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Abstract This paper resolves the unicity conjecture of Bonahon and Wong
for the Kauffman bracket skein algebras of all oriented finite type surfaces at
all roots of unity. The proof is a consequence of a general unicity theorem
that says that the irreducible representations of a prime affine k-algebra over
an algebraically closed field k, that is finitely generated as a module over its
center, are generically classified by their central characters. The center of the
Kauffman bracket skein algebra of any orientable surface at any root of unity
is characterized, and it is proved that the skein algebra is finitely generated as
a module over its center. It is shown that for any orientable surface the center
of the skein algebra at any root of unity is the coordinate ring of an affine
algebraic variety.
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1 Introduction

Quantum hyperbolic geometry [1,2] has the goal of building a quantum field
theory that assigns numerical invariants to a three manifold M equipped with
a trace equivalence class of representations p : w1(M) — PSL,C, and per-
haps with some homological data associated to cusps. One approach to this
is via quantum Teichmiiller theory [1,3,4]. Deep work of Bonahon and Wong
[5] shows that the mechanism of quantum Teichmiiller theory is essentially
describing the Kauffman bracket skein algebra of a finite type surface at roots
of unity. The next step is to understand the irreducible representations of those
algebras [6-8]. Bonahon and Wong associate to each irreducible representa-
tion of the skein algebra at roots of unity (with a mild restriction on the order)
a classical shadow, which is determined by its central character. They con-
jecture that there is a generic family of classical shadows for which there is a
unique irreducible representation of the skein algebra realizing that classical
shadow [8]. We call this the unicity conjecture.

In this paper we resolve the unicity conjecture for irreducible representations
of the Kauffman bracket skein algebras of all finite type surfaces at all roots
of unity. The proof proceeds by studying the irreducible representations of
a localization of the skein algebra that is Azumaya. Azumaya algebras are
central to the study of noncommutative algebraic geometry [9]. The irreducible
representations of an Azumaya algebra correspond exactly to the maximal
ideals of its center. We actually prove a more general result, Theorem 1 below.
Recall that if R is a k-algebra, where k is an algebraically closed field, then
every finite-dimensional representation p of R gives rise to a central character
Xp» wWhich is a k-algebra homomorphism from the center of R to k. Denote
the center of R by Z(R). Let Irrep(R) be the set of all equivalence classes
of finite-dimensional representations of R, and Homy-a1g(Z(R), k) be the set
of all k-algebra homomorphisms from Z(R) to k, then we have the central
character map

x : Irrep(R) — Homy-a1g(Z(R), k), p — Xxp. (1.1)

Theorem 1 (Unicity theorem) Let R be a prime affine k-algebra, where k is
an algebraically closed field and R is generated as a module over its center
Z(R) by a finite set of r elements.

(@) The central character map x : Irrep(R) — Homy-a1g(Z(R), k) is surjec-
tive.

(b) There exists a Zariski open and dense subset V of Homy-a1g(Z(R), k)
such that if t € V then x~'(t) has one element, i.e. T is the central
character of a unique (up to equivalence) irreducible representation pr.
Moreover all representations p; with t € V have the same dimension N,
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equal to the square root of the rank of R over Z(R). On the other hand if
T is notin 'V then it is the central character of at most r non-equivalent
irreducible representations, and each has dimension < N.

Some explanations are in order here, for details see Sect. 2. Since R is prime,
its center Z(R) is a commutative integral domain. The rank of R over Z(R)
is defined to be the dimension of the Q-vector space R ®zr) Q, where Q is
the field of fractions of Z(R). By the Artin—Tate lemma (Lemma 2.1), Z(R) is
an affine commutative k-algebra. Hence by the weak Nullstellensatz [10], the
set Homy-a1g(Z(R), k) can be identified with MaxSpec(Z(R)), the set of all
maximal ideals of Z(R), which is an affine algebraic set (over k) whose ring
of regular functions is Z(R). The Zariski topology of Homy_a;,(Z(R), k)
in Theorem 1 is the Zariski topology of MaxSpec(Z(R)). Since Z(R) is a
domain, MaxSpec(Z(R)) is an irreducible affine algebraic set.

Theorem 1, which is proved in Sect. 2, is an easy extension of results from the
study of polynomial identity rings. For instance, it follows from the theorems
in [11] used to analyze the representation theory of quantum groups at roots of
unity. We have not found it stated explicitly in the literature, and it is useful for
studying the representations of algebras underlying quantum invariants so we
take a section to describe the concepts behind this theorem and sketch its proof.

For an oriented finite type surface ' and a nonzero complex number ¢,
let K¢ (F) be the Kauffman bracket skein algebra of F at ¢, and Z(F) be
its center, see Sect. 3. When ¢ is a root of 1 whose order is not a multiple
of 4, Bonahon and Wong [6] associate to each irreducible representation of
K (F) an object called the classical shadow, which is roughly the following.
Suppose first F is a closed surface and the order of ¢ is 2 mod 4. Bonahon
and Wong constructed an embedding of C[.2"], the coordinate ring of the
SL,(C)-character variety .2~ of F, into the center Z; (F) of the skein algebra
K (F). For every irreducible representation of K (F), the restriction of its
central character on C[.2] determines a point of 2", i.e. an SL,(C)-character,
called the classical shadow of the representation. When F has punctures, the
classical shadow can be defined similarly, and consists of an SL; (C)-character
and other data coming from the punctures. We also extend the definition of
the classical shadow to the case when ¢ is an arbitrary root of 1. The set
of possible classical shadows form an affine algebraic variety %/, called the
variety of classical shadows, which is closely related to the character variety
I, see Sect. 5. For example, if F is closed and ¢ is a root of 1 of order equal
to 2 mod 4, then ¥ = 2, which does not depend on ¢.

We will use Theorem 1 to prove the unicity conjecture of Bonahon and
Wong:

Theorem 2 (Unicity theorem for skein algebras) Let F' be an oriented finite
type surface and ¢ be a root of unity. There is a Zariski open dense subset U of
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the variety of classical shadows % such that each point of U is the classical
shadow of a unique (up to equivalence) irreducible representation of K (F).
All irreducible representations with classical shadows in U have the same
dimension N which is equal to the square root of the rank of K. (F) over
Z¢(F). If a classical shadow is not in U, then it has at most r non-equivalent
irreducible representations, and each has dimension < N. Herer is a constant
depending on the surface F and the root ¢.

Letuslook again at the case when F is closed and the order of ¢ is 2 mod 4. If
the ring C[ 2] of SL,(C)-characters is strictly less than the center Z, (F), then
it is easy to show that one cannot have the uniqueness in Theorem 2. Hence,
in order to prove the unicity theorem, we need to show that C[Z"] = Z;(F)
in this case. A large part of our paper is to do exactly this, i.e. to prove that
the center Z; (F) is the expected one. For example, if F is of finite type and
the order of ¢ is 2 mod 4, then we show that the center Z; (F) is generated by
C[Z"] and the skeins surrounding the punctures. A similar statement, though
more complicated, is true for other roots of unity, see Theorem 4.1. After that,
Theorem 2 follows fairly easily from Theorem 1, see Sect. 6. We also give a
formula for the dimension of the generic irreducible representations of K (F)
(i.e. the number N of Theorem 2) when F' has at least one puncture, and the
order of ¢ is = 0 mod 4. In a future publication we will give a formula for
N for all cases and study the generic representations of K (F).

Since the Kauffman bracket skein algebra K. (F) is a vector space with
basis the simple diagrams on F, our proofs depend on parametrizations of
the simple diagrams. In the case where F has punctures, this is done via
geometric intersection numbers with the edges of an ideal triangulation of F.
If F is closed we use Dehn—Thurston coordinates. These depend on a choice
of a pants decomposition P of the surface, and a dual graph D embedded into
the surface. In order to characterize the center of the Kauffman bracket skein
algebra of a closed surface we prove Theorem 3.19, which says that given a
finite collection of simple diagrams S on F it is always possible to find (P, D)
so that the Dehn coordinates of all the diagrams in S are triangular in the sense
thatif P;, P;, Py are simple closed curves in PP that bound a pair of pants, then
the geometric intersection numbers of any S € S with P;, P; and Py satisfy all
triangle inequalities, and there are no curves in S that are isotopic to a curve
in P.

Remark 1.1 Takenov [12] had proved the unicity theorem for small surfaces,
namely spheres with at most four punctures and tori with at most one puncture,
by using explicit presentations of the skein algebras of these surfaces.

The paper is organized as follows. We start in Sect. 2 by summarizing results
about Azumaya algebras that lead to the proof of the unicity theorem. Section 3
reviews known facts and proves additional results about the Kauffman bracket
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skein algebra of a finite type surface and methods for parametrizing simple
diagrams on a surface. In Sect. 4 we characterize the center of the Kauffman
bracket skein algebra of any finite type surface at any root of unity. In Sect. 5 we
prove that for any finite type surface, at any root of unity, the Kauffman bracket
skein algebra is finitely generated as a module over its center, and describe
the variety of classical shadows. In Sect. 6 we prove Theorem 2 and give a
formula for the number N of Theorem 2 when F has at least one puncture,
and the order of ¢ is 2 0 mod 4.

The authors thank Vic Camillo, Mio Iovanov, Ryan Kinser, Paul Muhly,
Nikolaus Vonessen and Zinovy Reichstein for their help understanding Azu-
maya algebras and for reading earlier versions of the algebraic arguments in
this paper, and Julien Marché, Adam Sikora and Daniel Douglas for discus-
sions on skein algebras. The authors also thank the referees for the remarks
that helped us improve the paper.

This material is based upon work supported by and while serving at the
National Science Foundation. Any opinion, findings, and conclusions or rec-
ommendations expressed in this material are those of the authors and do not
necessarily reflect the views of the National Science Foundation.

2 The unicity theorem

The goal of this section is to prove the unicity theorem (Theorem 1). This is
done by showing that a prime algebra which is finitely generated as a module
over its center is Azumaya after appropriate localization. We start with a review
of some ring theory found in [13—15], and by summarizing relevant definitions
and results.

2.1 Basic definitions

Throughout this paper rings are assumed to be associative and have a unit, and
ring homomorphisms preserve the unit, unless otherwise stated. For a subset X
of aring R, define XR to be the right ideal generated by X. For a commutative
ring C let M, (C) denote the ring of n x n matrices with entries in C. By an
ideal we mean a 2-sided ideal unless otherwise explicitly stated.

Thering Risprimeifalla, b € R satisfy the following condition: ifarb = 0
for all » € R thena = 0 or b = 0. We say R has no zero divisors if for every
a,b € R,ab = 0implies a = 0 or b = 0. Clearly, if R has no zero divisors
then it is prime. If R is commutative and has no zero divisors it is an integral
domain. If D is an integral domain, then for any positive integer n, the ring
M, (D) of n x n-matrices with coefficients in D is prime. Prime rings are the
noncommutative analogs of integral domains. An ideal I of R is prime if R/I
is a prime ring.
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Denote the center of the ring R by Z(R),
Z(R)={z€ R |Vr eR, rz =zr}.

