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Abstract Given a rational homology 3-sphere M with |H{(M,Z)| = b and
a link L inside M, colored by odd numbers, we construct a unified invariant
I, belonging to a modification of the Habiro ring where b is inverted. Our
unified invariant dominates the whole set of the SO(3) Witten—Reshetikhin—
Turaev invariants of the pair (M, L). If b= 1 and L =, Ip; coincides with
Habiro’s invariant of integral homology 3-spheres. For b > 1, the unified in-
variant defined by the third author is determined by I;. Important applica-
tions are the new Ohtsuki series (perturbative expansions of /j;) dominating
quantum SO(3) invariants at roots of unity whose order is not a power of a
prime. These series are not known to be determined by the LMO invariant.

1 Introduction
1.1 Background

In the 25 years after the discovery of the Jones polynomial, knot theory ex-
perienced the transformation from an esoteric branch of pure mathematics

A. Beliakova (X)) - I. Biihler

Institut fiir Mathematik, Universitit Zurich, Winterthurerstrasse 190, 8057 Ziirich,
Switzerland

e-mail: anna@math.uzh.ch

I. Biihler
e-mail: irmgard.buehler @math.uzh.ch

T. Le

Department of Mathematics, Georgia Institute of Technology, Atlanta, GA 30332-0160,
USA

e-mail: letu@math.gatech.edu

@ Springer


mailto:anna@math.uzh.ch
mailto:irmgard.buehler@math.uzh.ch
mailto:letu@math.gatech.edu

122 A. Beliakova et al.

to a modern dynamic research field with deep connections to mathematical
physics, the theory of integrable and dynamic systems, von Neumann alge-
bras, representation theory, homological algebra, algebraic geometry, etc. The
main stones of this development were constructions of the finite type invari-
ants, Kontsevich integral and Khovanov homology.

By the Kirby theorem, closed compact orientable 3-manifolds are in bi-
jection with framed links modulo two Kirby moves. This rises the question
whether the recent achievements in knot theory can be lifted to the theory of
3-manifolds. This paper is a step towards this goal.

The lift of the (colored) Jones polynomial is given by the Witten—
Reshetikhin—Turaev (WRT) invariant which associates with any closed ori-
ented 3-manifold, a semi-simple Lie algebra and a root of unity a complex
number [28]. The Kontsevich integral was extended to 3-manifolds by the
third author, Murakami and Ohtsuki and is known as LMO invariant [18].
The relationship between LMO and WRT invariants was known only in the
case when the 3-manifold is a rational homology sphere and the order of the
root of unity is a prime number bigger than the order of the torsion group. In
this case the perturbative expansion of the WRT invariants given by the Oht-
suki series [25] coincides, on one side, with the LMO composed with the sl
weight system and, on the other side, is determined modulo a big prime p by
the WRT invariant at a p-th root of unity. In the 13 years after Ohtsuki’s work
was published, no perturbative expansion of WRT invariants at not prime
roots of unity was constructed. This is because Ohtsuki’s techniques heavily
rely on the fact that the order of the root is prime and can not be extended to
other roots.

Also the related question of integrality for the WRT invariants, though in-
tensively studied (see [6, 21, 23] and the references therein), was accessible
for prime roots of unity only. Note that a conceptual solution of the integrality
problem is of primary importance for any attempt of categorification of the
WRT invariants (compare [10]).

In this paper, the theory of perturbative 3-manifold invariants finds its
incarnation. For any rational homology 3-sphere M, with |H{(M,Z)| = b,
we construct series of perturbative invariants dominating WRT invariants of
M at all roots of unity. More precisely, let us fix a divisor ¢ of b and put
ec :=exp(2ml/c), then our power series in (¢ — e.) with coefficients in
Z[1/b][e.] dominates the WRT invariants at roots of unity whose order has
the greatest common divisor ¢ with b. It is a challenging open problem to
decide whether all these new perturbative invariants can be extracted from
LMO or capture more information from the Chern—Simons theory than just
the contribution of flat connections.

The way to the new Ohtsuki series goes through the unification of WRT
invariants. This approach led already to the full solution of the integrality
problem for quantum SO(3) invariants in [3]. There the first and the third
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authors showed that tp;(§) € Z[£] for any 3-manifold M and any root of
unity £ of odd order. By 73 (£) we mean here the SO(3) version of the WRT
invariant introduced by Kirby and Melvin [12] for roots of unity & of odd
order only.

The unification of WRT invariants was initiated in 2006 by Habiro. For
any integral homology 3-sphere M, Habiro [7] constructed a unified invariant
Jy whose evaluation at any root of unity coincides with the value of the
WRT invariant at that root. Habiro’s unified invariant J,; is an element of the
following ring (Habiro’s ring)

k

where (q: )x = [ [(1 — ¢).
j=1

— . Zlq]
7 =lim ——
)= im0

—

Every element f(q) € Z[q] can be written as an infinite sum

F@=)_filg)A=q)(1 =g»---(1—¢"),

k>0

with fi(q) € Z[gq]. When g = &, aroot of unity, only a finite number of terms
on the right hand side are not zero, hence the evaluation eve (f(q)) is well-
defined and is an algebraic integer.

__The Habiro ring has beautiful arithmetic properties. Every element f(g) €
Z|q] can be considered as a function whose domain is the set of roots of
unity. Moreover, there is a natural Taylor series for f at every root of unity.
Two elements f, g € Z[q] are the same if and only if their Taylor series at

—

a root of unity coincide. In addition, each function f(g) € Z[q] is totally
determined by its values at, say, infinitely many roots of order 3", n € N. Due
to these properties the Habiro ring is also called a ring of ““analytic functions at
roots of unity”. Thus belonging to Z[q] means that the collection of the WRT
invariants is far from a random collection of algebraic integers; together they
form a nice function.

General properties of the Habiro ring imply that for any integral homology
3-sphere M, the Taylor expansion of the unified invariant Jj; at ¢ = 1 coin-
cides with the Ohtsuki series and dominates WRT invariants of M at all roots
of unity (not only of prime order).

Recently, Habiro ring found an application in analytic geometry for con-
structing varieties over the non-existing field of one element [20].

In this paper, we give a full generalization of the Habiro theory to ratio-
nal homology 3-spheres. This requires the use of completely new techniques
coming from number theory, commutative algebra, quantum group and knot
theory. Let us explain this in more details.

