [T o (3snd) o)/
_ / / 3sn(d;)—d;)/4 1.
() = (;> > eve (JLO(Pkl,...,Pkm+S)Hq H (k;, bz)>
’{71‘:0 1=1
Eet (k-+1xkp+2)/4(qki+2)r7k-72
X evg | H 2q )
1=m-+1
k42
Note that, since k; < (r — 3)/2, one has ((IJF{)# € Z[g*'/?]. Tt follows that

™ (§) € Z[E]-

3.3. Proof of Theorem 1. Part (a). By the product formula, 7as = T(pr4n)/TN,
if v # 0. Since Tp7(€) (with M the lens space L(d,a) and £ € Uy) is invertible
in Z[€], using Proposition 3.2 we can assume that M is obtained from a link with
a diagonal linking matrix as described in the previous subsection. There we have
proved that 75/(€) € Z[¢].

Part (b). Again we can assume that (M, L) is obtained from (5%, L,) by surgery
along L1, as described in Proposition 3.2.

Similarly to (10) we have

TM,L(nm-‘rla cee 7nm+s)
d (r—3)/2 m
= <T> eve Z JEO(PIQN ey P]gm_'_s) H q(3sn(di)*di)/4H(ki7 *bz)

k;=0 =1

m-+s
n; + k;
v
X eve ( 11 (%i . 1){1@}.) ,
1=m-+1
which is in Z[¢]. O

3.4. Proofs of technical results. For a non-negative integer k let

2k+1
Z(k) == Z(_l)j[ ij—l :|t(j_k)2 e Zlgth .
Jj=0 J

For an integer d # 0 and an arbitrary integer b define the Z[g™!]-linear algebra
operators

04 : Z[qil,til] — Z[qjﬂ/d]7 where @q4(t) := q'/?
Dy Z[qil,til] — Z[qil], where @y(t) = 7.

)

The relation between ¢ and ¢ is: If £ € Uy has order r, and db = 1 (mod r),
then for every f € Z[g™!, t+1]:

(11) eve(pa(f)) = eve(@u(f))-
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For a non-zero integer d and an arbitrary integer b let us define

2k+1

Y (k,d) :=pq(Z(k)) = Z (—1)3{ Qk;' 1 } qu=—m?/d
§=0
2k+1

Y(k,b) = @(Z(k) = Y (_l)j{ ZkJ{r 1 ] R
7=0

Lemma 3.3. Suppose bd =1 (mod r), where r is the order of £ € Uy; then

qud"%l { ;kikl }{k}!{n} = —27a(§) eve (%) '

n

Proof. We will first calculate Lg.n,({n} {n + k}/{n —k —1}).

Using {j} = —¢7/%(1 — ¢’), one sees that

{mH{n+ k) /{n—k =11 =q¢ " (@ " = 1) (¢" " @2kt

(12) = """ @aner — ¢ (@ o

It is easy to check that the two terms of the right hand side of (12) can be
obtained from one another by the involution n — —n. Since Lg;y, is invariant under
n — —n, one has

(13) Lan({n} {n+k}/{n—k = 1}) = —2Lain(¢7"* (¢" 7" @)2041).

Explicit expansion of (a;q)y is well-known, and we have

2k+1
_ _ | 2k+1 i
(14) q nk(qn k;q>2k+1 _ Z (_1)]|: ]—_i_ :| qn(] k).
=0

Using the definition of L4, and (13) we get
Lan({n}{n+E}/{n—k—1}) = =2Y(k, —d).