If R is a prime ring, then its center Z(R) is an integral domain. Recall that a
ring R is an affine C-algebra, where C is a commutative ring, if C < Z(R)
and R is finitely generated as an algebra over C. We use the following form
of the Artin—Tate lemma that can be found in [15, 13.9.10].

Lemma 2.1 Suppose a subring C of the center Z(R) is Noetherian. Assume
that R is both a finitely generated module over Z(R) and an affine C-algebra.
Then Z(R) is also an affine C-algebra.

If S is a multiplicatively closed subset of Z(R) that does not contain 0 then
we define the localization of R at S, denoted S~ R, by

ST'R=5"1Z(R) ®zx) R,

where S™!Z(R) is the standard localization of the commutative ring Z(R) at
S.If S consists of powers of a single element ¢ € Z(R) then the localization is
denoted by R.. The universal property of localization says thatif f : R — R’
is a ring homomorphism such that f(c) is invertible, then f has a unique ring
homomorphism extension from R, to R’.

2.2 Irreducible representations and central characters

Suppose R is a k-algebra where k is an algebraically closed field. A k-
representation of R is a k-algebra homomorphism

p:R— M,k)

for some n > 0. The number 7 is called the dimension of p. A representation
is irreducible if the induced action on n-dimensional column vectors has no
nontrivial invariant subspaces, or equivalently if the homomorphism p is onto.
Two representations p1, p2 : R — M, (k) are equivalent if there is an invertible
matrix x € M, (k) such that p; = xpox . The set of all equivalence classes of
finite-dimensional irreducible k-representations of R is denoted by Irrep; (R),
or Irrep(R) if there is no confusion.

By Wedderburn’s theorem (see [16, Theorem 2.61]), if a prime k-algebra R
is finite-dimensional as a k-vector space, then R = M,, (k) for some positive
integer n, and this isomorphism is the only (up to equivalence) irreducible
k-representation of R.

If p: R - M,(k) is an irreducible k-representation, then / = ker p is
a prime ideal of R, since R/I = M, (k) is prime. Besides, I is k-cofinite,

@ Springer



Unicity for representations

i.e. the k-vector space R/I has finite positive dimension. Conversely, if 7 is a
prime k-cofinite ideal of R, then Wedderburn’s theorem shows that there is an
irreducible k-representation p with ker p = 1.

The Skolem—Noether theorem implies that two irreducible k-representations
p1, p2 are equivalent if and only if ker p; = ker p». Thus we have the following
bijection

Irrep; (R) = {I € Spec(R) | I is k-cofinite}, p — ker p. (2.1)

Here Spec(R) is the set of all prime ideals of R.

Suppose p : R — M, (k) is an irreducible k-representation. By Schur’s
lemma, if z € Z(R) is a central element then p(z) is a scalar multiple of
the identity. This implies there exists a unique k-algebra homomorphism y, :
Z(R) — k such that

Vze Z(R), p(2) = xp(z)1dy. 2.2

The algebra homomorphism y, is called the central character of p.

Let Homy-ajg (R, k) denote the set of all k-algebra homomorphisms from R
to k. Since x, only depends on the equivalence class of p we have the central
character map

x @ Irrep; (R) — Homy-a1g(Z(R), k), p = xp. (2.3)

In general, x is neither injective nor surjective. We will see that there is a nice
class of algebras for which x is a bijection. For T € Homy-a1g(Z(R), k), the
preimage of 7 under x is denoted by Irrep, (R, 7).

Proposition 2.2 Suppose t € Homy-a1g(Z(R), k) with m = kert. Let pr :
R — R/mR be the natural projection. There is a bijection

~

Sz Irrepp (R/mR) — TIrrep (R, T), p — popr. 2.4)
Proof If p : R/mR — M, (k) is an irreducible k-representation of R/mR,
then p o pr is an irreducible k-representation of R since clearly p o pr is sur-
jective. If p; and p; are two equivalent irreducible k-representation of R/mR,
then p; o pr and p, o pr are equivalent. Hence the map f; given by (2.4) is
well-defined.

Note that if P is a prime ideal of R/mR then P = = pr~!(P) is a prime ideal
of R, since R/P = (R/mR)/P. Besides pr(P) = P.If pis an 1rredu01ble
k-representation of R/mR, with P = ker p, then ker(p o pr) =

Suppose p1, p2 are two irreducible k-representations of R /mR with

Fe(p1) = fe(p).Let P; = ker p;, then Py = ker(pjopr) = ker(paopr) = Py.
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It follows that Py = P>, as P = pr(IS). This shows p; and p, are equivalent,
or fr is injective.

Now suppose p is an irreducible k-representation of R with x, = 7. Then
p = 0onkert = m. Hence p = 0 on mR. This means p factors through
R/mR, and hence f; is surjective. The proposition is proved. O

Suppose that Z(R) is an affine k-algebra without nilpotents, i.e. if x € Z(R)
and x" = 0 for some positive integer n then x = 0. Let Max Spec(Z(R)) be
the set of all maximal ideals of Z(R). The weak Nullstellensatz [10] says that
Max Spec(Z(R)) is an affine algebraic set whose ring of regular functions is
Z(R), and the map

n : Homy-a1g(Z(R), k) — Max Spec(Z(R)), n(¢) = ker ¢, (2.5)

is a bijection. We can pull back the Zariski topology of Max Spec(Z(R)) to
Homy-a1g(Z(R), k).

2.3 PI rings, central simple algebras, and Razmyslov polynomials

The ring of noncommuting polynomials in variables xi, ..., x, with integer
coefficients is denoted Z(xy, ..., x,). A polynomial p is linear in the variable
x; if every monomial that appears in p with nonzero coefficient has total
exponent 1 in x;. A polynomial is multilinear if it is linear in all the variables.
A polynomial p is monic if at least one of its terms with highest total exponent
sum has coefficient £1. For f € Z(xy, ..., x,) and an associative ring R let
f(R) C R be the set

f(R)y={f@1,...,mn) | 71,..., 7 € R}.

We say that f € Z{xy,...,x,) is a polynomial identity for the ring R if
f(R) = {0}. If R has a monic polynomial identity then R is a PI ring. For
example, if R is finitely generated as a module over its center, then R is a Pl ring,
see [15, Corollary 13.1.13]. A homogeneous polynomial f € Z{xy, ..., x,)
of positive degree is a central polynomial for the ring R if f(R) C Z(R) and
f is not a polynomial identity, i.e. f(R) # {0}.

Anring R is called a central simple algebra if it has no nontrivial two-sided
ideals, its center Z(R) is afield, and it is finite-dimensional over Z (R). Usually
R is considered as an algebra over Z(R), and whence the terminology. If R
is a central simple algebra and Z(R) denotes the algebraic closure of Z(R),
then there exists a positive integer n, called the PI degree of R, such that
R ®zkr) Z(R) = M,(Z(R)). In particular, if Z(R) = k is an algebraically
closed field, then R is isomorphic to M, (k) with n being the PI degree, and
this isomorphism is the only (up to equivalence) irreducible k-representation
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of R. It also follows that for any central simple algebra, its dimension over the
center is a perfect square, namely, the square of its PI degree. For details, see
[15, Chapter 13].

If R is a central simple algebra of PI degree n, by [15, Cor 13.6.3] the nth
Razmyslov polynomial g,, defined in [13,15], is a central polynomial for R
of degree 2n? + 2 that is multilinear.

We will use the following well-known results concerning prime PI ring.

Theorem 2.3 Suppose R is a prime Pl ring. Let S = Z(R) — {0}.

(a) The ring S™'R is a central simple algebra with center S™'Z(R). The PI
degree of R is defined to be the PI degree of S™'R.

(b) For every prime ideal I of R, the ring R/I is a prime PI ring whose PI
degree is less than or equal to that of R.

Part (a) is Posner’s theorem, see [13] or [15, Theorem 13.6.5]. Part (b) is [15,
Lemma 17.7.2(1)].

2.4 Azumaya algebras

The concept of an Azumaya algebra generalizes the concept of a central simple
algebra to the case when the center is not necessarily a field.

If R is aring let R° be the opposite ring, i.e. R° has the same underlying
additive group, but multiplication is defined to be the opposite of the multipli-
cation on R. There is a ring homomorphism

V:RQzw R — Endzry(R) (2.6)
given by

Via® B)(y) =ayp. (2.7)

A ring R is an Azumaya algebra if R is a finitely generated projective module
over Z(R) and VW is an isomorphism. Usually one considers R as an algebra
over Z(R), but it may happen that Z(R) contains a field k, and we can consider
both R and Z(R) as algebras over k.

An important property of Azumaya algebras, see [15, Proposition 13.7.9],
is that there is a bijection between 2-sided ideals I of R and ideals H of Z(R)
given by

I — INZ(R), H— HR. (2.8)

We are interested in Azumaya algebras with the property that all irreducible
k-representations have the same dimension. Suppose R is an Azumaya algebra.

@ Springer



C. Frohman et al.

By [15, Proposition 13.7.9], if m C Z(R) is a maximal ideal, then R/mR is
a central simple algebra with center Z(R)/m. Following [15], we say R is an
Azumaya algebra of rank n? if for each maximal ideal m C Z(R), the central
simple algebra R/mR has PI degree n.

Proposition 2.4 Suppose that R is an Azumaya algebra of rank n*. Assume
that the center Z (R) is an affine k-algebra, where k is an algebraically closed
field. It follows that:

(i) The central character map x : Irrep(R) — Homy-ag(Z(R), k) is a
bijection;
(i1) Every irreducible k-representation of R has dimension n.

Proof Suppose T € Homy-a1g(Z(R), k). Then m = ker 7 is a maximal ideal
of Z(R). By Proposition 2.2, Irrep, (R, t) = Irrep;, (R/mR). Since R/mR is
a central simple algebra having PI degree n and center Z(R)/m = k, an alge-
braically closed field, we have R/mR = M, (k), and this is the only irreducible
representation of R/mR. This shows Irrep, (R, 7) has exactly one element,
proving (i). Besides, the dimension of the representation in Irrep; (R, 7) is n,
proving (ii). O

By [15, Theorem 13.7.14], we have the following criterion for a prime ring
to be Azumaya of rank n2. Recall that g, is the nth Razmyslov polynomial.

Theorem 2.5 (Artin—Procesi theorem) If R is a prime ring then it is an Azu-
maya algebra of rank n* if and only if g,(R)R = R.

We say that an algebra R is almost Azumaya if there is ¢ € Z(R)\{0} such
that R. is an Azumaya algebra of rank n> for some integer n > 0.

We are unsure who to attribute the next theorem to, it appears as Corollary
V.9.3 on page 73 of [13] with a different proof. It also appears in [17] as
Corollary 6.1.36.

Theorem 2.6 If R is a prime algebra that is finitely generated as a module
over its center then R is almost Azumaya.