Assume M is a rational homology 3-sphere with |H{ (M, Z)| = b. Then
our unified invariant Ij; belongs to a modification of a Habiro ring where
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b is inverted. Unlike the case b = 1, the modified Habiro ring is not an in-
tegral domain, but a product of different subrings, where each factor is de-
termined by its proper Taylor expansion at some root of unity. In particular,
Iy = ]—[C‘b Iy ¢, where Iy . dominates {t(§)[(ord(§), b) = c}. The unified
invariant constructed in [14] can be identified with 75, ;. We develop a gen-
eral theory of such cyclotomic completions. The main breakthrough here is
the construction of the b-th root of ¢ in our modified Habiro ring.

This is important, since we use the Laplace transform method [2, 14], to
eliminate the dependence of t); on £. The image of the Laplace transform
contains the b-th root of ¢. Furthermore, to show that the image of the Laplace
transform belongs to our ring we apply a difficult number-theoretic identity
of Andrews [1], generalizing those of Rogers—Ramanujan.

Another challenging problem we had to solve is the following. In all pre-
vious constructions, the existence of Iy, relies on a deep result of Habiro
about cyclotomic integrality of the Jones polynomial of an algebraically split
link. To diagonalize the linking matrix for a given surgery presentation of
a 3-manifold, the usual trick consists of adding lens spaces and using mul-
tiplicativity of WRT invariants with respect to the connected sum (compare
[25] or [14]). It does not work in our case, since if the order of the root of
unity and b are not coprime, the invariants of lens spaces are often zero. The
solution was to add links to lens spaces and to generalize Habiro’s integrality
result to algebraically split links together with arbitrary odd colored compo-
nents. To do so, we had to use the whole machinery for universal invariants
of bottom tangles developed in [8].

Assume M is the integral homology 3-sphere obtained by framing 1
surgery on the figure 8 knot. Then

o
q _ 2
T = 1 3D =g (= g (- g,
k=0

We expect that the categorification of WRT invariants will led to a homology
theory with Euler characteristic given by Ij;.

1.2 Results

The WRT or quantum SO(3) invariant 7/ 1, (§) is defined for a pair of a closed
3-manifold M and a link L in it, with link components colored by integers.
Here & is a root of unity of odd order. We will recall the definitions in Sect. 2.

Suppose M is a rational homology 3-sphere, ie. |H{(M,Z)| :=
card H{(M,Z) < oo. There is a unique decomposition H{(M,Z) =
D, Z/b;Z, where each b; is a prime power. We renormalize the SO(3) WRT
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A unified quantum invariant 125

invariant of the pair (M, L) as follows:

™™, 1(§)
[T te@.n©)’

where L(b,a) denotes the (b, a) lens space. We will see that t7,1)(§) is
always nonzero.

For any positive integer b, we define the cyclotomic completion ring R to
be

T (&) =

(D

Z[1/b
Ry o= lim LM here (g5 %) = (1= g)(1 — )+ (1 = g%,
% ((g597)0)
2)
For any f(gq) € Rp and a root of unity & of odd order, the evaluation

eve(f(q)) := f(§) is well-defined. Similarly, we put

S, - Z[1/b]lq]
p = lim —.
% (g x)

Here the evaluation at any root of unity is well-defined. For odd b, there is a
natural embedding S, — Ry, see Sect. 4.

Let us denote by M, the set of rational homology 3-spheres such that
|H1(M,7Z)| divides b" for some n. The main result of this paper is the fol-
lowing.

Theorem 1 Suppose the components of a framed oriented link L C M have
odd colors, and M € My,. Then there exists a unique invariant Iy 1 € Ry,
such that for any root of unity & of odd order

eve(Im,L) =Ty 1 ().

In addition, if b is odd, then Iy 1 € Sp.

If p=1 and L is the empty link, I3; coincides with Habiro’s unified in-
variant Jyy.

The proof of Theorem 1 uses the Laplace transform method and Andrew’s
identity. The new ingredients are

e Frobenius theory for cyclotomic completions of polynomial rings;

e computation of WRT invariants for lens spaces with links inside at all roots
of unity;

e generalization of Habiro’s integrality result to algebraically split bottom
tangles with odd colored closed components.

These new techniques could be of separate interest for analytic geometry
(compare [20]), quantum topology and representation theory.
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126 A. Beliakova et al.

The rings R}, and S have properties similar to those of the Habiro ring.
An element f(q) € R, is totally determined by the values at many infinite
sets of roots of unity (see Sect. 4), one special case is the following.

Proposition 2 Let p be an odd prime not dividing b and T the set of all
integers of the form p*b’ with k € N and b’ any odd divisor of b" for some n.
Any element f(q) € Rp, and hence also {ty;(£)}, is totally determined by the
values at roots of unity with orders in T .

Furthermore, any element of R; is determined by an infinite collection
of its Taylor expansions at different roots of unity. For example, if b = p
is prime, we will need Taylor expansions at p*-th roots of unity, for k =
0,1,2,....The Ohtsuki series [15, 25], originally defined through some arith-
metic congruence property of the SO(3) invariant, can be identified with the
Taylor expansion of I3y at g =1 [7, 14]. The new power series at say c-th root
of unity dominates {tys(§)|(ord(§), b) = c} and satisfies congruence relations
similar to the original definition of the Ohtsuki series.

An interesting open problem is to determine whether the coefficients of
these new series are 3-manifold invariants of finite type.

1.3 Plan of the paper

In Sect. 2 we recall known results and definitions. In the next section we ex-
plain the strategy of our proof of Theorem 1. In Sects. 4 and 6, we develop
properties of cyclotomic completions of polynomial rings. New Ohtsuki se-
ries are discussed in Sect. 5. The unified invariant of lens spaces, needed for
the diagonalization, is defined in Sect. 7. The main technical result of the pa-
per based on Andrew’s identity is proved in Sect. 8. The Appendix is devoted
to the proof of the generalization of Habiro’s integrality theorem.

2 Quantum (WRT) invariants

2.1 Notations and conventions

We will consider ¢'/# as a free parameter. Let

ny=q"? =g, {n)=]]t},
i=1

SR [ eI
Ty k| {(k)n—k)
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A unified quantum invariant 127

We denote the set {1,2,3, ...} by N. We also use the following notation from
g-calculus:

(@) =] [(1 —xg’™h).

j=1

Throughout this paper, & will be a primitive root of unity of odd order r and
ey :=expmi/n).