Multiplying by {k}!/{2k+1}! and using Lemma 1.2 and (11), we get the lemma.
O

3.4.1. Factoring Y (k,b). Tt turns out that Y (k, b) is always divisible by LR 7y

&3
describe the quotient let us define, for a positive integer b,
H(k,b) = gD 42)/4 Z qn§+n§+.--+n§ - (@)k+1 :
E+1>n,>n,_1>->ny>0 Hi:l(Q)nHrni

where npy; = k+ 1 and n; =0, and (a),, stands for (a;q),. For example,

H(k, 1) _ q(k‘+1)(k+2)/4’

k1l (@)
H(k,2) = gkt D+2)/4 ¢ 7“’
];) (0); (@ k415
j (Dk+1
H(k,3) = q(k+1)(k+2)/4 qj2+l2 .
0<j<zl;k+1 (@); (@)1—5(@)k+1-1

Let H(k,b) be obtained from H (k,b) by the involution ¢ — ¢~1. For b = 0 define
H(k,b) =0 and for b < 0 let

H(k,b) := (~1)FH(E, —b).
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Remark 3.4. Habiro observed there is a similarity between H(k,b) and the coef-
ficient ¢/, » of Habiro’s twists in [Ma]. We have found the exact relation and will
discuss it in another publication.

The following theorem is the main technical result.

Theorem 7. For every integer b, Y(k:,b) is divisible by {Zf,:;}!. Moreover
s {k}!
Y(k,b = —sn(b)H(k,b).
(k) g gy =~ sn(bH (kD)

Proof. If b = 0, then Y (k,b) is the right hand side of (14), with n = 0. In this case
(with 7 = 0), the left hand side of (14) is 0. Hence Y (k,0) = 0, and we are done.
Suppose b # 0. Using the involution ¢ — ¢~!, we can assume that b > 0.
Let o, B, be a Bailey pair as defined in Section 3.4 of [An], with @ = 1. Then

for any numbers b;,¢;,i = 1,...,k, and a positive integer N we have the identity
(3.43) of [An]:

Z( 1) g —(3)+kn+Nn (((;]J;Jrl)n H (bi)n (ci) 1 q

n>0 i1 by C? (%)n(;)n

i 0

ka) nk( _N)nk(b')nk(c )nk
(15) _ (i) b N Z ﬁnlq q qubkak)nk k

7
(c;c)N NESTg 1> 311 >0 (

S

_1 n (b )n7 (C )n (

i Ci )m+1—m

X

i=1 q MNi41— n7(b )n@+1( z )n7+1 .

A special Bailey pair is given by (see section 3.5 of [An]):
=1, a,==D)"¢" V21 4¢") forn>1,
Go=1, pB,=0 forn>1.

Using the obvious limits

C)n n_ n(n—
(c) _qyngnn=1/2,

(Cl)n(c2)n _ (_1)nqn(n—1)/2an
c1,C0—00 (q*Nclcg)n ’

we see that the limit of the left hand side of (15), when b;, ¢; tend to infinity, with
k replaced by b, is

N Nn

q ((] n
LHSf1+ZW

n

N 2

n=1

Here the first term corresponds to n = 0, and the sum of the second term
terminates at n = N since (¢~),, = 0 if n > N. It is easy to check that

(=™ 2N

)mh_n

N

Nn(,—N

TG, }(q”/2 +q7?).
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Hence, with N = k + 1, we have

k+1
(16) LHS=1+;Z(—1)"{ 2k +2 ](qn/z+qn/2)qb

2k + 2 ‘ k+1—n
k+1
Recall that i
241
od : 2k + 1 b(i—k)?
Y (k,b) = 1) . G=k"
=S| *

The sum can be assumed from j = —1 to j = 2k + 1, since the term of j = —1
is equal to 0. Separating the case j = k and combining any other j with 2k — j, we
have

k-1

Y (k,b) = (1) [ A +_Zl( 1’q i Tl e—s1)

j=—

It is easy to check that
2k+1 2k+1 ] {k+1} [ 2k+2 (k—34)/2 (G=k)/2
{ j %{%—j]_{%m} jr1 |4 t4a )
Hence, using the new parameter n = k — j, we see that

i %+1] {k+1} R ngmt | 22 "
Y(lab):(—l)k[ A ]{2k+2}2 )hrgh {kﬂ_n}(q/ﬁtq ).