Proof By Posner’s theorem (Theorem 2.3a), S—1Risacentral simple algebra,
where S = Z(R)\{0}. Suppose n is the PI degree of S~! R. As the Razmyslov
polynomial g, is central, there is a tuple x of elements in S™'R such that
gn(x) # 0. Since g, is multilinear [13,15] over the center, g,(x) can be
written as a central linear combination of evaluations of g, on elements of R.
Since the sum is nonzero, one of the terms gives a nonzero evaluation of g,
on elements of R. Let ¢ = g,(y) be one of the nonzero evaluations, where y
is a tuple of elements from R. The ring R, is still prime. Since ¢ € g,(R.)
is invertible, we have g, (R.)R. = R.. By Theorem 2.5, R, is an Azumaya
algebra of rank n”. o
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2.5 Proof of the unicity theorem

Suppose R is a prime affine k-algebra, where k is an algebraically closed field
and R is finitely generated as a module over Z(R). By the Artin—Tate lemma
(Lemma 2.1, with C = k), Z(R) is an affine k-algebra. Since R is prime, Z(R)
is a domain. It follows that Max Spec(Z(R)) is an irreducible affine algebraic
set over k whose ring of regular functions is Z(R). The Zariski topology of
Max Spec(Z(R)) is generated by open sets of the form

U. :={m € Max Spec (Z(R)) | c ¢ m},

where ¢ € Z(R). By pulling back using n of (2.5), the Zariski topology of
Homy-a1g(Z(R), k) is generated by open sets of the form

Ve :={f € Homp-a1g(Z(R), k)) | f(c) #0}, c € Z(R).

We now reformulate Theorem 1 in a more precise form.

Theorem 2.7 Let k be an algebraically closed field and R be a prime affine
k-algebra. Suppose R is generated as a module over its center Z(R) by a finite
set of r elements.

(i) Every element of Homy-a1g(Z(R), k) is the central character of at least
one irreducible k-representation and at most r non-equivalent irreducible
k-representations.

(i) Every irreducible k-representation of R has dimension < N, which is the
Pl degree of R, and also the square root of the rank of R over Z(R).

(iii) There exists a Zariski open and dense subset of the form V. of
Homy-a1g(Z(R), k), where 0 # ¢ € Z(R), such that every T € V,
is the central character of a unique (up to equivalence) irreducible k-
representation pr. Moreover all representations p; with T € V. have
dimension N.

Proof Since R is finitely generated as a module over its center Z(R), it is a PI
ring. Moreover, R is prime; hence its PI degree N is defined, and is equal the
square root of the rank of R over Z(R).

(i) Suppose T € Homy-a1g(Z(R), k) and m = ker 7. Note that m # Z(R)
since T preserves the unit and cannot be the zero map.

Since a generating set of R over Z(R) projects down to a generating set of
R/mR over k = Z(R)/m, the k-dimension of R/mR is < r. As a k-algebra
whose k-dimension is < r, the algebra R/mR has at most r non-equivalent
irreducible k-representations. By Proposition 2.2 one has |Irrep, (R, )| =
[Irrepy (R/mR)| < r.

Now we prove that |Irrep, (R, v)| > 1. Finite generation of R as a module
over Z(R) implies that R is integral over Z(R), which means every element
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in R is a root of a monic polynomial in one variable with coefficients in Z(R),
see [15, Corollary 13.8.9]. By the “lying over” property (see [15, Theorem
13.8.14]), there exists a prime ideal / of R such that I N Z(R) = m. This
identity shows that the embedding Z(R) — R descends to an embedding of
Z(R)/m (whichisk)into R/I. Thus R/I is anon-zero k-algebra. Besides R/ I
is prime, and finite dimenisonal over k. By Wedderburn’s theorem (see [16,
Theorem 2.61]), R is isomorphic to M (k) for some positive integer s. The
isomorphism between R/I and M, (k) gives an irreducible k-representation
whose central character is 7.

(i1) Suppose p : R — M, (k) is an irreducible k-representation. Let [ =
ker p, then R/I = M (k). Hence s is the PI degree of R/I. By [15, Lemma
13.7.2], the PI degree of R/I, for any prime ideal /, is less than or equal to
the PI degree of R. It follows thats < N.

(iii)) By Theorem 2.6 there exists a nonzero ¢ € Z(R) such that R, is
Azumaya of rank N2. We have the inclusion R < R, and R, is generated as
an algebra by R and ¢~ 1. Note that Z(R,) = Z(R)., the localization of Z(R)
at c.

For a k-algebra homomorphism 7 : Z(R.) — k let T be its restriction
to Z(R). If 7| = 72, then 71(c™!) = m(c™") since both are the inverse of
Ti(c) = 72(c). Hence the map ¢ : Homy-a1g(Z(R.)) — Z(R) defined by
t(r) = 7 is injective. The image if ¢ is exactly V.

Suppose i € V.. Then u = 7 for some T € Homy-a1g(Z(R,)). Since
R. is Azumaya of rank N2, there is an irreducible k-representation p : R. —
My (k), see Proposition 2.4. Let p be the restriction of p to R. As ¢~ lisacentral
element, p(c~!) is a scalar multiple of the identity, hence any subspace of the
representation space is invariant under p(c~!). It follows that any invariant
subspace of p is also an invariant subspace of p, which does not have non-
trivial invariant subspaces. Thus, p is also irreducible. Clearly x; = 7 = u,
and the dimension of p is N. Thus, any element u € V., is the central character
of at least one irreducible k-representation. Besides, the dimension of this
k-representation is N.

Suppose v : R — M, (k) is another irreducible k-representation of R with
Xv = p. Then v(c) = wu(c)lds is a non-zero scalar multiple of the identity,
and hence is invertible. The universal property of localization implies that v
can be extended to a k-algebra homomorphism v : R, — M,(k), which is
surjective since v is. Thus, ¥ is an irreducible k-representation of R, whose
central character is 7. By Proposition 2.4 there is a unique (up to equivalence)
irreducible k-representation whose central character is . Hence V is equivalent
to p. It follows that v is equivalent to p. Thus, every u € V. is the central
character of exactly one (up to equivalence) irreducible k-representation of R,
and the dimension of the representation is N. O
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3 The structure of the Kauffman bracket skein algebra

Throughout the paper N, Z and C are respectively the set of non-negative
integers, the set of integers, and the set of complex numbers. Let i denote the
complex unit. A complex number ¢ is called a root of 1 if ¢” = 1 for some
positivie integer n, and the smallest such # is called the order of ¢ and denoted
by ord(¢).

In this section we recall some known facts and prove additional results
about the Kauffman bracket skein algebra of a finite type surface. We also
develop techniques for parametrizing simple diagrams. New results include
Theorem 3.6 about canonical isomorphisms of the even skein algebra at a
root of 1 of order 4, Proposition 3.14 about the commutation of two simple
diagrams, and Theorem 3.19 about the triangular covering of Dehn—Thurston
coordinates.

3.1 The Kauffman bracket skein algebra

Throughout we fix a finite type surface F, i.e. a surface of the form F = F\V,
where F is a connected, closed, oriented surface and V is a (possibly empty)
finite set. The surface F can be uniquely recovered from F. A loop in F
bounding a disk in F containing exactly one point in V is called a peripheral
loop.

A framed link in F x [0, 1] is an embedding of a disjoint union of oriented
annuli in F x [0, 1]. Framed links are usually considered up to isotopy. By
convention the empty set is considered as a framed link with 0 components
and is isotopic only to itself. The orientation of a component of a framed link
corresponds to choosing a preferred side to the annulus. If D is a non-oriented
link diagram on F then a regular neighborhood of D is a framed link with the
preferred side up. We identify D with the isotopy class of the framed link it
defines. Any framed link in F x [0, 1] is isotopic to a framed link determined
by a link diagram. A simple diagram on F is a link diagram with no crossings
and no trivial loops, i.e. a curve bounding a disk. We consider the empty set
as a simple diagram which is isotopic only to itself.

For a non-zero complex number ¢, the Kauffman bracket skein module of
F at ¢, denoted by K (F), is the C-vector space freely spanned by all isotopy
classes of framed links in F x [0, 1] subject to the following skein relations

N=¢X+¢)( 3.1)

OuL=(-¢*-¢?)L. (3.2)
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Here the framed links in each expression are identical outside the balls pictured
in the diagrams. The first (resp. second) diagram on the right hand side of (3.1)
will be referred to as the 41 (resp. —1) smooth resolution of the left hand side
diagram at the crossing.

The algebra structure of K (F) comes from stacking. More precisely, the
product of two links is defined by placing the first link above the second in the
direction given by the interval [0, 1]. The product descends distributively to a
product on the skein module. Note that there are non-homeomorphic surfaces
F and F’ with F x [0, 1] = F’ x [0, 1]. The isomorphism gives rise to an
isomorphism between K, (F) and K, (F’) as vector spaces, but as algebras
they are generally not isomorphic.

Suppose D is alink diagram on F. Let C be the set of all crossings. For every
map o : C — {£1} let D, be the non-crossing diagram obtained from D by
doing the o (c) smooth resolution at every crossing c. Let 0| = ) .., 0(c)
and /(o) be the number of trivial components of D,. Let D/ be the simple
diagram obtained from D, by removing all the trivial components. Using the
two skein relations, we have

D=Y ol (=¢> ¢ DL in K (F). (3.3)

o:C—{xl1}

This shows the set .7 of all isotopy classes of simple diagrams spans K (F).
A little more work will show the following.

Proposition 3.1 (see [18]) The set . of all isotopy classes of simple diagrams
forms a basis for K. (F) as a vector space over C.

Note that the same set .7 serves as a vector space basis for K, (F) for all
non-zero ¢. It is the algebra structure which depends on ¢.

Every 0 # « € K (F) has a unique standard presentation, which is a finite
sum

a=chozj, (3.4)

jeJ
where ¢; # 0 and «; € .% are distinct.
Remark 3.2 Kauffman bracket skein modules for oriented 3-manifolds were
introduced independently by Turaev and Przytycki [19,20] in an attempt to

generalize the Jones polynomial to general 3-manifolds. The algebra structure
of K¢ (F) was first introduced by Turaev.
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3.2 Even skeins and the case ¢ € {*1, +i}

When ¢ = +£1 the algebra K (F) is commutative. The algebra K_;(F) can
be canonically identified with the coordinate ring C[.Z (F)] of the SL,C-
character variety 2 (F) of the fundamental group of F, [18,21]. Barrett [22]
constructed an algebra isomorphism from K. (F) to K_;(F) for every spin
structure of F. Hence K (F) is also isomorphic to C[.Z"(F)], although the
isomorphism is not canonical. However, K| (F) can be canonically identified
with the coordinate ring of a twisted SL;(C)-character variety of the funda-
mental group of F, [5,23].

Recall that if @ and B are properly embedded 1-manifolds in F', and at least
one of « or B is compact, their geometric intersection number i (¢, B) is the
minimum number of points in ’ N B" over all properly embedded 1-manifolds
o’ and B’ that are isotopic to o and B8 via a compactly supported isotopy,
and are transverse to one another. Let Zy = 7Z/27. Define i>(«, B) € Z> by
i2(e, B) = i(a, B) (mod 2).

A simple diagram «, or its isotopy class, is called even if i (e, ) = O for
all simple loops B. Let .7¢Y C .7 be the subset consisting of even elements,
and K g?V(F ) be the C-subspace of K (F) spanned by .7¢".