All 3-manifolds in this paper are supposed to be closed and oriented. Every
link in a 3-manifold is framed, oriented, and has components ordered.

In this paper, L L L’ denotes a framed link in S> with disjoint sublinks L
and L', with m and [ components, respectively. Surgery along the framed link
L transforms (S>3, L') into (M, L’). We use the same notation L’ to denote
the link in $3 and the corresponding one in M.

2.2 The colored Jones polynomial

Suppose L is a framed, oriented link in S with m ordered components. For
positive integers ny, ..., n,, called the colors of L, one can define the quan-
tum invariant Jy (n1, ..., n,) € Zlg*'/*], known as the colored Jones poly-
nomial of L (see e.g. [22, 28]). Let us recall here a few well-known formulas.
For the unknot U with O framing one has

Ju(n) =[n]. 3)

If L, is obtained from L by increasing the framing of the ith component by
1, then

2_
Jo o) =g A (). 4)

If all the colors n; are odd, then Jy (n1,...,n,;) € Z[qil].
2.3 Evaluation and Gauss sums

For each root of unity & of odd order r, we define the evaluation map evg by
replacing g with &.

Suppose f(g;ni,...,ny) is a function of variables qil and integers
ni,...,ny. In quantum topology, the following sum plays an important role

Z Ef:: Z eve f(g;ni,....np)

ny,...,nm O<n; <2r
n; odd

where in the sum all the n; run over the set of odd numbers between 0 and 2r.
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128 A. Beliakova et al.

In particular, the following variation of the Gauss sum
§ b"
Yo (£) = Z

is well-defined, since for odd =, 4 | n? — 1. It is known that, for odd r,
|vp(€)| = 4/cr is never 0. Here ¢ = (b, r) is the greatest common divisor
of bandr.

2.4 Definition of the WRT invariant

Suppose the components of L’ are colored by fixed integers ji, ..., j;. Let
g m
Frop@®) = Y Y@ ji ) i)
i=1

An important special case is when L = U, the unknot with framing b # 0,
and L’ = . In that case Fy;»(&) can be calculated using the Gauss sum and is
nonzero, see Sect. 7 below.

Let o (respectively o_) be the number of positive (negative) eigenvalues
of the linking matrix of L. Then the quantum SO(3) invariant of the pair
(M, L) is defined by (see e.g. [12, 28])

Frup ()
, = . 5
L) = e (P (8))° ©)

The invariant 7 ;/(§) is multiplicative with respect to the connected sum.
For example, the SO(3) invariant of the lens space L(b, 1), obtained by

surgery along U?, is

Fyn(§)

—_—, 6
F(_/sn(b) (é) ( )

TLp,1)(E) =

where sn(b) is the sign of the integer b.

Let us focus on the special case when the linking matrix of L is diagonal,
with by, by, ..., by, on the diagonal. Assume each b; is a power of a prime up
to sign. Then H{(M,Z) = @;-, Z/|b;|, and

oy =card{i | b; > 0}, o_ =card{i | b; < 0}.

Thus from the definitions (5), (6) and (1) we have

- F
TI/W,L/(S) = (l_[ Ti(bi,l)(é)) l—[ Lot (g)(%.) (7)
i=1

i= 1

@ Springer



A unified quantum invariant 129

with
. _ wwin®)
Loi D (bl (§)
2.5 Habiro’s cyclotomic expansion of the colored Jones polynomial

Recall that L and L’ have m and [ components, respectively. Let us color L’
by fixed j = (ji, ..., ji;) and vary the colors n = (ny, ..., n,) of L.
For non-negative integers n, k we define

. S
i ( n+ n __ L __ l)

A(n’k)::l_[ (g qkﬂ'q 9"
(I =)@ @r+1

Fork = (ki, ..., k) let
m
Am k) =[] A@m;. k).
j=1
Note that A(n, k) =0 if k; > n; for some index j. Also
A@n,0)=q" " Jym)*.

The colored Jones polynomial Jy, ;/(n, j), when j is fixed, can be repack-
aged into the invariant Cy,,;/(k, j) as stated in the following theorem.

Theorem 3 Suppose LU L' is a link in S, with L having zero linking matrix.
Assume the components of L' have fixed odd colors j = (ji, ..., ji). Then
there are invariants

k+1.
Cruvk.j) € %Z[qﬂ], where k= max{kr. ... ky)  (®)
—q
such that for everyn= (ny,...,ny)
m
Jow@ D[ Jnd= > Cru@jhAm k). )

i=1 0<ki<n;—1

When L’ = ¢, this is Theorem 8.2 in [7]. This generalization, essentially
also due to Habiro, can be proved similarly as in [7]. For completeness we
give a proof in the Appendix. Note that the existence of Cy ;- (K, j) as rational
functions in g satisfying (9) is easy to establish. The difficulty here is to show
the integrality of (8).

Since A(n, k) =0 unless k < n, in the sum on the right hand side of (9)
one can assume that k runs over the set of all m-tuples k with non-negative
integer components. We will use this fact later.
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130 A. Beliakova et al.

3 Strategy of the proof of the main theorem

Here we give the proof of Theorem 1 using technical results that will be
proved later.

As before, L LI L’ is a framed link in S® with disjoint sublinks L and L,
with m and [ components, respectively. Assume that L’ is colored by fixed
i= (1,--..j1), with j;’s odd. Surgery along the framed link L transforms
(S3, L) into (M, L'). We will define Iy .1 € Ry, such that

Ty &) =evely 1) (10)

for any root of unity £ of odd order. This unified invariant is multiplicative
with respect to the connected sum.

The following observation is important. By Proposition 2, there is at most
one element f(g) € R such that for every root £ of odd order one has

Ty L&) =eve (f(q)).

That is, if we can find such an element, it is unique, and we put Ip; 1/ := f(q).
3.1 Laplace transform

The following is the main technical result of the paper. A proof will be given
in Sect. 8.

Theorem 4 Suppose b = +1 or b = +p! where p is a prime and [ is positive.
For any non-negative integer k, there exists an element Qyp ; € Ry such that
for every root & of odd order one has

Y 6P A, k)
Fyo(§)

In addition, if b is odd, Qp € Sp.