. 2k +2 2k+1
Using [ 1 } = [ 1 } {{Qkk:f}}, from (16) we get
(17) V(k,b) = (_1)k[ e }LHS.

The limit of the right hand side of (15), when b;,¢; tend to infinity, with &
replaced by b, is

b—1 n2
RHS = (Q)N Z (71)annb(nb71)/2+N’nb+nb (q*N)nb H q )
np>np_1>>n1=0 i=1 (@nier—n,

Note that ny = 0, since this is the only case when 3, # 0, and in the sum the

index n, < N, since (¢~V),, = 0 if n, > N. An easy calculation shows that, with
k=N-1,
(18) RHS = (=) {k + 1}1H(k,b).
. 2%k + 1M
Since LHS = RH S, from (17) and (18) we get Y (k,b) = A ]z;—}' H H(k,b). O

3.4.2. Proof of Proposition 3.1. Part (b), the difficult part, follows from Lemma
3.3 and Theorem 7.

Now we prove part (a). Again noting that the two terms of the right hand side
of (12) can be obtained from one another by the involution n — —n, and using
(14), we have

2k+1
gﬁ{n}{n—s— EP/{n—k—1}= _22 ]ZO { 2k:;— 1 ] s
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Note that Zi(q"“) = r or 0, according to whether a is divisible by r or not.
With 0 < j <2k+4+1 <r—2, the only case with j — k divisible by r is when j = k.
Hence

Zf{n}{n—i— k}'/{’n — k- ]_}l — _2(_1)1«7, « eV€|: 2]{1]:- 1 :|

Multiplying both sides by % and using the well-known r = H::_ll (1—¢Y),
we get part (a). O

3.5. Proof of Proposition 3.2. Here we modify Ohtsuki’s proof of a similar result
[Oht1].

3.5.1. Linking pairing. A linking pairing on a finite abelian group G is a non-
singular symmetric bilinear map from G x G to Q/Z. Two linking pairing v, v’
on respectively G, G’ are isomorphic if there is an isomorphism between G and G’
carrying v to v/. With the obvious block sum, the set of equivalence classes of
linking pairings is a semigroup.

One type of linking pairing is given by non-singular square symmetric matrices
with integer entries: any such n x n matrix A gives rives to a linking pairing ¢(A)
on G = Z"/AZ"™ defined by ¢(A)(v,v') = v! A" € Q mod Z, where v,v" € Z".
If there is a diagonal matrix A such that a linking pairing v is isomorphic to ¢(A),
then we say that v is of diagonal type.

Another type of pairing is the pairing ¢ ,, with a, b non-zero co-prime integers,

defined on the cyclic group Z/b by ¢po(z,y) = azy/b mod Z. It is clear that ¢p 11
is also of the former type, namely, ¢y +1 = ¢(£b), where (£b) is considered as the
1 x 1 matrix with entry +b.
Proposition 3.5. Suppose |G| = d, with prime decomposition d = Hle pit, and v
a linking pairing on G. There are pairs of non-zero, co-primes integers (b, a;),j =
1,...,s, such that each b; is a power of some p;, and the block sum of v and all the
®b;.a; 18 of diagonal type.

Proof. The semigroup of linking pairings has the following generators in 3 groups;
see [KK, Wal:

Group 1: ¢(£p*), where p is a prime, and k > 0.

Group 2: ¢y, with b = p* as in Group 1, and a is a non-quadratic residue
modulo p if p is odd, or a = £3 if p = 2.

Group 3: E} on the group Z/2% @ Z/2* with k > 1 and E} on the group
7.)2% © 7./2F with k > 2.

For explicit formulas of Ef and E¥; see [KK]. We will use only a few relations
between these generators, taken from [KK, Wal]. It’s enough to prove the lemma
when v is one of the generators.

Any pairing in Group 1 is already of the form ¢(£p*).

Let v = ¢, be in Group 2. Suppose p is odd; then one of the relations is
Bb.a @ db.a = H(b) ® ¢(b), which is of diagonal type. Suppose b = 2¥; then a = +3,
and one of the relations says ¢y 13 & ¢p 13 = ¢(Fb) B &(Fb).