Although the algebras K (F) and K_; (F') are not canonically isomorphic,
we have the following.

Proposition 3.3 (a) The susbspace K E’V(F ) is a subalgebra of K¢ (F).
(b) There is a canonical algebra isomorphism h - K?V(F) — KSVC (F) given
by h(a) = a foralla € .

Proof Suppose «, o are even simple diagrams. By isotopy we assume « is
transversal to «’. The product ao’ is presented by the link diagram D = o U’
with « above o', and can be calculated by (3.3).

(a) Since a smooth resolution does not change the homology class in
H\(F; Zy), for every o of (3.3) we have D, = o« + o' in H|(F; Za).
Hence for every simple diagram g,

ir(D), B) = ir(a, B) + ia(’, B) = 0.

This shows each D/, € .V, and o8 € K7V (F).

(b) Since «, &’ are even, there is an even number of crossings. It follows that
|o| is always even. Hence the right hand side of (3.3) remains the same if
we replace ¢ by —¢. This shows / is an algebra homomorphism. Since 1>
is the identity, it is invertible. This proves (b). O

By [24,25], when ¢ = &i, the skein algebra K (F) is a twisted version of
K_1. We will modify this result in the following form.
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Recall that if « and 8 are oriented simple diagrams on F, then the algebraic
intersection index w(«, B) € Z is the number of intersections of o and S,
counted with sign (after an isotopy to make « and S transversal). Here the
sign of an intersection point is positive if the tangents of @ and § at that point
form the positive orientation of the surface, and it is negative otherwise. Unlike
the geometric intersection index, both the algebraic intersection index and i
have homological flavor: the algebraic intersection index is an anti-symmetric
bilinear form

w: H(F;72)®y H(F;Z) —> Z (3.5

and i» is its reduction modulo 2. Besides, w(«, f) in F is equal to w (e, B) in
F . The kernel of the form w is the subgroup H f (F; Z) generated by peripheral
loops. The quotient H, (F; Z) := H{(F; Z)/H 13 (F; Z) is canonically isomor-
phic to H;(F; Z). The form  descends to a bilinear form on H,(H, Z).

Let A be the C-algebra generated by symbols [y foreach y € H|(F; Z) =
H;(F; Z), subject to the following relations

Y1 =1, [yIy1=i"""y+y1 (3.6)

This algebra was introduced in [26] and also studied in [24]. As a C-vector

space, A has dimension 221 (F)_ In particular, it is not a zero vector space. For
a simple diagram «, define [«] = [&], where @ is « equipped with an arbitrary
orientation. Since the components of « are disjoint, the defining relations (3.6)
show that [«] does not depend on the choice of the orientation.

The following is a modification of an important result of [24].

Theorem 3.4 The C-linear map ¢ : K_j(F) — K_1(F) ®c A defined by
o) = (—1)1(0’)a®[a]f0ralla € ., wherel(a) is the number of components
of o, is an injective algebra homomorphism.

Proof Let Aand ¢ be defined exactly like A and @, only with H (F; Z) replaced
by H(F;Z). The theorem, with A and ¢ replaced by A and ¢, was [24,
Theorem 3.2].

Since the algebraic intersection index on H(F:;Z) comes from that on
H\(F:;Z), the map ¥ : A — A given on generators by ¥ (a) = & for
o € Hi(F;Z), where & is the image of « under H{(F;Z) — H;(F;Z), is
a well-defined algebra homomorphism. It follows that ¢ = (id ® ¥) o ¢, a
composition of two algebra homomorphisms, is an algebra homomorphism.

Suppose @ € K_j(F) such that ¢(o) = 0. Let ¢ = Zjej cjaj be the
standard presentation (3.4). Then
D =D cjay @ lel=0 in K 1(F)® A (3.7)

jeJ
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As . is a C-basis of K_1(F), we have a direct sum decomposition K1 (F) ®
A= @ﬁey B ® A. Hence (3.7) implies that for each j one has [«;] = 0,
which is impossible since [« j]2 = 1. Thus ¢(e¢) # 0, and the map ¢ is
injective. o

Remark 3.5 Actually in [24], Marché proved Theorem 3.2 only for closed
surfaces, but the proof does not use the fact that the surface is closed and works
for all finite type surfaces. We would like to thank Marché for confirming this.

It turns out that K?V(F) for all { € {£1, i} are the same.

Theorem 3.6 Suppose ¢ € {£1,x1i} and F is a finite type surface. Then
there is a canonical algebra isomorphism f : K?V(F ) — K\ (F), defined
fora € S by

o if ¢ ==l

TO= cn@a i ¢ =+i

where [(«) is the number of components of a.

Proof Proposition 3.3 proves the theorem for the case ¢ = 1 and also shows
that the case ¢ = i follows from the case { = — i, which we assume from now
on.

Lemma 3.7 Ifa € .7, then [a] = 1 in A.

Proof Let & be a with an arbitrary orientation. Note that & being even means
o = 0inthe homology group H|(F; Z;) = H\|(F'; Z,). We have the following
exact sequence

0 — 2H,(F:7) — Hy(F:Z) >» H\(F: Zs) — 0.

Since j(@) = o = 0 in I:{l(F; 7Z»), from the exactness we have & = 2o’ in
H\(F;Z) for some o’ € H|(F;Z). Then [a] = [@] = [o']® = 1. O

The lemma and the definition of ¢ (of Theorem 3.4) gives
g@) = (-1 @ @a] = (-1))@Pa @1 Vaec .7

Since .%" is a C-basis of both K?V(F ) and K| (F), this shows the algebra
homomorphism ¢ maps K7V (F') isomorphically onto K| ® 1, which is iso-
morphic (as algebras) to K*|. Combining the two algebra isomorphisms, we
see that f is an algebra isomorphism. O
We give a geometric description of K ?V(F ) for ¢ € {£1, £i} in Sect. 5.
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3.3 The threading map, finite generation, and zero divisors

The Chebyshev polynomials of the first kind are defined recursively by letting
To(x) = 2, T1(x) = x and Ty (x) = xT_1(x) — Tx—2(x). They satisfy the
product to sum formula:

Tk ()T (x) = Tieq1 (x) + Tjk—11(x)- (3.8)

Parts (a) and (b) of the following theorem are important results of Bonahon
and Wong [6]. Part (c) is a slight extension proved in [27].

Theorem 3.8 ([6,27]) Let F be a finite type surface and ¢ be root of unity of

order n. Let m = ord(¢%) = m and € = ™.

(a) There exists a unique algebra homomorphism
Ch: Kc(F) — K¢ (F) (3.9)

such that if o is a simple loop on F then Ch(«) = T,,(a). Moreover Ch is
injective.
(b) Ifn #0 (mod 4), then Ch(K¢(F)) is contained in the center of K (F).
(c) If n =0 (mod 4), then for any simple diagrams « and B, one has

Ch(a) B = (=1)'@P B Ch(a). (3.10)

Consequently, Ch(KS" (F)) is contained in the center of K (F).

Hence we can think of K¢ (F) as a subalgebra of the center of K (F) when
n # 0 (mod 4), and KZ¥(F) as a subalgebra of the center of K, (F) when
n =0 (mod 4).

It was proved in [28] that the skein algebra K (F) is affine over C, i.e. it is
finitely generated as an algebra over C. This result is strengthened in [29] as
follows.

Theorem 3.9 ([29]) If F is a surface of finite type, then there exist
simple closed curves Ji,...,Js on F so that the collection of skeins

T, (J1) Tk (J2) . .. Ti, (Js), where the k; range over all natural numbers, spans
K¢ (F).

Another important property of K (F) is the following.

Theorem 3.10 ([5,30]) For any finite type surface F and any non-zero com-
plexnumber g, the skein algebra K ; (F) does not have non-trivial zero divisors,
e ifxy=0in K;(F), thenx =0ory =0.
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For the case when F has at least one punctures and is triangulable (see
below), this fact follows from the existence of the quantum trace map [5]
which embeds K (F') into a quantum torus which does not have non-trivial
zero-divisors. For all finite type surfaces the theorem was proved in [30].

3.4 Ideal triangulations and parametrization of simple diagrams

Anideal triangle is the result of removing three points from the boundary of an
oriented disk. The three open intervals that are the components of the boundary
are the sides of the ideal triangle. An ideal triangulation of a finite type surface
is given by a collection {A; } of ideal triangles whose sides have been identified
in pairs to obtain a quotient space X, along with ahomeomorphism# : X — F.
For each triangle there is an inclusion map A; — X. If the inclusion map is not
an embedding then there are two sides of A; that are identified to each other
and the triangle is folded. The images of the sides of the ideal triangles in F are
called the edges of the triangulation. A triangulable surface is a surface which
has an ideal triangulation. It is known that a finite type surface is triangulable
if and only if it has at least one puncture and it is not the sphere with one or two
punctures. A triangulated finite type surface is a finite type surface equipped
with an ideal triangulation. If F is triangulable, then it also has triangulations
with no folded triangles, and we will only work with such triangulations.

Suppose F is a triangulated surface. Denote the set of edges by E. Then
|E| = —3e, where e is the Euler characteristic of F. A map from E to Z
is called an edge-coloring, and the set of all such maps is denoted by ZF.
An edge-coloring f is admissible if f € NE, ie. f(a) > 0 fora € E, and
whenever a, b, c are three distinct edges of an ideal triangle,

e the sum f(a) + f(b) + f(c) is even,
e theintegers f(a), f(b), f(c) satisfy the triangle inequality, i.e. each is less
than or equal to the sum of the other two.

A simple diagram « on F defines an admissible edge-coloring f,, € ZF by
fu(a) = i(«,a). The map @« — f, is a bijection between the set . of all
isotopy classes of simple diagrams and the set of all admissible edge-colorings.
For details, see e.g. [31].

While ZF is a Z-module, the subset of all admissible edge-colorings is not
a Z-submodule of ZZ, because the values of an admissible edge-coloring are
non-negative.

Proposition 3.11 Suppose F is a triangulated finite type surface, with E the
set of all edges. Then the Z-span of admissible edge-colorings contains 2 ZF.