=eVe(Qp.k)-

3.2 Definition of the unified invariant: diagonal case

Suppose that the linking number between any two components of L is 0, and

the framing on components of L are b; = £ pf" fori =1,...,m, where each
pi is prime or 1. Let us denote the link L with all framings switched to zero
by Ly.

Using (9), taking into account the framings b;’s, we have

m m ,1.271
Joor @ D[l =" Crow [ [47 7+ At k).

i=1 k>0 i=1
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By the definition of F7 ;/, we have

Frov® =3 eve Cran D[] 3 a" 5 A, k.

k>0 i=1 n;

From (7) and Theorem 4, we get

m m
Ty © =eve [ [Teein Y Cro & D] bkt -
i=1

i=1 k

where the unified invariant of the lens space I 5;.1) € Rp, witheve (I ;1)) =
r]i ;1) (&), exists by Lemma 6 below. Thus if we define

m m
Ioa.wy =] [T Y Crow @6 D] | Qo

i=1 k i=1

then (10) is satisfied. By Theorem 3, Cp,r/(k,j) is divisible by
("' @)ri1/(1 — q), which is divisible by (g; ¢)x, where k = maxk;. It

follows that /(s 1y € Ryp. In addition, if b is odd, then Iy 1) € Sp.
3.3 Diagonalization using lens spaces

The general case reduces to the diagonal case by the well-known trick of
diagonalization using lens spaces. We say that M is diagonal if it can be
obtained from S> by surgery along a framed link L with diagonal linking
matrix, where the diagonal entries are of the form £p* with p =0,1 or a
prime. The following lemma was proved in [14, Proposition 3.2(a)].

Lemma 5 For every rational homology sphere M, there are lens spaces
L(b;, a;) such that the connected sum of M and these lens spaces is diag-
onal. Moreover, each b; is a prime power divisor of |H{ (M, Z)|.

To define the unified invariant for a general rational homology sphere M,
one first adds to M lens spaces to get a diagonal M’, for which the unified
invariant I had been defined in Sect. 3.2. Then Iy is the quotient of I, by
the unified invariants of the lens spaces. But unlike the simpler case of [14],
the unified invariant of lens spaces are not invertible in general. To overcome
this difficulty we insert knots in lens spaces and split the unified invariant into
different components. This will be explained in the remaining part of this
section.

@ Springer



132 A. Beliakova et al.

3.4 Splitting of the invariant

Suppose p is a prime divisor of b, then it’s clear that R, C Ry.
In Sect. 4 we will see that there is a decomposition

,0 ,0
Ry =Ry xRE,

with canonical projections n(f Ry — Rl’; 0 and né’ Ry —> RZ ’0. If fe

R,’; 0 then eve (f) can be defined when the order of £ is coprime with p; and
in this case eve (g) = eve (JT(‘)D (g)) forevery g € Rp.

On the other hand, if f € RZ  then eve (f) can be defined when the order
of & is divisible by p, and one has evg(g) = eve (Jté7 (g)) for every g € Rp.

It also follows from the definition that RZ’g - Rf “fore =0or0.

For Sp, there exists a completely analogous decomposition. For any odd
divisor p of b, an element x € R}, (or Sp) determines and is totally determined
by the pair () (x), né’(x)). If p =2 divides b, then for any x € R, x =
) (x). )

Hence, to define [j; it is enough to fix 11?4 = n(f(lM) and 11?4 = n(-f(IM).
The first part 11(\)/1 = né’ (Ipr), when b = p, was defined in [14] (up to normal-
ization), where the third author considered the case when the order of roots
of unity is coprime with . We will give a self-contained definition of 11?4,

and show that it is coincident (up to normalization) with the one introduced
in [14].

3.5 Lens spaces

Suppose b, a,d are integers with (b,a) =1 and b # 0. Let M (b,a; d) be
the pair of a lens space L(b,a) and a knot K C L(b, a), colored by d, as
described in Fig. 1.

Among these pairs we want to single out some whose quantum invariants
are invertible.

For ¢ € {0, 0}, let M?(b, a) := M(b, a; d(e)), where d(0) := 1 and d(0) is
the smallest odd positive integer such that |a|d(0) = 1 (mod b). Note that if
la|=1,d(0)=d(0) = 1.

Q|

Ky

>

Fig. 1 The lens space (L(b, a), K;) is obtained by b/a surgery on the first component of the
Hopf link, the second component is the knot K colored by d
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A unified quantum invariant 133

It is known that if the color of a link component is 1, then the component
can be removed from the link without affecting the value of quantum invari-
ants. Hence

TM(b,a;1) = TL(b,a)-

Lemma 6 Suppose b ==+ p' is a prime power. For ¢ € {0, 0}, there exists an
invertible invariant I;Ig (.a) € RZ’g such that

IZ/\/Ig(b,a)(é) = ©evg (szxls(h,a)>

where ¢ = 0 if the order of & is not divisible by p, and ¢ = 0 otherwise.
Moreover, if p is odd, then I}, (b.a) belongs to and is invertible in 85 )

A proof of Lemma 6 will be given in Sect. 7.
3.6 Definition of the unified invariant: general case

Now suppose (M, L') is an arbitrary pair of a rational homology 3-sphere
with a link L’ in it colored by odd numbers ji, ..., j;. Let L(b;, a;) for i =
1, ..., m be the lens spaces of Lemma 5. We use induction on m. If m = 0,
then M is diagonal and I); ;- has been defined in Sect. 3.2.

Since (M, L"#M (by, ay; d) becomes diagonal after adding m — 1 lens
spaces, the unified invariant of (M, L")#M (b, ay; d) can be defined by in-
duction, for any odd integer d. In particular, one can define [);e, where
M?¢:= (M, LY#M*?(by,a1). Heree =0ore = 0 and by is a power of a prime
p dividing b. It follows that the components 7l (Iye) € RZ ¢ are defined.

By Lemma 6, /f/ls(bl ap) is defined and invertible. Now we put

o —1
Ilf/I,L’ = IX/IS (I S(blval)) :

Itis easy to see that Iyy 1/ := (11?/1 I 11(1_)/1 1) satisfies (10). This completes the

construction of 7y ;. It remains to prove Lemma 6 and Theorem 4.