Suppose v = E. One of the relations is Ef ®@¢(—2F) = ¢(2%) Do (—2F) @ p(—2F).

Finally let v = E}. One of the relations is Ef @ ¢qr 3 = ¢(2F)dp(2%) @9 (2F). O
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3.5.2. Linking pairing on the torsion group of Hy(M,Z). Suppose M is obtained
from S? by surgery along a framed oriented link L, with a non-degenerate linking
matrix A. Then M is a rational homology 3-sphere, and the linking pairing on
Hi(M,Z) is exactly ¢(A). The following proposition was already implicitly given
in [Oht1].

Proposition 3.6. If the linking pairing of a rational homology 3-sphere M is of
diagonal type, then M can be obtained from S® by surgery along an algebraically
split link with integer framings.

Proof. Suppose M is obtained from S3 by surgery along a framed link L with
linking matrix A. By assumption, ¢(A4) = ¢(B), where B is a diagonal matrix.
In this case, it is known that there is a unimodular integral matrix P such that
PtA’P = B', where A’ and B’ are obtained from respectively A and B by block-
adding a diagonal matrix with £1 on the diagonal. Using the two Kirby moves
on links, one can easily go from L to another framed link with linking matrix B’,
which is diagonal. Surgery on the new link yields the same 3-manifold. O

3.5.3. Proof of Proposition 3.2. Part (a). Suppose Hy (M, Z) = Z" ®Tor, where Tor
is the torsion part. Choose disjoint curves aq,...,a, in M representing generators
of the infinite part Z" of Hy(M,Z). By Poincare duality, there are oriented surfaces
S1,...,5, in M such that the algebraic intersection number between o; and S; is
d;5. Using the standard tube construction if needed, we can assume that S; meets
oy at exactly 1 point, and misses all other o;.

Let N(o;) be a small tubular neighborhood of «; in M, and S = S; \ N(«).
Then f; := 95! is the intersection of S; with ON(«;). Removing the interior of
N(a;) from M and regluing back in such a way that the Dehn filling kills the
homology class a;, we get a rational homology 3-sphere M’, together with S/ in
M’. Each S] bounds the curve f; in M’, such that in doing surgery along [; with
framing 0, from M’ we get back M. Note that H; (M’,Z) = Tor.

If N = L(b,a), the lens space, then the linking pairing on H;(N,Z) is ex-
actly ¢po. By Proposition 3.5, there are lens spaces L(d;,a;), with properties
as described in the statement of Proposition 3.2, such that the linking pairing of
M" := M'#(#;La, q,) is of diagonal type. By Proposition 3.6, M" can be obtained
from S® by integral surgery along a link L' C S with a diagonal linking matrix.
Thus S2\ N(L') = M"” \ N(L"), for a link L” in M". One can isotope L"” in M"
off the surfaces S}, since the surface with non-trivial boundary can be isotoped to a
lie in a small neighborhood of a graph. Thus all the surfaces S} can be considered
as lying in S®\ L’. The link L' U {f1,..., 3.} has a diagonal linking matrix, with
framing 0 on §;. Doing surgery on L' U {f,...,5,} gives us M’. This completes
the proof of part (a). The proof of part (b) is totally similar. a

4. UNIVERSAL INVARIANT IN CYCLOTOMIC COMPLETION RINGS

4.1. Proof of Theorem 3. First notice that if one can find an element f € Ay
such that

d
(19) (%) () = evela®=4p),

r

then the injectivity of the map evq, with 2 = U, in Theorem 4, would show that f
is an invariant of M. The task now is to find such an f for every rational homology
3-sphere. Let us consider 3 cases.
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Case 1: M = L(d,a), a lens space, with d > 0. Let
X _ag 1-— q_l/d
T = 3s(d,1)—3s(d,a) )
M =4 1 _ o1 g1
It is well-known that 3d(s(d,1) — s(d,a)) € Z (see [RG]), hence Ip; € Ag4. Using
5(d,1) = (d = 1)(d — 2)/12d and (3), one gets (19). Moreover, I} (4,4) is invertible
in Ad.
Case 2: M is obtained from S® by integral surgery along an algebraically split
link L as in section 3.2.1. We will use the notation of section 3.2.1. The following
proposition will be proved later in this section.