Proof Foranedgea € E let8, € ZF be the edge-coloring defined by 8, (a) =
1 and §,(b) = O for all b # a. We need to show that 2§, is a Z-linear
combination of admissible edge-colorings.
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Fig. 1 Diagram in normal
position, with |
8u(T, {a,b}) =2 a c

Recall that F = F\V, and the ideal triangulation of F has the set of vertices
V. Suppose first a has two distinct endpoints vy, vo € V. Let « be the boundary
of a small tubular neighborhood of a in F, and let &; be the boundary of a
small disk in F containing v;, for i = 1,2. Then it is easy to check that
28, = foq =+ fOlz — fa-

Now suppose the two ends of a meet at one point v. Let o be the boundary
of a small tubular neighborhood of a in F, and o' be the boundary of a small
disk in F containing v. Then 28, = fy — fao- O

Instead of the edge coordinates f, sometimes it is convenient to use the
corner coordinates g, described as follows. A corner of a triangulation of F
consists of a triangle T of the triangulation and an unordered pair {a, b} of
distinct edges of T'. For a simple diagram « the corner number g, (7, {a, b})
is defined by

Ja(@) + fu(D) — fulc)

8a(T, {a, b}) = >

(3.11)
where c is the remaining edge of 7. The geometric meaning of the corner num-
ber is as follows. After an isotopy we can assume « is in normal position, that
is, [e Na| = i(a, a) foralla € E. Then « intersects T in a collection of arcs,
each has its endpoints lying in two distinct sides of the triangle. The number
of such arcs with endpoints in a and b is the corner number g, (7T, {a, b}), see
Fig. 1.
The admissibility of f;, translates to the condition: for every edge e,

8a(c3) — ga(c1) = gu(c2) — gulca), (3.12)

where c1, c2, c3, ¢4 are the corners adjacent to e depicted in Fig. 2. Denote the
value of both sides of (3.12) by g, (e),

qa(€) = ga(c3) — gulc1) = (fu(@) — fa(b) + fu(0) = fu(d)/2, (3.13)

where a, b, ¢, d are the edges of the two triangles having e as an edge, as
depicted in Fig. 2. Note that there might be some coincidences amonga, b, c, d.

Let C be the set of corners of the ideal triangulation of F. An admissible
corner-coloring is a function g : C — N satisfying the condition (3.12) (with
g in place of gy).
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Fig. 2 Edge e with adjacent corners (left) and surrounding edges (right)

The map f, — g, is an N-linear bijection between admissible corner-
colorings and admissible edge-colorings of the edges. For details, see e.g.
[31].

The set .7 of isotopy classes of simple diagrams can be ordered as follows.

Definition 3.12 Choose a total order on the set of edges E, then order Z%
lexicographically. This induces a total order on the set .¥ via the bijection
o = fo.lf @ =} ;c;cja; is the standard presentation (3.4) of a non-zero
a € K¢ (F), then the lead term It(«) of « is ¢;«;, where «; is the largest among
all .

It was proved in [29] that the lead terms behave well with respect to multi-
plication.

Theorem 3.13 ([29]) Suppose F is a triangulated finite type surface and ¢ is
a non-zero complex number.

(a) If x, x" are non-zero elements in K (F), then
It(x x") = 1t(It(x) 1t(x")), (3.14)
() If a, B € .7 then there is k € Z such that 1t(af) = X[ fu + fgl, where
and [ f] is the simple diagram whose edge-coloring is f.

The number & in part (b) can be calculated explicitly, as in the following
statement.

Proposition 3.14 Suppose o, B € 7. Let qq - fp be the dot product. One has

It(aB) = ¢4 P [ fo + fp] (3.15)
lt(af) = 218 1t(Ba), (3.16)
i2(, B) = qu - fp (mod 2). (3.17)

Proof Identity (3.15) can be proved easily by taking the lead part of the
Bonahon—-Wong quantum trace map [5,32]. Here we present an alternative,
elementary proof.

Enlarge each edge e to make a bigon B,, see Fig. 3. Now F is the union of
ideal triangles and bigons. Isotope « and § so that in each triangle the arcs of
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Fig. 3 Turn edge e into
bigon B,. Do this to all edges
—

Fig.4 «isbold, B is
dashed. Each line represents
a set of parallel arcs

« are closer to the vertices than the arcs of 8 and hence they do not intersect.
This means « and 8 intersect only in the bigons. Let us look at a bigon B,, see
Fig. 4, where we assume that e is drawn vertical.

In Fig. 4, arcs of « are bold and arcs of 8 are dashed. The arcs of 8 in B,
are all horizontal, and there are fg(e) of them. The arcs of « in B, have 3
groups: the top and the bottom ones are horizontal, and the middle ones are
slanted. It is easy to show that there are |g, (e)| number of slanted arcs. Only
slanted arcs intersects the arcs of 8. The slanted arcs have positive or negative
slope according as gy (e) < 0 or g4(e) > 0. If g4(e) = O then there are no
slanted arcs. In B,, arcs of « intersects arcs of B in fg(e)|qy(e)| number of
points, as every slanted arc intersects every arc of 8. It follows that modulo 2,
the number of intersection points is gy - fg, proving (3.17).

Now resolve the crossing of the product ¢, presented as o U 8 with & above
B. To get the maximal diagram all the resolutions must be positive or all must
be negative according as gy (e) > 0 or g4 (e) < 0. It follows that

It(aB) = ¢4 TP fo + f31. (3.18)

Now calculate the product o using 8 U o with 8 above «, to get

lt(Bar) = ¢ =% 2L foy + fp]. (3.19)
From the above two identities we get (3.16). O

Remark 3.15 If (04p)a pek is the anti-symmetric matrix defined in [5] (which
is also the face matrix Q in [32]), then gy (a) = % > ber Oab fo(b). Hence
qo- fp = —% a.b Oab fa(a) fp(b) is an anti-symmetric bilinear form on ZE.
Identity (3.15) shows that the algebra of lead terms maps into the quantum torus
defined by the anti-symmetric form o, which is a version of the Chekhov-Fock
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Fig.5 P inbold, D in
dashed, €2 in dotted

algebra. The quantum trace map is an algebra map extending this one to all
lower terms, see details in [5,32].

3.5 Dehn-Thurston coordinates

Suppose F is a closed oriented surface of genus g > 1. Since F does not
have an ideal triangulation, edge-coordinates cannot be defined. Instead the
Dehn—Thurston coordinates are usually used. There are several version of the
Dehn-Thurston coordinates. Here we follow the presentation of [33].

Recall that a pants decomposition of a surface F is a collection P of disjoint
simple closed curves on F such that every component of the complement
of their union is a thrice punctured sphere (i.e. a pair of pants). Any pants
decomposition of F consists of 3g — 3 curves.

We encode the data for Dehn—Thurston coordinates with a pair (P, D),
where P = { Pi}?i I3 is a pants decomposition of F, and D is an embedded
dual graph. The graph D has a trivalent vertex in every pair of pants, and for
each simple closed curve P; € P has an edge intersecting it transversely in a
single point that is disjoint from the remaining curves in P. Both ends of that
edge might be at the same vertex if the closure of the pair of pants is a surface
of genus one. This description is equivalent to the hexagonal decomposition
described in [33].

For each curve P; € P choose an annulus A; C F having P; as its core, in
such a way that the annuli A; are disjoint from one another, and that D N A; is
a single arc. The closure of each connected component ¢ of F' — UA; is a pair
of pants S.. We think of the S, as shrunken pairs of pants, hence the notation.
Notice that the boundary components of S, coincide with the boundary compo-
nents of some of the annuli. We number the boundary components c1, ¢z, ¢3 so
that the edges of the dual graph that intersect ¢; are ordered counterclockwise
around the vertex. In diagrams we always number the boundary components
of a shrunken pair of pants so that c; is the outer boundary component.

Definition 3.16 Given a pants decomposition and an embedding of its dual
graph (P, D) let Q be the simple diagram that is isotopic to the boundary of
a regular neighborhood of D. Figure 5 shows the curves in the pants decom-
position, the dual graph, and the diagram €2 for a surface of genus 2.
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Fig. 6 DN S, is dashed,

model curves d; are bold ﬁ
Fig. 7 Model curve u

joining the first boundary

component to itself

We note that the simple diagram €2 has geometric intersection number 2
with each curve in P. It intersects each annulus A; in two arcs that are parallel
to the arc of intersection of D with A;. The intersection of €2 with any shrunken
pair of pants S, consists of three properly embedded connected 1-manifolds,
each of which has its endpoints in distinct boundary components of S.. If
0S. = c¢1 U o U c3 we name these arcs di, d», d3, where the index of d;
indicates which of the curves c; is disjoint from d;. We call the curves d; the
triangular model curves, and we picture them in Fig. 6.

We also need nontriangular model curves that have both endpoints in the
same boundary component of S., missing D N dS,. For each ¢; there are two
isotopy classes of connected properly embedded essential 1-manifolds that
have both ends in ¢; — D and intersect D N S, transversely in a single point in
one of the edges. We choose u; to be the curve that intersects D in the edge
ending in ¢(i+1) mod 3. see Fig. 7.

Any simple diagram S on F can be isotoped so that it does not form a bigon
with the boundary of any A;, and inside each shrunken pair of pants S, the
components of § N S, are parallel to the model curves d; and/or u;, by an
isotopy that does not pass through the intersection of the dual graph D with
the boundaries of the S.’s. We call this standard position.

Definition 3.17 The Dehn—Thurston coordinates of a simple diagram S on a
surface F' with respect to a pants decomposition and an embedding of its dual
graph (P, D) are given by

(nl(S)’ s n3g—3(S)a tl (S)s R t3g—3(S))7 (320)
as follows. Assume that S is in standard position with respect to (P, D). The

first 3g — 3 coordinates are given by the geometric intersection numbers of
the diagram with the curves in P, i.e.
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Fig. 8 Positive twist

nj(S) =i(S, P)). (3.21)

We call these the pants coordinates of S. The following 3g — 3 coordinates are
the twisting numbers of S about the annuli A}, that is

5;(S)| =i(SNA;,DNA)). (3.22)

The sign of 7;(S) is given by the following convention: If S is in standard
position, the twist number #; (S) is positive if as you travel along a component
of § N A; that intersects D N A, passing from one boundary component of
A towards the other, you are turning to the right. In Fig. 8 the arc twists
once in the positive direction. The (#1(S), ..., 13g-3(S)) are called the twist
coordinates of S.

We can detect the presence of nontriangular model curves from the pants
coordinates. We say P;, Pj, P, bound a shrunken pair of pants if they are
isotopic to the boundary components of some S.. Notice that two of the curves
could coincide if the shrunken pair of pants corresponds to a subsurface of
genus 1.

Definition 3.18 The tuple n = (ny,...,n3g_3) € N38—3 is triangular if for
every (P;, Pj, Py) that bounds a shrunken pair of pants, the sum n; +n; + ny
is even and each of n;, nj, ny is less than or equal to the sum of the other two.
A simple diagram S is triangular if its pants coordinates are triangular, and no
curves in S are parallel to a curve in P.

It is worth noting that when a triangular simple diagram is in standard
position then it contains no nontriangular model curves.

Theorem 3.19 Given a finite collection of simple diagrams S on a closed
surface F of negative Euler characteristic there exists a pants decomposition
P of F, and an embedding of the dual graph D such that all the diagrams in
S are triangular with respect to (P, D).

Proof Let Ry be the set of all non-negative real numbers. For each positive
integer k the projective space P (R/_‘F) is the quotient space (Rﬁ\{O}) /~, where
x ~ x' if there is a A > 0 such that x’ = Ax.
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Atuplex = (x1,...,x3,-3) € ]Rig s strictly positively triangular if each
x; is positive and for every (P;, P;, Py) that bounds a shrunken pair of pants,
each of x;, x;, xi is less the sum of the other two. An element y € P(Rig _3)

is strictly positively triangular if one, and hence all, of its representatives in
Rig 3 are strictly positively triangular. The set of strictly positively triangular

elements of P(Rig _3) is open and non-empty.