4 Cyclotomic completions of polynomial rings

In this section we adapt the results of Habiro on cyclotomic completions of
polynomial rings [9] to our rings.
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134 A. Beliakova et al.

4.1 On cyclotomic polynomial

Recall that e, := exp(2w I /n) and denote by @, (¢) the cyclotomic polyno-
mial

()= ] (g—en.
(j,m)=1
O<j<n
The degree of ®,(q) € Z[q] is given by the Euler function ¢(n). Suppose p
is a prime and n an integer. Then (see e.g. [24])

(an(CI) lfp |n7

11
Dy (q)Pulq) if pin. (v

d, (qp) = {
It follows that @, (¢?) is always divisible by ®,,(g).

The ideal of Z[q] generated by ®,,(¢) and ®,,(q) is well-known, see e.g.
[14, Lemma 5.4]:

Lemma 7

(a) If 5t # p° for any prime p and any integer e # 0, then () + (®p,) = (1)
in Zlq].

(b) If% = p® for a prime p and some integer e % 0, then (®,,) + (®,,) = (1)
in Z[1/pllq].

Note that in a commutative ring R, (x) + (y) = (1) if and only if x is
invertible in R/(y). Also (x) + (y) = (1) implies (x*) + (y') = (1) for any
integers k,[ > 1.

4.2 Habiro’s results

Let us summarize some of Habiro’s results on cyclotomic completions of
polynomial rings [9]. Let R be a commutative integral domain of characteris-
tic zero and R[q] the polynomial ring over R. For any S C N, Habiro defined
the S-cyclotomic completion ring R[¢]°® as follows:

RlglS = lim 24! (12)

= I
Fapeay (@)

where cI>>'§ denotes the multiplicative set in Z[q] generated by &5 = {®,(q) |
n € S} and directed with respect to the divisibility relation.
For example, since the sequence (q; q)n, n € N, is cofinal to CDI"%, we have

Zlq) ~ Zq1". (13)
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Note that if S is finite, then R[¢]S is identified with the (J] ®s)-adic com-
pletion of R[q]. In particular,

Rlg1"M ~R[[g — 111,  RIq1"® =~ R[[g + 1.

Suppose S’ C S, then ®%, C ®%, hence there is a natural map

p¥ s Rlq)° — RIq15.

Recall important results concerning R[q]S from [9]. Two positive integers
n, n' are called adjacent if n’/n = p® with a nonzero e € Z and a prime p,
such that the ring R is p-adically separated, i.e. [);—,(p") =0 in R. A set
of positive integers is R-connected if for any two distinct elements n, n’ there
is a sequence n = ny, ny,...,nx_1, nx = n’ in the set, such that any two
consecutive numbers of this sequence are adjacent. Theorem 4.1 of [9] says
that if S is R-connected, then for any subset S C S the natural map pg g

R[q]S — R[q]S’ is an embedding.

If ¢ is a root of unity of order in S, then for every f(q) € R[¢]° the eval-
uation evy (f(¢g)) € R[¢] can be defined by sending ¢ — ¢. For a set E of
roots of unity whose orders form a subset 7 C S, one defines the evaluation

evg : R[q]S — l—[ R[Z].

tel

Theorem 6.1 of [9] shows that if R C Q, S is R-connected, and there exists
n € S that is adjacent to infinitely many elements in 7, then evg is injective.

4.3 Taylor expansion

Fix a natural number n, then we have

. Rlq]
R[q1"™ =1 )
a1 = m k@)

Suppose Z C R C Q, then the natural algebra homomorphism

~ Rlq] N Rle,llq]
(@K(q)) (g —en)b)

is injective, by Proposition 13 below. Taking the inverse limit, we see that
there is a natural injective algebra homomorphism

h: R[q1"™ — Rle,]llqg — enll.
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Suppose n € S. Combining & and pgs () : Rlg1% — RIg]"™, we get an al-
gebra map

t, : Rq1° — Rle,lllg — en]l.
If fe R[q]s , then ¢, (f) is called the Taylor expansion of f at e;,.

4.4 Splitting of S, and evaluation

For every integer a, we put N, :={n e N| (a,n) = 1}.
Suppose p is a prime. Analogously to (13), we have

Sp=Z[1/pligl".
Observe thgt Nis not Z[1/p]-connected. In fact one has N = Ui‘io p/N P
where each p/N, is Z[1/p]-connected. Let us define
Sp.j =211/ pligl”" .

Note that for every f € Sp, the evaluation evg (f) can be defined for every
root & of unity. For f € S ;, the evaluation evg (f) can be defined when § is
aroot of unity of order in p/N,,.

Proposition 8 For every prime p one has
o0
Sp= 18- (14)
=0

Proof Suppose n; € pfpr fori =1,...,m, with distinct j;’s. Then n;/ny,
with i # s, is either not a power of a prime or a non-zero power of p, hence
by Lemma 7 (and the remark right after Lemma 7), for any positive integers
ki, ..., kn, we have

(q)ﬁz;_) +(PF)=(1) inZ[1/pllql.

By the Chinese remainder theorem, we have

m

Z[1/pllq] Nl—[Z[l/p][q]
(I, Cblr(li) i=1 (q’ﬁi)

Taking the inverse limit, we get (14). O

Let r; : S, — S, denote the projection onto the jth component in the
above decomposition.
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Lemma 9 Suppose & is a root of unity of order r = p’r', with (', p) = 1.
Then for any x € S, one has

eve (x) =eve(mj(x)).
Ifi # j then evg (i (x)) =0.

Proof Note that evg(x) is the image of x under the projection S, —
Sp/(®,(q)) = Z[1/p][&]. It remains to notice that S, ;/(P,(g)) = 0 if

i#j. O
4.5 Splitting of Sp,

Suppose p is a prime divisor of b. Let

SPO =201 /blglr and S0 = 2[1/b1g1"N ~ [] 201 /b11g17™.
j>0

We have similarly

_ op0 p.0
Sp=8""x St

with canonical projections néy :Sp — S,f 0 and né’ :Sp — Sf 0, Note that

if b = p, then 85’0 =S,,0 and Sl[;’o =11

Z[1/b][q1™ and 7o : Sp — Sp.0.
Suppose f € Sp. If & is a root of unity of order coprime with p, then
eve(f) = eve (715 (f)). Similarly, if the order of & is divisible by p, then

eve (f) = eve (i ().

j=0Sp,j- As before we set Sp 0 :=

4.6 Properties of the ring Ry

For any b € N, we have
Ry = Z[1/bllq1™

since the sequence (g; qz)k, k € N, is cofinal to <I>I§2. Here N is the set of all
odd numbers.