Yk, d){k} . 1y e2) 4
— Ag.
2+ 1] is in q d

Note that, by (11) and Theorem 7,

(20) sn(bi)ev§ <Y(k‘z, —dz)

Let
(21)

0o m
_ sn —a; k !
IM = C](d /4 E JLO(P]::I, ey P]ém) Hsn(di)q(S (di) dz)/4Y(ki, _dl){Qk{iiF}]_}'
ki=0 i=1 Z '

Proposition 4.1. The element

{ki }!

{(2k; + 1}!) = H(ki,—by).

We will later prove the following.

Lemma 4.2. One has Iy € Ay.

By Habiro’s theorem (Theorem 6) Jro(Py ,..., P} ) is divisible by ﬁﬁt{%‘
Hence by Lemma 2.1, if k; > (r —3)/2 for some i, then eve(Jro(Py ..., Py, )) = 0.
Thus combining with (20) and (9), we get (19).

Case 3: M is an arbitrary rational homology 3-sphere. By the diagonalizing
lemma, there are lens spaces M, ..., M, such that M’ = (#'_, M;)#M is of Case
2. Since each I M, s invertible in A4, we can define

17

l
Iy = IM/(H IM%)il.
i=1
Using the product formula, we see that Ip; satisfies (19). This completes the
proof of Theorem 3.
42. Proof of Lemma 4.2. By Proposition 4.1, Y(k;, —dl)% is in
gD kA4 and by Theorem 6, Jro (Pp,s---, Py, ) is divisible by (¢;q)n. The

only problem is, a priori, the term in the sum formula of Ij; might contain the

fractional power ¢'/2¢, and all we need to show is that we only need ¢'/¢, but not
1/2d
q'’C.
m qsn(di)/Z{ki}!
First, using Lemma 1.1 one sees that Jpo(Py, ,..., P ) is a ra-

Pl {2k; + 1}!
tional function in ¢ (no fractional power of ¢). It suffices to prove that
qU=D/ATTR, gtn(d)=di)/4 s in Z[g*1/9). This is equivalent to the fact that

D:=d(d—1)—d) (sn(d;) —d;)) is divisible by 4.
=1
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We have sn(d;) — d; = sn(d;)(1 — |d;]). If the sign sn(d;) is changed, then D is
altered by +2d(1 — |d;|), which is divisible by 4, since d;|d. Hence we can assume
that every sn(d;) = +1.

We use induction on m. If m = 1, then the statement is trivial. Note that

(1 —didz) = (1 —dy) — (1 —d2) = (1 —dy)(1 — da),

which, after multiplied by d;ds, is divisible by 4. Hence the induction step can be
carried out by replacing d; and ds with dy + ds. O

4.3. Proof of Proposition 4.1. For every non-negative integer n let Z, be the
ideal in Z[t*1, ¢*1] generated by ¢ = (t;¢)k(¢" )n_k,k = 0,1,...,n. This
ideal was used by Habiro in [Ha3]. Recall that @y : Z[t*!, ¢*'] — Z[g*'] is the
Z[q*']-algebra homomorphism defined by @ (t) = ¢°.

Proposition 4.3. Suppose f(t,q) € Z[t*, q*']. Then @y(f) is divisible by (q)n
for every integer b if and only if f € I,,.