Let J be the set of all isotopy classes of simple closed curves on F and let
Js be the subset of 7 coming from components of diagrams in S. Let (P, D’)
be a pants decompostion and an embedding of its dual graph in F, giving rise
to Dehn—Thurston coordinates. The projective pants coordinate map on 7 is
the composition of the maps

pc:J — N¥73 s RYE 5 pRYET), (3.23)

J e J. If pc(J) is strictly positively triangular, then clearly J is triangular.

The set J embeds as a dense subset of the set PMF of all projective
measured foliations. We refer the reader to [34] for the definition and standard
facts about measured foliations. The projectve pants coordinate map can be
continuously extended to

where the first is the pants coordinate map given by J — (n;(J ))i’.g 713 for any

pc: PMF — P(Rig_3). (3.24)

Hence the inverse image of the set of strictly positively triangular elements of
P(Rz§_3) is open in PMF.

The set PMF is the quotient of the set M F of all Whitehead-equivalence
classes of measured foliations by the action of multiplicative group of all pos-
itive real numbers. The natural action of the mapping class group on PMF
is minimal in the sense that every non-empty subset of P M F that is invariant
under the mapping class group is dense, see [35] or [34, Theorem 6.19]. It
follows that the set of (projective classes) of stable measured foliations of all
pseudo-Anosov homeomorphisms is dense in P M F. Therefore there exists a
pseudo-Anosov ¢ : F' — F whose stable foliation oy is in the inverse image
of strictly positively triangular elements with respect to the Dehn—Thurston
coordinates from (P’, D’). A fundamental property of pseudo-Anosov home-
omorphisms (see for instance [34]) is that, for every simple closed curve J,
¢" (J) converges to the stable foliation oy in PMF as n — oo. In particular,
for n large enough, ¢"(J) is positively triangular with respect to (P’, D’).
Applying this to each J € Js we see that, for n large enough and for any
diagram S € S, ¢"(S) is positively triangular and hence triangular. Hence, if
we choose n large enough, every diagram S € § is triangular with respect to
Dehn-Thurston coordinates from (P, D) = (¢ " (P’), ¢~ "(D")). O
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The authors thank the referee for suggesting this shorter proof.

4 Characterization of the center

Fix a finite type surface F = F\V and a root of unity ¢ of order 7. In this
section we characterize the center Z; (F) of the skein algebra K, (F) .

Let m be the order of ;4, m’ be the order of ;2, and € = ;mz, 1.€.

n , n

2
=) = —) d =", 4.1
"= edm s " T gedmyy M TS 1)

Note that € € {£1, £i}. More precisely

4.2)

+1 ifn#4 (mod38)
+i ifn=4 (mod8).

Recall that a peripheral loop in F is the boundary of any closed disk in F
containing exactly one point of V. If F is closed then it has no peripheral loops.
Clearly any skein corresponding to a peripheral loop is central in K (F'), for
any non-zero complex number ¢.

When ¢ is a root of 1 of order n, there is another type of central element,
described in Theorem 3.8. We will prove that Z; (F) is the sub-algebra of
K (F) generated by these two types of central elements. The proof is different
for a surface with at least one puncture than for a closed surface. In the first
case we use a triangulation of the surface to parametrize simple diagrams, and
in the second case we use Dehn—Thurston coordinates. In both cases we make
use of a graded algebra associated to a filtration of the skein algebra.

4.1 Formulation of results

For a subalgebra A C K (F) let A[d] be the subalgebra of K (F') generated
by A and the peripheral loops.

Theorem 4.1 Suppose F is a finite type surface and ¢ is a root of 1 of order
n. The center Z(F) of the skein algebra K (F) is

Ch(K(F)[] if n#0 mod 4

Zi(F) = Ch(K&(F)[9] if n=0 mod 4.

4.3)

A particular case is when ¢* = 1, or ¢ € {1, #i}. In this case m = 1,
€ =¢,and Ch : K¢ (F) — K (F) is the identity map. Hence, Theorem 4.1
becomes
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Proposition 4.2 One has

Ze(F) =

Ke(F) if ¢ =+1
K&(F) if ¢ =i,

Remark 4.3 1f ¢ is not a root of 1 then Z; (F) is the subalgebra generated by
the peripheral elements, see [30].

To combine the two cases of theorem 4.1 into one, let us define

X:{y if n£0 (mod4) “h

S it n=0 (mod 4).

Let C(X)¢ be the C-span of X in K.(F), then the right hand side of (4.3)
is Ch(C(X)¢)[d]. From Theorem 3.8 and the fact that peripheral loops are
central, we already have

Ch(C(X)o)[d] C Z;(F). 4.5)

To prove Theorem 4.1 we need to prove the reverse inclusion of (4.5).

4.2 Surfaces with at least one puncture

In this section we prove Theorem 4.1 for the case when F has at least one punc-
ture. If F' is a sphere with less than 3 punctures, then K (F') is commutative,
and Theorem 4.1 is true since peripheral elements generate K (F') in this case.
Hence, we will assume that F' is not a sphere with less than 3 punctures. In this
case F is triangulable, and we fix an ideal triangulation of F. Let 91, ..., 9,
be the peripheral skeins. Forr = (r1, ..., r,) € NP let 9" = (91)"" ... (9,)"7.

Fix a total order of the set of edges. Define the lead term of a non-zero
element of K (F'), and the functions f,, g«, and g, for o € .% as in Sect. 3.

Lemma 4.4 Suppose 0 # z € Z;(F). After rescaling z by a nonzero complex
number; there exists « € X and r € NP such that 1t(z) = 1t(Ch(a)d").

Proof After rescaling we can assume that ' := 1t(z) is a simple diagram.
Suppose B is another simple diagram. From z8 = Sz and (3.14) we get

It(a'B) = It(Ba)). (4.6)

By (3.16) one has It(e’8) = 2@ 18) 1t(Ba’). It follows that 2@ f8) = 1;
or gy - fg € m'Z since m’ = ord(¢?). Thus,

Gor - [ €mM'L (4.7)
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holds for f = fg for all simple diagrams 8. Hence (4.7) is true for all Z-linear
combination of fg. By Proposition 3.11, (4.7) holds for 2§, for any edge e.
This means 2q,/(e) € m'Z, or equivalently g, (e) € mZ for all edges e.

By taking out all the peripheral loops in &’ we get a simple diagram «”.
Hence o’ = 9" forsomer = (r1, ..., r,) € NP. Note that g,» = g, . Since
a” does not have peripheral loops, at every vertex v € V there is a corner ¢ such
that the corner number g, (c) = 0.1f ¢, ¢’ are two adjacent corners at v sharing
acommon edge e, then (3.13) shows that | gy~ (¢) — go7(c))| = |qar ()| € mZ.
By starting at a corner with 0 value of g,», we see that g, (c) € mZ for
all corners c. It follows that «” = o™, where « is the simple diagram with
o = guv/m. We have It(z) = o™0".

Since Ch(e) is the product of T, (c ;) for all components «; of o, and 9"
can be isotoped away from any diagram, we have o 9" = 1t(Ch(«)d"). Thus
It(z) = 1t(Ch()d").

It remains to show that « € X. If n # 0 (mod 4) then X = . and there
is nothing to prove. Suppose n = 0 (mod 4), then m’ = 2m, and X = ..
Since go = qo7 = mqq, from (4.7) we get qo - fg € 27, for all simple
diagrams 8. By (3.17), we have i>(«, B) = go - fp (mod 2) = 0. This shows
a e S, O

Proof of Theorem 4.1 Let 0 # z € Z (F). By Lemma 4.4, after rescaling
z by a non-zero complex number there are « € X and r € N” such that
1t(z) = It(Ch()d"). By Theorem 3.8, Ch(w) is central. Thus Ch(x)d" is also
central. Hence 7/ = z — Ch(a)d" is a central element with smaller lead term.
By induction z € Ch(C(X)¢)[d], proving the theorem. O

4.3 Closed surfaces

Now we consider the case where F' is a closed surface, which is much more
complicated than the open surface case. The proof of Theorem 4.1 for this case
will occupy the rest of Sect. 4.

Since F is closed, there are no peripheral elements, and Theorem 4.1 says
that

Z:(F) = Ch(C(X)e). (4.8)

If F is a sphere then the skein algebra is commutative and Theorem 4.1
holds. When F has genus 1, Theorem 4.1 holds, it is an easy consequence of
the product to sum formula [36]. In [37] the case n = 2 (mod 4) is handled
explicitly for genus one surfaces. Hence , we assume that F' has genus greater
than 1.

The outline of the proof is as follows. We choose a pants decomposition of
the closed surface F and use Dehn—Thurston coordinates to parametrize simple
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diagrams on F as described in Sect. 3.5. We filter the algebra K, (F) using
the pants coordinates. This gives an associated graded algebra. We consider a
subspace of the graded object generated by triangular diagrams. We show that
if a central skein is a linear combination of triangular diagrams then each of
these triangular diagrams is an m-th power of another triangular diagram in
X . Finally, given a skein in the center of the algebra, by Theorem 3.19 we can
choose the coordinates so that the skein is a linear combination of triangular
diagrams, and proceed by induction where we subtract elements of CA(C(X).)
to get a simpler skein.

4.4 Filtrations and gradings

We start by recalling some general facts about filtrations and associated grad-
ings of algebras. Suppose B is a C-vector space graded by an abelian monoid /.
This means that B = @, _; B;, where each B; is a subspace of 3. A subspace
M < Bis said to respect the grading if

M=@PMnB). (4.9)

iel

Lemma 4.5 Suppose B is a C-algebra, and the grading is compatible with
the algebra structure, i.e. B;{B; C B;j, then the center Z(B) of B respects
the grading.

Proof Let z be a central element, with z = > z;, where z; € B;. If x € By
then

X=Xz, =) ux. (4.10)
i i

Note that both z;x and xz; are in B, 4. Comparing elements having the same
gradings, we get z;x = xz;, which shows each z; is central. O

Let A be a C-algebra. Suppose { F},} is a filtration of A, where the index set
is N. This means that each F), is a C-submodule of A,

F,C F,ifn<m, F,Fiy C Fyyt, and U,en F, = A. (4.11)
One defines the associated graded algebra Gr.A as follows. If x € A then
x € F, for some n, and the smallest such 7 is called the degree of x, denoted

by gr(x). One has gr(xy) < gr(x) + gr(y). Let Gr, A = F,/F,—1 and

GrA = EB Gr, A. (4.12)
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Let 7, : F,, = GryA be the natural projection. Define the product on Gr.A as
follows:

If gr(x) =k, gr(y) =1 then ()7 (y) = np(xy).  (4.13)
Then GrA is a graded algebra. Define It : A — Gr.A by
It(x) = 7,(x) if gr(x) =n. (4.14)

Note that It does not respect the multiplication. However, we have the follow-
ing.