Let {p;|i =1,...,m} be the set of all distinct odd prime divisors of b.
For n = (n1,...,ny), a tuple of numbers n; € N, let p" =[], pf’] Let
Sn := p"Nyp. Then Ny = | [, Sn. Moreover, for a € Sy, a’ € Sy, we have
(®4(q), ®u(g)) = (1) in Z[1/b] if n # n’. In addition, each S, is Z[1/b]-
connected. An argument similar to that for (14) gives

Ry == [ [ZL1/bllg)*.
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In particular, R := Z[1/b][q]"?» and RY" := Z[1/b][q]17™2 for any 1 <
i <m.If2| b, then R;"* coincides with Ry.

Let T be an infinite set of powers of an odd prime not dividing » and let P
be an infinite set of odd primes not dividing b.

Proposition 10 With the above notations, one has the following.

(a) For anyl € Sy, the Taylor map t; : Z[l/b][q]S" — Z[1/b]llelllg — el
is injective.

(b) Suppose f,g € Z[1/b][q]* such that eve (f) = eve(g) for any root of
unity & with ord(&) € p"T, then f = g. The same holds true if p"T is
replaced by p"P.

(c) For odd b, the natural homomorphism pN N, : Sp — Ry is injective. If

2 | b, then the natural homomorphism SZ’O — Ry is an isomorphism.

Proof (a) Since each Sy is Z[1/b]-connected in Habiro sense, by [9, Theo-
rem 4.1], for any [ € S,

ps.qy 2 ZI1 /bl — Z[1/b][q1" (15)

is injective. Hence t; = h o pg () 1s injective too.

(b) Since both sets contain infinitely many numbers adjacent to p", the
claim follows from Theorem 6.1 in [9].

(c) Note that for odd b

Sy~ [ [ z11/b11g1%

where S, := p"Np. Further observe that S, is Z[1/b]-connected if b is odd.
Then by [9, Theorem 4.1] the map

Z11/b)(q)* < Z[1/b]Iq]>
is an embedding. If 2 | b, then S;*° := Z[1/b][g]"2 =~ R,. O

Assuming Theorem 1, Proposition 10(b) implies Proposition 2.

5 On the Ohtsuki series at roots of unity

The Ohtsuki series was defined for SO(3) invariants by Ohtsuki [25] and ex-
tended to all other Lie algebras by the third author [15, 16].

In the works [15, 16, 25], it was proved that the sequence of quantum
invariants at e, where p runs through the set of primes, obeys some congru-
ence properties that allow to define uniquely the coefficients of the Ohtsuki
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series. The proof of the existence of such congruence relations is difficult. In
[7], Habiro proved that Ohtsuki series coincide with the Taylor expansion of
the unified invariant at ¢ = 1 in the case of integral homology spheres; this
result was generalized to rational homology spheres by the third author [14].

Here, we prove that the sequence of SO(3) invariants at the prthroots e, e,
where r is a fixed odd number and p runs through the set of primes, obeys
some congruence properties that allow to define uniquely the coefficients of
the “Ohtsuki series” at e,, which is coincident with the Taylor expansion at e,.

5.1 Extension of Z[1/b][e,]

Fix an odd positive integer r. Assume p is a prime bigger than b and r.
The cyclotomic rings Z[1/b][e,,] and Z[1/b][e,] are extensions of Z[1/b]
of degree ¢(rp) = ¢(r)¢(p) and ¢(r), respectively. Hence Z[1/b][e,,] is an
extension of Z[1/b][e,] of degree p(p) = p — 1. Actually, it is easy to see
that for

p

g’ —e
fp(Q):= r’
q—ér

the map

Z[1/b, e/]lq]
(fp(q))

is an isomorphism. We put x = g — e, and get

- Z[l/b][epr]a q = €péy,

Z[1/b, er][x]

A e = e e

(16)

Note that

p—1
_ 14 n p—n—1
fr(x +e)= Z (n N l)x e

n=0
is a monic polynomial in x of degree p — 1, and the coefficient of x" in
fp(x +e,) is divisible by pifn < p —2.

5.2 Arithmetic expansion of 7,

Suppose M is a rational homology 3-sphere with |H; (M, Z)| = b. By Theo-
rem 1, for any root of unity & of order pr

Z[1/b, e/][x]

771/\/[(5) € Z[l/b][epr] = (fp(x Te) .
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Hence we can write
p—2
Thylerep) =Y apnx" (17)
n=0
where ap , € Z[1/b, e;]. The following proposition shows that the coeffi-
cients a, , stabilize as p — oo.

Proposition 11 Suppose M is a rational homology 3-sphere with
|H1(M,7Z)| = b, and r is an odd positive integer. For every non-negative
integer n, there exists a unique invariant a, = a,(M) € Z[1/b, e;] such that
for every prime p > max(b, r), we have

ap=ap, (mod p) inZ[l/b,e]forO<n=<p-—2. (18)

Moreover, the formal series ), a,(q — e,)" is equal to the Taylor expansion
of the unified invariant Iy at e,.

Proof The uniqueness of a,, follows from the easy fact that if a € Z[1/b, e,]
is divisible by infinitely many rational primes p, then a = 0.

Assume Theorem 1 holds. We define a,, to be the coefficient of (g — e,)"
in the Taylor series of I)s at e;, and will show that (18) holds true.

Recall that x = g — e,. The diagram

ZIg1 —— Z[}, e 1lql™ —— Z[3, e ][[x]]

[a=erer |1 |/thptreny
1 erep—>q ZLEerllq) Z[} e, [[x]]
Zl1lerp] @) Jparren)

is commutative. Here the middle and the right vertical maps are the quotient
maps by the corresponding ideals. Note that I3, belongs to the upper left
corner ring, its Taylor series is the image in the upper right corner ring, while
the evaluation (17) is in the lower middle ring. Using the commutativity at
the lower right corner ring, we see that

p—2 00
> apax" =) apx" (mod fy(x+er)) inZ[1/b, e ][x]].
n=0 n=0

Since the coefficients of f,(x +e,) up to degree p — 2 are divisible by p, we
get the congruence (18). U

Remark 12 Proposition 11, when r = 1, was the main result of Ohtsuki [25],

which leads to the development of the theory of finite type invariant and the
LMO invariant.
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When (7, b) = 1, then Taylor series at e, determines and is determined by
the Ohtsuki series. But when, say, r is a divisor of b, a priori the two Taylor
series, one at e, and the other at 1, are independent. We suspect that the Taylor
series at e,, with r | b, corresponds to a new type of LMO invariant.