Proof. We use induction on n. Suppose the statement holds true for n — 1. By
induction,

f=ao(t,q)con—1 +ai(t,q)cin1+ 4+ an1(t,q)cn-1n-1.
Applying @¢, noting that @o(cgn—1) = 0if k > 0, one gets that ag(1, ¢) is divisible
by 1—¢", or ag(t,q) € (1—t)+(1—¢™). Note that (1—t)co n—1+(1—¢")co.n—1 C In.
Hence the first term ag(¢, ¢)co,n—1 is in Z,.
Similarly, successively consider ¢, with b =1,2,...,n— 1; we see that each term
a;(t,q)¢in—1 is in Z,. ]

Let (Zﬁ be the set of all rational functions of the form f/(q)n, with f € Z,.

Let ¢g : Z[tT! ¢*'] — Z[t*'] be the Z[t*']-algebra homomorphism defined by
Yalq) = t*.

Lemma 4.4. For every non-negative integer n one has wd((gﬁ‘ ) C Ag.

n

Proof. Fix a number r co-prime with d. We need to show that the multiplicity of
®,. in the prime decomposition of the denominator of

Ck,n _ Hf;ol(l B tidJrl)
v (<q>n) O TI (- )

is less than or equal to that in the numerator. Since 1 —t" = Hm|n
see that the multiplicity of @, in the denominator is the number of elements of
{d,2d, ..., kd} which are divisible by 7. Since r and d are co-prime, this is the
number of elements of {1,2,...,k} which are divisible by r, and is equal to | k/7].

The multiplicity of @, in the numerator is the number of elements of {1,1 +
d,...,14 (k—1)d} which are divisible by r. This number is greater than or equal
to | k/r|, since any r consecutive elements of any progressive sequence contain one

®,,, we

divisible by 7. (]
Proof of Proposition 4.1. By Theorem 7, for every integer b,
- Z(k)(@)k
RAIaT—
(@)2r+1
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It follows from Proposition 4.3 that Z(k)(q)x belongs to Zaxy1, and hence
Z(k
Y (k. d) @Dk _ ( ( )(Q>k)
(@)2k+1 (@)2k+1

belongs to Ay, by Lemma 4.4. It remains to notice that for every n, the quotient
(q)n/{n}! is a power of ¢*/2, and {2k + 1}!/{k}! is in ¢(FTDE+2)/47][4], O

5. CYCLOTOMIC COMPLETION

After proving some additional facts in section 5.2 we will apply Habiro’s result
to our case.

5.1. Cyclotomic completion, general results. We fix a positive integer d. Re-
call that Ny is the set of all positive integers which are co-prime with d. Thus
N := Nj is the set of all positive integers. Recall also Ry = Z[1/d).

In this section we will identify ¢'/¢ with ¢. Thus Ag = Rg[t*'], and A4 is
obtained from A, by inverting all the ®,,(¢t),n & Ny. We also use By := Ry4[t]. One
has By C Ag C Ag.

For a subset S C N let ®% be the multiplicative set in By generated by ®,.(¢),r €
S. Then % is a directed set with respect to the divisibility relation f|g. For any
ring A containing Z[t], the principal ideals (f) define a linear topology on A. Let

AS = lim A/(f).
fees

If S’ C S, then there is a natural algebra homomorphism pg s : AS — AS". We
want to know when pg g is injective, for A = By, Aq4, or Ag.

Proposition 5.1. (a) The map ps.sen, : A5 — AgmNd is an isomorphism.

(b) With t = ¢*/?, Al = Agd 18 equal to Ag.

(c) If S C Ny, then the inclusions By — Aq — Ag4 induce isomorphisms B§ =
AS = AS.

Remark 5.2. In particular B?‘i = Ay. Note that in the definition of led, we don’t
have any denominator. The ring B;lg has been studied by Habiro [Ha2]. The author
would like to thank Habiro for pointing out the isomorphism Bcl?d &~ f\d, which
simplifies the original version of the paper.

5.1.1. Injectivity of ps,s:. We say that n,n’ € N are p-adjacent if n/n’ = p°®, where
p is a prime and e an integer, and they are adjacent if they are p-adjacent for some
prime p.