1GlE(y) = It(xy) %f grxy) = gr(x) + gr(y) 4.15)
0 if gr(xy) < gr(x) + gr(y).
Moreover,
gr(x) = gr(lt(x)). (4.16)

In particular, if x 7~ O then It(x) # 0. From (4.15) it is easy to show

Lemma 4.6 If A is a C-algebra with filtration indexed by N, GrA is the
associated graded algebra and the map 1t is defined by (4.14) then

It(Z(A)) C Z(GrA). (4.17)

4.5 Filtration of the Kauffman bracket skein algebra by pants
coordinates

Fix a pair of pants decomposition P = {Pi}fi I3 and a dual graph D in F so
that one can define the Dehn—Thurston coordinates n(x), t(«), for o € ., as
in Sect. 3.5, where n(a) € N3¢73 and t(«) € Z3¢73,

Definition 4.7 Let Ind C N3$73 x Z3¢73 be the subset consisting of (n, t)
satisfying:

e If (i, j, k) bound a pair of pants, then n; +n; + ny is even;
e If n; =0,thent; > 0.

There is a bijection between elements of Ind and . via Dehn—Thurston
coordinates. Denote a simple diagram corresponding to (n, t) by S(n, t).

Recall that an element n € N3¢73 is triangular if for every (i, j, k) that
bounds a pair of pants, n; + n; + ny is even and each of n;, nj, ny is less
than or equal to the sum of the other two. Let §; € Z3$~3 be the vector
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whose coordinates are 0, except for the i-th one, which is 1. Although §; is
not triangular, we will show that 2§; is a Z-linear combination of triangular
tuples.

Lemma 4.8 The Z-linear span of all triangular elements in N3 contains
273873,

Proof The surface F° := F\D is a finite type surface. Leta; = P; N F'. The
elements of the collection {a;} are the edges of an ideal triangulation of F°.
Simple diagrams « on F° are parameterized by admissible edge-colorings
fo : {ai} — N, where fy(a;) = i(a,aj). Note that f : {a;} — Nis
admissible if and only if (n; = f(a j))?i I3 is triangular. Hence the lemma
follows from Proposition 3.11. O

For any simple diagram S(n, t) define the N-grading of S(n, t) to be

gr(Sm, 1) = In| =) n;. (4.18)

Forn € N, let 7, C K¢ (F) be the C-subspace spanned by all « € .’ with
gr(o) < n. The filtration {F, },cn is compatible with the algebra structure of
K (F). Denote the associated graded algebra by B, B = @ F,,/F,—1, with a
bijective map It : K. (F) — B. As ./ is a C-basis of K (F), the set 1t() is
a C-basis of B, and we often identify . with 1t(.¥") when we say that the set
& of simple diagrams is a C-basis of B.

4.6 Triangular subspaces

Recall that a simple diagram o« = S(n, t) is triangular if n is triangular and
t; = 0 whenever n; = 0. Let Ind® C Ind be the subset of all (n, t) € Ind such
that S(n, t) is triangular. Let B2 to be the C-subspace of B spanned by all
triangular simple diagrams. This subspace was first considered in [30] where
it is proved that B2 is a subalgebra of 3, and that B3 is a domain.

The finite type surface F® = F\D has an ideal triangulation with edges
{aj}, where aj = P;j\D. Suppose n € N32¢=3 is triangular. The function
{aj} — N, givenby a; — nj, is an admissible coloring, and defines a simple
diagram y C F°. Define q(n) € N32¢73 so that its jth-coordinate is qy(aj),
where g, is defined by (3.13).

Proposition 4.9 Suppose (n,t), (', t') € Ind®. Let ' = q(n'), then
S, t) S, t)) = ¢ At oy L 4 t) inB. (4.19)
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Consequently,
S(n, t) S, t') = 2maHN ) gy ) S(n,t) in B, (4.20)

Proof Let S! be the standard circle with a fixed base point * € S!. The point *
together with its antipodal point cut S! into two open half-circles denoted by
H and H'. Recall that the annulus A is a small regular neighborhood of P;.
Choose an identification A ; = S!x[—1, 1], such that A;ND = {*} x[-1,1],
and equip A; with the product Riemannian metric of § ' [~1, 1]. Choose
a simple diagram o € F°® U (U;A}) representing S(n, t) such that (in each
Aj)one hasa NdA; = U; x {—1, 1}, where U; C H and |U,| = nj, and
each connected component of « M A ; is a geodesic. Similarly, choose a simple
diagram o’ € F° U (U;jA}) representing S(n’, t') such that (in each A;) one
has o’ N 0A; = U]/. x {—1, 1}, where UJ/- C H and |U}| = n/j, and each
connected component of ' N A is a geodesic.

In each ideal triangle T, which is a connected component of F°\(U jfi_,-),
where A j is the interior, we can assume that each connected component of
a N T intersects each connected component of @’ N T in at most one point. Let
a e o be the link diagram which is o U a’ with a above «’. At every double
point x of o e &’ there is only one resolution, call it the good resolution, which
does not produce a diagram of lesser degree. Let sgn(x) be the sign (in the
skein relation) of this resolution. Denote s; = ) sgn(x) where the sum is
over all double points in the annuli, and s = ) _ sgn(x) where the sum is over
all double points outside the annuli. Let (o o «’)* be the result of doing good
resolution at every double point. Then

ad =2 (o)t mod Finppm (Ko (F)). 4.21)

From [30, Lemma 17], one has s; = t-n’—n-t’ and (v ea)* = S(n+n’, t+t)).

Let o9 = o outside the annuli while inside an annulus A, a is the union
of n; vertical lines U; x [—1, 1]. Then «a( represents S(n, 0). Similarly, let
o = o' outside the annuliand @' NA; = U]’. x [—1, 1]. Then (4.21) for ag, o,
becomes

apay = ¢S +n’, 0) mod Fn4 0| (K¢ (F)). (4.22)

Identity (3.15) shows that the factor £*2 is equal to 9™ Since this is true
for all non-zero ¢, we have s; = q(n) -n’ = —n - q'. Hence 51 + 5o =
—n-q +t-n"—n-t,and (4.21) proves the proposition. O

Let X be the set of all triangular simple diagrams in X. Let Z(B*) be the
center of the algebra B2. Recall that m = n/gcd(n, 4) is the order of ¢*.
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Lemma 4.10 Suppose a € ¥ and o™ € Z(B®). Then o € X2.

Proof If n # 0 (mod 4) then X = . and there is nothing to prove. Assume
n=0 (mod 4),or X = .7%.

Assume to the contrary that « ¢ .®. Then there is § € .% such
that io(a, B) = 1. As triangular simple diagrams span the homology group
H\(F;Z), we can assume f triangular. Since both «, 8 are non-zero basis
elements of 53, the products o 8, Ba”" are non-zero (by Proposition 4.9a). By
Eq. (3.10) of Theorem 3.8,

Ch(x) B = —B Ch(a). (4.23)

Since o = It(Ch(a)), 1t(8) = B, and B # 0, from (4.15) we have
a”B = 1t(Ch(a)B). Similarly o™ = 1t(BCh(a)). Thus, taking It of (4.23)
we get

o[m,B = —,3 a. (424)

Both sides of (4.24) are non-zero, and (4.24) contradicts the fact that o™ is
central in B2. We conclude that o € .®V = X. As o™ is triangular, « is also
triangular. Thus, @ € X2. O

Proposition 4.11 Suppose (n,t) € Ind® and « = S(n, t) € Z(B>). Then
o = B" for some B € X2

Proof Suppose S(n, t) € Z(B) and (n', t') € Ind®. Recall that m’ = ord(¢?)
and define f(n’, t’) to be half of the exponent of ¢ in Eq. (4.20),

f,)y=—n-q+t-n —n-t em'Z (4.25)

Note that if (n, t') € Ind®, then (n’, t' + t”) € Ind® for all t” € (Z-)3 3
whose entries are big enough (so that t’ + t” has positive entries). Choose
t" =km'(1,1,...,1) +§; with k big. From f(n',t') — f(n', t' +t") e m'Z
we see that n; € m'Z. Consequently n - q’,n - t' € m'Z. From (4.25), we
conclude that for all triangular n’ € N38¢—3,

t-n em'Z. (4.26)

Since 28; is a Z-linear combination of some triangular n’ € N33 (by
Lemma 4.8), we also have t - §; € m'Z. It follows that 2¢; € m'Z, or equiva-
lently t; € mZ.

Hence (n/m, t/m) has integer components. It remains to show that for every
(i, j, k) that bounds a pair of pants, % + :ln—’ + & is even. In fact, if n # 0

k
m
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(mod 4) then m is odd, and since n; +n; 4 ny is even, the sum 2 4 %’ + ok
iseven. If n = 0 (mod 4) then m" = 2m, and - + %f + 2k e %Z = 27.

It follows that (n/m,t/m) is in Ind®. Consequently, 8 = S(n/m, t/m)
is triangular, and S(n,t) = g. By Lemma 4.10, we have 8 € X. Hence
B e XA, O

We are ready to complete the proof of Theorem 4.1 for the case of the closed
surface.

Proof Suppose z is a non-zero central element of K (F'), with standard pre-
sentation z = ) ;; ¢;; in the basis .. By Theorem 3.19 we can choose a
pants decomposition P of F, and an embedding of the dual graph D such that
each ¢; is triangular. Let C(X A); be the C-linear subspace of K (F) spanned
by the associated X2. Then z € C(X A);. We will prove by induction that
if z € (C(XA)g and is central, then z € Ch(C(X).). Since It(z) € B2, its
standard presentation is of the form

It(z) = ZCjS(nj, t;)), (nj,t;) € Ind®, all In;| are equal. (4.27)
jeJ

Since 1t(z) € Z(B) by Lemma 4.6 and 1t(z) € B®, we have It(z) € Z(B) N
BA c Z(B%).
For (n, t) € Ind® let B(An 0 be the C-subspace spanned by S(n, t). Then

BA= @D By

(n,t)elnd?

and (4.19) shows that this a grading compatible with the algebra structure of
B2 Tt then follows from Lemma 4.5 that S(nj, t;) € Z(B%) foreach j € J.
By Proposition 4.11, there is 8; € X2 such that S, t;) = (B)".

Note that if 8 € X2, then any simple diagram obtained from f by replacing
a component of B by several of its parallels is also in X2. As Ch is defined
by applying the polynomial 7, to each component, we see that Ch(;) €
(C(XA);. Besides, 1t(Ch(B;)) = (B;)™, because T, is a monic polynomial of
degree m.

Let 2" = ) ;c; ¢;jCh(B)). Then z’ is central because it is an element in
Ch(C(X)¢). Besides, 7/ € (C(XA);. Then z — 7' is also central, lying in
C(X A)C, and having the grading less than that of z. By induction, we con-
clude that z € Ch(C(X?)¢) € Ch(C(X),). This completes the proof of the
theorem. m|
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5 Finiteness

In this section we prove that the skein algebra at a root of 1 is finitely generated
as a module over its center and describe the algebraic set Max Spec(Z; (F)).
Throughout F is a finite type surface and ¢ is a root of 1 of order n, with

m = ord(¢*) and € = {mz.

5.1 Finite generation over center

Theorem 5.1 If F' is a finite type surface and ¢ a root of unity then K (F) is
finitely generated as a module over its center. The number of generators is less
than or equal to (2m)*, where m = ord(¢*) and s is the number appearing in
Theorem 3.9.