6 Frobenius maps

The proof of Theorem 4, and hence of the main theorem, uses the Laplace
transform method. The aim of this section is to show that the image of the
Laplace transform, defined in Sect. 8, belongs to R, i.e. that certain roots of
g existin Rp.

6.1 On the module Z[q]/(®%(¢))

Since cyclotomic completions are built from modules like Z[q]/ (CIDﬁ (9)), we
first consider these modules. Fix n, kK > 1. Let

= Zlql ., and Gzzw.
(®k(g)) (xk)

The following is probably well-known.

Proposition 13

(a) Both E and G are free Z-modules of the same rank kg(n).
(b) The algebra map h : Z|q] — Zle,][x] defined by

h(q) =en +x

descends to a well-defined algebra homomorphism, also denoted by h,
from E to G. Moreover, the algebra homomorphism h : E — G is injec-
tive.

Proof (a) Since CI>§ (g) is a monic polynomial in g of degree k¢(n), it is clear
that

E =ZIq)/(®%(¢))

is a free Z-module of rank k¢(n). Since G = Z[e,1 Q7 Z[x1/(x¥), we see that
G is free over Z of rank kg (n).

(b) To prove that i descends to a map E — G, one needs to verify that
h(®X(g)) = 0. Note that

h@k@) =0k +e) = [ +en—enk
(J.m=1
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When j = 1, the factor is x*, which is 0 in Z[e,][x]/(x¥). Hence h(® (¢))
=0.

Now we prove that % is injective. Let f(g) € Z[q]. Suppose h(f(g)) =0,
or f(x +e,)=0in Z[en][x]/(xk). It follows that f(x + e,) is divisible
by x*; or that f(x) is divisible by (x — e,)¥. Since f is a polynomial with
coefficients in Z, it follows that f(x) is divisible by all Galois conjugates
(x — e,j;)k with (j,n) = 1. Then f is divisible by CDﬁ(q). In other words,
f=0in E =Z[q]/(®%(q)). O

6.2 A Frobenius homomorphism

We use E and G of the previous subsection. Suppose b is a positive integer
coprime with n. If £ is a primitive nth root of 1, 1.e. ®,(§) =0, then £l is also
a primitive nth root of 1, i.e. ®,(£%) = 0. It follows that ®,(¢?) is divisible
by ®,(q).

Therefore the algebra map Fj : Z[q] — Zlq], defined by Fj(g) = qb , de-
scends to a well-defined algebra map, also denoted by Fj,, from E to E. We
want to understand the image Fj,(E).

Proposition 14 The image Fy(E) is a free Z-submodule of E of maxi-

mal rank, i.e. tk(Fyp(E)) = tk(E). Moreover, the index of Fy(E) in E is
prlk=De(n)/2

Proof Using Proposition 13 we identify E with its image 2(E) in G.

Let F, : G — G be the Z-algebra homomorphism defined by F;,(en)
en, Fp(x) = (x +e,)? — en

Note that I:"b(x) = bef’l_lx + O(x?), hence I:"b(xk) = 0. It is easy to see
that F, is a well-defined algebra homomorphism, and that F, restricted to E
is exactly Fj. Since E is a lattice of maximal rank in G ® Q, it follows that
the index of F} is ex_actly the determinant of Fh, actingon G ® Q.

A basis of G is eﬁxl,with (jn)=1,0<j<nand j=0,and 0 <[ < k.
Note that

Fb(e’jl'xl)_ ]b (b 1B l+0(xl+1)

Since (b, n) = 1, the set e,ﬁb, with (j,n) =1 is the same as the set e}, with
(j,n)=1.Let f; : G — G be the Z-linear map defined by f; (en xh = eJ L
Since f] permutes the basis elements, its determinant is 1. Let f, : G — G
be the Z-linear map defined by f»(ejx!) = e (e, =2 x). The determinant of f>
is again £1. This is because, for any fixed /, f> restricts to the automorphism
of Zle,] sending a to e,a, each of these maps has a well-defined inverse:
a+ e, a. Now

fifaFp(eix!y =blejx! + 0(x'*h)
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can be described by an upper triangular matrix with b'’s on the diagonal; its
determinant is equal to b¥k—De()/2, 0

From the proposition we see that if b is invertible, then the index is equal
to 1, hence we have

Proposition 15 For any n coprime with b and k € N, the Frobenius ho-
momorphism Fp : Z[l/b][q]/(q)’n‘(q)) — Z[l/b][q]/(Qﬁ(q)), defined by
Fy(q) = q°, is an isomorphism.

6.3 Frobenius endomorphism of Sp o

For finitely many n; € Nj and k; € N, the Frobenius endomorphism

_ Z[1/b]lq] Z[1/b]lq]
b - T - I
(Hi Oy (‘I)) (l_[i @y, (‘I))

sending ¢ to ¢, is again well-defined. Taking the inverse limit, we get an
algebra endomorphism

Fy : Z[1/b][q1N — Z[1/b][q]™".

Theorem 16 For any subset T C Ny, the Frobenius endomorphism Fy, :
Z[1/b1ig)" — Z[1/b][q]", sending q to ¢®, is an isomorphism.

Proof For finitely many n; € N, and k; € N, consider the natural algebra
homomorphism

_ Z[1/b]lq] _)1—[Z[I/b][q]
(I en @) i (@)

This map is injective, because in the unique factorization domain Z[1/b][q],
one has

(@) (@5 ... Dy, (@) =[] P, ().
j=1

Since the Frobenius homomorphism commutes with J and is an isomorphism
on the target of J by Proposition 15, it is an isomorphism on the domain of J.
Taking the inverse limit, we get the claim. O

6.4 Existence of bth root of g in Sp o

Lemma 17 Suppose n and b are coprime positive integers and y € Qle;]
such that y* = 1. Then y = 1. If b is odd then y = 1.
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Proof Letd | bbe the order of y, i.e. y is a primitive dth root of 1. Then Q[e,,]
contains y, and hence ¢y. Since (n,d) = 1, one has Q[e,;,] N Qes] = Q (see
e.g. [13, Corollary of 1V.3.2]). Hence if ¢4 € Q[e,], then ¢4 € Q, it follows
thatd =1or2. Thus y=1or y=—1.If b is odd, then y cannot be —1. [

Lemma 18 Let b be a positive integer, T C Ny, and y € Q[q]” satisfying
v =1.Then y==+1.Ifb is odd then y = 1.