For 8’ € S € Ng we write S’ < S if for every n € S there are ny,...,ng € S
and ngy1 € S, such that n; and n;; 1 are adjacent, and n; = n.

For m,n € N and any ring R D Z, Habiro [Ha2] defined m < g n if m,n are
p-adjacent and R is p-adically separated, i.e. ﬂj>0ij consists only of 0. It is easy
to see that if p is a prime, p € Ny, then Rq = Z[1/d] is p-separated. Hence if m,n
are in Ny and they are adjacent, then m <, n in Habiro’s sense.

Suppose that Sy < .S C Ng. From theorem 4.2 of [Ha2] one has pg g, : Bg — Bgo
is injective. Using Proposition 5.1, part (¢) we get the following.

Theorem 8. Suppose that Sp < S C Ng. Then ps,g, : Ag — Ago is injective.
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5.1.2. Ewaluation map. Suppose £ is a root of order r, which belongs to S C Ng.
By Proposition 5.6 below, Ag/(®,) = Z[1/d][t*']/(®,). The last one is isomorphic
to Z[1/d)[¢] via t — £&. We can define the evaluation map éve : A5 — Z[1/d][¢] by
the composition

AF = A = Aa/ (@) = Z[1/d][¢].

Since r and d are co-prime, ¢ := &% is also a root of order 7, and by definition,
6ve(f) = eve(g), where g is obtained from f by the substitution ¢t — ¢*/¢. Hence
we get the following

Proposition 5.3. For g € Ay and € € Uy, one has eve(g) € Z[1/d][€).

Suppose ) is a set of roots of unity whose orders form a set T', which is a subset
of S C Ny. Using the evaluation at every element in {2 we can define

evo: Af — [[zl/dlle],  evalf) = (6ve(f), £ € Q).

£eQ
Again using B = A5, Theorem 6.1 of [Ha2] gives us the following.

Theorem 9. Suppose Q,T,S are as above. Assume that there is n € S such
that {n} < S and there are infinitely many elements in T adjacent to n. Then
évg 1 A5 — [eeq Z[1/d][§] is injective.

Theorem 4 is a special case of this theorem with S = Ng,n = 1.

5.2. Proof of Proposition 5.1. Part (a). Since ®,.(t) is invertible in A4 if 7 is
not in Ny, we have Ads = AgnNd.

Part (b). Since 1 —t" =], ®(¢), one has that llzt;;d is the product of several

®,. with » ¢ Ny. Hence 117_27:1 is invertible in Ag. This means if ¢ = t?, then the
elements (¢;t),, and (g; q), defines the same principal ideal in A4, and hence they
define the same completion, or AY = Ay.

The rest of this subsection is devoted to a proof of part (c).

Lemma 5.4. (a) If m,n are not adjacent, then (®,,) + (®,,) = (1) in Z[t].
(b) If m = np®, where e > 0 and p a prime, then (Pp,) + (2,) = (p) + (D) in
Z[t].
Proof. (a) is a well-known fact.
(b) Let a = t"""; then ®,, is a divisor of
_1-—a?

9t) = T—

Since a(§) = 1, and hence g(§) = p if £ is a root of unity of order n, we have
that g(¢t) = p (mod ®,). This means ®,, divides p in Z[t]/(®,). It is known that
there is a positive k& such that ®,, = ®* (mod p). It follows that p divides ®,, in
Z[t]/(®,). Thus in Z[t]/(®,), P,y and p define the same principal ideal. This is

=l+a+--+a "

equivalent to (®,,) + (®,,) = (p) + (P,,) in Z[t]. O
Corollary 5.5. Suppose mq, ..., my are co-prime with d and n is not, i.e. mq,...,
my € Ng and n & Ny. Then ®,, is invertible in Z[1/d][t]/(f), where f = Hle D,
Here my,...,my are not necessarily distinct.
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Proof. Note that in a commutative ring A, an element a is invertible in A/(b) if
and only if (a) + (b) = (1). If (a) + (b) = (1) and (a) + (¢) = (1), then, multiplying
together, one gets (a) + (be) = (1). Hence it’s enough to consider the case k = 1,
with my = m.