Proof . Let Ji,...,J; be the simple loops of Theorem 3.9. For k =
(k1 ..., ks) € N let

JK) =T, (J1) ... Tiey (Js).

By Theorem 3.9, the set {J (k) | k € N*} spans K, (F) overC.LetV C K (F)
be the Z (F)-submodule spanned by the set {J(K) | k; < 2m}, which has
(2m)* elements. We prove that V = K (F') by showing that J (k) € V for all
k € N* using induction on |K| = k1 + - - - + k;.

For any g € N, ¢?"4 = 1, hence Tomg(J) € Z¢(F) for any simple closed
curve J (see [27, Cor 2.3]). Suppose k; > 2m for some j. Dividing by 2m,
we get k; = 2mq + r. By Eq. (3.8),

Tkj(Jj) = T2mq(Jj)Tr(Jj) - T2mq—r(-]j)- (51)

Substituting the right hand side of Eq. (5.1) for Ty; (Jj) in the product J (k) =
Tk, (J1) ... Ti, (Jg), we see that J (K) is the sum of two terms, each of which is
in V by the induction hypothesis. Hence J (k) € V, completing the proof. O

5.2 Variety of classical shadows

Since K (F) is finitely generated as a module over Z, (F') and is affine over C,
the Artin—Tate lemma (Lemma 2.1) shows that Z, (F) is affine over C. Denote
Max Spec(Z; (F)) by %;(F). Since Z;(F) is an integral domain, %; (F) is
an algebraic variety. We will call it the variety of classical shadows of K¢ (F).
Its coordinate ring C[%; (F)]is Z¢ (F).

Aregularmap f : Y — Y’ between two affine algebraic varieties is finite if
the dual map f* : C[Y'] — C[Y] is an embedding and C[Y] is integral over
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F*(CLY']). In this case, the degree of f is the rank of C[Y] over f*(C[Y']).
Any finite regular map is surjective, and the preimage of a point consists of no
more than d points, where d is the degree.

Suppose G is a finite group acting algebraically on an affine variety Y, i.e.
for every g € G,the map ¥ — Y given by y — g - y is a regular map.
Then the quotient set Y/ G is naturally an affine variety, and the quotient map
Y — Y /G is afinite regular map of degree < |G|, see [38, Example 1, Section
5.3].

For any element o € 71 (F) there is a complex valued function on the set of
representations p : 71 (F) — SL>(C) which sends p to the trace of the matrix
o (). The set Z"(F) of all such trace functions on the SL, (C)-representations
of 71 (F) is an affine variety. It is called the SL; (C)-character variety of F' and
its dimension is given by

0 if F=35?2
dim 2" (F) = {2 if F=T2 (5.2)
6g —6+3p if Shasp > 0 punctures,

(see e.g. [39, Proposition 49]).

The cohomology group H'(F; Z,) is identified with the set of all group
homomorphisms u : w1(F) — {£1}. If p : 71 (F) — SLy(C) is a represen-
tation and u € H'(F; Z,), then let u % p be the new representation defined
by (u x p)() = u(a)p(a) for all @« € m(F). The map p — u * p descends
to an algebraic action of H'(F; Z») on the SL,(C)-character variety 2 (F).
Let 27 (F) be the quotient variety 2 (F)/H'(F; Z). When F has at least
one puncture, 2" (F) is the PSL,(C)-character variety of F, and when F is a
closed surface, 2"/ (F) is the connected component of the PSL, (C)-characters
containing the character of the trivial representation, see [40].

Recall that F = F\V, where F is a closed surface and V is a finite set. Via
restriction, the cohomology group H ! (F; Z,) can be considered as a subgroup
of H'(F; Z,) and hence acts on 2 (F). Let 20(F) be the quotient variety
2 (F)/H'(F; Zy). We have the following finite regular maps

X (F) — 20(F) — 2 (F), (5.3)

where the first one has degree 201(F) and the second one has degree
201(F)=b1(F) The three varieties 2 (F), 2o(F), 2" (F) have the same dimen-
sion given by (5.2). When V is empty or consists of 1 point, then b (F) =
bi(F), and 20(F) = 2" (F).

Theorem 5.2 Suppose F is a finite type surface with p punctures, ¢ is a root
of 1 of order n, and let m = ord(¢*).
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The variety of classical shadows %; (F) has dimension equal to that of the
SLy(C)-character variety 2" (F), which is given by (5.2). More precisely, we
have the following:

() Ifn # 0 mod 4 then there is a finite regular map f : % (F) — 2 (F)
of degree < mP. In particular, if p = 0 (i.e. F is closed), then % (F) is
isomorphic to 2 (F) and hence does not depend on ¢.

(ii) If n = 0 (mod 4) then there is a finite regular map f : % (Y) — Zo(F)
of degree < m?. In particular, if p = 0 (i.e. F is closed), then % (F) is
isomorphic to Zo(F) and hence does not depend on .

Proof Lete =¢ m* and d1, ..., 0, be the peripheral skeins.

(1) Since n # 0 (mod 4), we have ¢ = +£1. By Theorem 4.1, one has
Z(F) = Ch(K¢(F))[0]. Recall that Ch(K¢(F)) is the algebra generated
by T,,, (), for all simple loops «. Since 7}, is a polynomial of degree m, the
set 0 = { 8{” ...8;” | ki < m — 1} spans Z(F) over Ch(K.(F)). Note
that |d| = mP. The embedding K.(F) = Ch(K.(F)) — Ch(K.(F))[d]
gives rise to a finite regular map f : %;(F) — Max Spec(K¢(F)) of
degree < mP. Since € = %1, we have Max Spec(K.(F)) = 2 (F), see
[18,21]. This proves (i).

(ii) Suppose n =0 (mod 4). We have Z; (F) = Ch(KZ'(F))[d]. Since each
peripheral element is even, we have 7,,(3;) € Ch(Kg"(F)) for each 9;.
It follows that as a module over Ch(KV(F)), Z; (F) can be generated by
< m? elements. Hence we have a finite regular map

f % (F) — Max Spec(K:" (F)).

Statement (ii) follows from the following lemma. a

Lemma 5.3 The variety Max Spec(KS¥(F)) is canonically isomorphic to
Zo(F).
Proof Sincee € {£1, £i},by Theorem 3.6, KZ¥(F) is canonically isomorphic
to K (F).

By the definition of finite quotient, 2 (F) = Max Spec(K_; (F)H ' (FiZ2)y,
where K_ (F)H](F;ZZ) is the set of elements in K_ | (F) fixed by HY\(F; 7).

Suppose u : w1 (F) — {#£1} is an element of H'(F; Z,) and 0 #* a €
K_1(F). Using the basis ., we have « = }_ ., cja; where J is a non-
empty finite set, 0 # ¢; € C, and o; € .& are distinct. We have u *x a =
> jes cjulej)aj, andidentity u o = o means thatu(e;) = 1 forall j. Thus,
usa = aforallu € H'(F; Z») ifandonlyifu(a;) = 1forallu € H'(F;Z,),
which is equivalent to & ; being even. Hence, K, (F) HY(FiZ2) — g & (F),and
Zo(F) = Max Spec(K®| (F)). This completes the proof of the lemma, and
the theorem. O
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Remark 5.4 Using the basis ., one can show that degrees in both (i) and (ii)
of Theorem 5.2 are exactly m”. We will address this in a future work.

Remark 5.5 When € = —1, there is a canonical isomorphism between
the SL,(C)-character variety 2 (F) and Max Spec(K_1(F)), see [18,21].
Although K_|(F) and K{(F) are isomorphic as algebras, see [22], the iso-
morphism is not canonical. However, there is twisted version .2 ™iSt{(F) of
Z (F), which is canonically isomorphic to Max Spec(K(F)), see [5,23].
Therefore when € = 1 we can replace 2" (F) in Theorem 5.2 by .2 ™is{(F),
and the finite morphism f is canonical.

6 Irreducible representations of the skein algebra and shadows

In this section we connect to the work of Bonahon and Wong [7] by showing
how central characters correspond to classical shadows.

An irreducible representation p : K (F) — My(C) defines a central
character x, : Z;(F) — C.If n = 2 (mod 4) then ¢ = -1, and
Z;(F) = Ch(K_1(F))[0]. The homomorphism y, is determined by the pull-
back to K_{(F)),

Xp: K1(F) - C (6.1)
and by the list of the values x,(9;) satisfying

Tin(xp(9)) = Xp(3i). (6.2)

Since K_{(F) is canonically isomorphic to the coordinate ring of the
SL(C)-characters 2 (F), the map x, determines an SL;(C)-character. An
SL,(C)-character and the collection of values x,(9;) satisfying (6.2) are what
Bonahon and Wong call a classical shadow.

From our computation of the center of K.(F), Bonahon and Wong’s
classical shadows of irreducible representations of K. (F) are in canonical
one-to-one correspondence with our central characters. For a closed surface
there are no peripheral skeins, and the classical shadow consists of an SL, (C)-
character only.

Similarly, for the other cases they considered, namely when n is odd, Bona-
hon and Wong’s classical shadows coincide with the central characters or with
the points of the variety %; (F).

When the order of ¢ is arbitrary, we define the classical shadow of an
irreducible representation p to be the point of the variety of classical shadows
% (F') corresponding to the central character of p.

We now prove Theorem 2 stated in the introduction, which was conjectured
by Bonahon and Wong in the case when the order of ¢ is 2 (mod 4).
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Theorem 6.1 (Unicity theorem for skein algebras) Let F be a finite type sur-
face and ¢ a root of unity. There is a Zariski open dense subset U of the variety
of classical shadows % (F) such that each point of U is the classical shadow
of a unique (up to equivalence) irreducible representation of K (F). All irre-
ducible representations with classical shadows in U have the same dimension
N which is equal to the square root of the rank of K (F) over Z.(F). If a
classical shadow is not in U, then it has at most r non-equivalent irreducible
representations, and each has dimension < N. Here r is a constant depending
on the surface F and the root ¢.

Proof By Theorem 3.10, K (F) does not have zero divisors and hence it is
prime. By [28] (see also Theorem 3.9), K (F) is affine over C. By Theorem
5.1, K¢ (F) is generated as module over Z;(F) by a set of no more than
r = (2m)°® elements, where m = ord(§4) and s is the number depending on
F and appearing in Theorem 3.9. Hence Theorem 2.7 applies. O

From the dimension consideration we see that N> < r. We don’t know any
other relation between N and r.

Remark 6.2 In [41] it is shown that if F is a surface of negative Euler char-
acteristic e(F') having p > 0 punctures, and the order of ¢ is 2 mod 4 then
the rank of K (F) over Z;(F) is m 3N =P = ;;08=6+2P \where g the genus.
The proof carries over to the cases where the order of ¢ is odd to give the
same result. This means the dimension of a generic irreducible representation,
i.e. the number N in Theorem 6.1, is N = m38~3+P_ It should be noted that
for closed surfaces (i.e. p = 0) Bonahon and Wong [7] proved the inequality
N < 3g — 3. In a future work we calculate the number N for all other cases
of roots of 1 and all type of surfaces, closed or punctured.
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