If m,n are not adjacent, then (®,,) 4+ (®,) = (1) in Z[t], hence we are done in
this case.

Suppose n/m = p®, with p a prime. Then e > 0, since otherwise n is a divisor of
m and hence is co-prime with d. By the same reason, p is a divisor of d. By Lemma
5.4, (®,,) + (P,,) D (p) in Z[t]. Since p divides d, it is invertible in Z[1/d][t], hence
() + (@) = (1) in Z[1/d][1]. O

Proposition 5.6. Suppose f = Hle ®,,, with m,; € Ng. Then the homomorphism
Aqa/(f) = Aa/(f), induced from the embedding Aq — Aq, is an isomorphism.

Proof. Recall that Ay is obtained from Ay by inverting all the ®,,,n € Ny.
By Corollary 5.5, every ®,,n ¢ Ny, is invertible in Ay/(f). This proves the
surjectivity. Injectivity follows easily from the fact that every ®,,n ¢ Ny, is co-

prime with f. ]

Corollary 5.7. If S C Ny, then the inclusion Agq — Ay induces an isomorphism
S~ AS

Ag = A;.

Proposition 5.8. For any S C N, the inclusion By — Ay induces an isomorphism

Bj = AfS.

Proof. Note that ®,(0) = £1; one has (t) + (®,(t)) = (1) in Z[t]. It follows that
if f is the product of several ®,,(t), then ¢ is invertible in Z[t]/(f), and hence in
Ba[t]/(f). Tt follows that BS = Af. O

Part (c) of Proposition 5.1 follows from Corollary 5.7 and Proposition 5.8.

5.3. Proof of Theorem 5. Part (a). Using Proposition 5.1, with ¢ = q/?. we
can identify Ag with Agd. The Taylor expansion map 77 is then the map py, 1} :
AT — Ajll}. The image space Agl} is equal to Z[1/d][t*'](®1) = Z[1/d][[t — 1]], by
Proposition 5.6.

As explained, to convert a power series in t — 1 = ¢/% — 1 into a power series in
q — 1, one use

¢/ —1=(1+ (g1 1= i (11/1d>(q_ g
n=1

It is well-known that (17/Ld) € Z[1/d] for every n. Hence the image of T3 is in
2(1/d)[q - 1))

Part (b), the most difficult part, is a special case of Theorem 8, with S = Ny
and S’ = {1}.

Part (c). First let us recall the Ohtsuki series, which is, in a sense, a number-
theoretical expansion around g = 1 of a function f(q) with domain Uy (for some d)
such that f(§) € Z[¢].

Fix an odd prime r, and let &, = exp(2mi/r). Since f(&) € Z[¢,], which is a free
Z-module spanned by (&, —1)7,j =0,1,...,r — 2, there are integers a, ; such that

r—2
F&) = ar(6—1),
j=0
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where a, ; are integers. In general a, ; depends on r. If there are rational numbers
Aj such that for big enough prime r one has A\; = a,; (mod ), then the series
T(f) == Z?io A;j(€ —1)7 is called the Ohtsuki series of f. (It easy to see that such
a series, if it exists, is unique.)

The Ohtsuki series of M is the Ohtsuki series of the function f defined by
f(&) = (2) 7ar(&). The existence of T(f) was established by Ohstuki for sly; for
general Lie algebras it was established by the author in [Le3].

The following facts are easy to verify:

(1) If T(f), T(g) exist, then so does T'(fg), and T(fg) = T(f)T(g).

(2) For f € Ag, T(f) exists, and T(f) = Ty (f).

(3) For f(£) := eve(q=D/%), T(f) exists, and T(f) = Ti(f).

Since (£) 7ar(€) = eve(¢U=D/4Ip) and Iy € Ag, part (c) follows immediately
from the above facts. O
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