Proof 1t suffices to show that for any ni,ns,...,n, € T, the ring Q[g]/
(CIDﬁl1 . @ﬁ’; ) does not contains a bth root of 1 except possibly for 1. Using
the Chinese remainder theorem, it suffices to consider the case where m = 1.

The ring @[q]/(dﬂ,‘l (g)) is isomorphic to Q[en][x]/(xk), by Proposition 13.
If

k—1
y= Zajxf, aj € Qley]
J=0

satisfies y? = 1, then it follows that ag = 1. By Lemma 17 we have qp = %1.
One can easily see thata; =--- =a;_1 =0. Thus y = £1. l

In contrast with Lemma 18, we have

Proposition 19 For any odd positive b, and any subset T C Np, the ring
Z[l/b][q]T contains a unique bth root of q, which is invertible in Z[l/b][q]T.

For any even positive b, and any subset T C Ny, the ring Z[1/b][q]" con-
tains two bth roots of q, which are invertible in Z[1/b][q]" ; one is the nega-
tive of the other.

Proof Let us first consider the case T = Np,. Since Fp is an isomorphism by
Theorem 16, we can define a bth root of g by

q'" = Fb_l(CI) € Sp.0-

If y; and y, are two bth root of the same element, then their ratio y;/y, is a
bth root of 1. From Lemma 18 it follows that if b is odd, there is only one bth
root of ¢ in Z[1/b][¢]"", and if b is even, there are 2 such roots, one is the
minus of the other. We will denote them +¢!/%.

Further it is known that ¢ is invertible in Z[q]N (see [9]). Actually, there is
an explicit expression ¢~ = > ,49"(q; q)n. Hence g~ ' e Z[1/b][q1N?, since
the natural homomorphism from Z[q]N to Z[1 /b][q]N” maps g to ¢g. In a
commutative ring, if x | y and y is invertible, then so is x. Hence any root of
q is invertible.

In the general case of T C Ny, we use the natural map Z[l/b][q]Nb —
Z[1/b1[q]". 0
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Relation with [14]

By Proposition 19, S, ¢ is isomorphic to the ring Ag” = Z[l/b][ql/b]Nb used
in [14]. Furthermore, our invariant 7o/, and the one defined in [14] belong to
Sp.0- This follows from Theorem 1 for b odd, and from Proposition 10(c) for
b even. Finally, the invariant defined in [14] for M divided by the invariant of
#,-L(bfi , 1) (which is invertible in Sp o [14, Sect. 4.1]) coincides with o/,

up to factor ¢ 7 by Theorem 1, [14, Theorem 3] and Proposition 10(b).
6.5 Another Frobenius homomorphism

We define another Frobenius type algebra homomorphism. The difference of
the two types of Frobenius homomorphisms is in the target spaces of these
homomorphisms.

Suppose m is a positive integer. Define the algebra homomorphism

Gu : Rlgl" — RIgI"" by Gul(g) =q"
Since &,,, (¢) always divides ®,(¢"), G, is well-defined.

6.6 Realization of g*’/ in S,

In this subsection we will construct elements z, » € S, which will be used in
Sect. 8 and which realize the value of q“z/ b
way.

Throughout this subsection, let p be a prime or 1, b = +p foran [ € N,
and a an integer. Let By, j = G ,j(Sp,0). Note that B, j C S),;. If b is odd,
by Proposition 19 there is a unique bth root of g in S, o; we denote it by x;,0.
If b is even, by Proposition 19 there are exactly two bth root of g, namely
+¢!/5. We put Xp.0 = q'/?. We define an element Zb,a €S as follows.

Ifb|a,let zpq:=q"/" €S,

If b==+p' {a, then z,, € Sp is defined by specifying its projections
7j(Zb,a) = 2b,a;j € Sp,j as follows. Suppose a = p*e, with (e, p) = 1. Then
s <l.For j>sletzpqj:=0.For0<j<slet

, evaluated at ¢ = £ in a certain

J

2 j 2 25—
Zhaij =G p ey P =[G i (xp:0)1 7 € By j CSp,j

Similarly, for b = £p’ we define an element x;, € S » as follows. We put
70(xp) 1= Xpy0. For j <1, 7;(xp) =[G i (xp,0)]P . I j > 1, 7 (xp) == gqP.
Notice that for ¢ = (b, p’/) we have

i (Xp) = Zp,c:j-
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Proposition 20 Suppose & is a root of unity of order r = cr’, where ¢ = (r, b).
Then

0 ifcta,
E)IY: ifa=ca,

where b, is the unique element in 7/r'Z such that b, (b/c) =1 (mod r’).
Moreover,

eve (2pa) =

eve (xp) = (E9)".

Proof Let us compute evg(zp,4). The case of evg(xp) is completely analo-
gous.

If b | a, then c | a, and the proof is obvious.

Suppose b {a. Let a = p*e and ¢ = p'. Then s < [. Recall that z;, , =
l_[?io Zb,a;j- By Lemma 9,

eVe (2h,a) = €Ve(2paii)-

If ¢ ta, then i > s. By definition, zj 4.; = 0, hence the statement holds true.
It remains the case ¢ | a, or i <s. Note that £ = &€ is a primitive root of
order " and (p, r') = 1. Since zp 4;i € Bpi,

eve (2p.azi) € ZI1/plIE].

From the definition of z;, ,.; it follows that (zb,a;,-)b/ €= (qc)"z/ 02, hence after
evaluation we have
[eve (zp.a:) 1P/ = ().
Note also that
()Pl = (£)T

Using Lemma 17 we conclude eve(zpq4:) = (";‘C)a%b; if b is odd, and

eve(2paii) = (éc)“lzb; or eve(Zpai) = —(Sc)“%b; if b is even. Since
evl(ql/b) =1 and therefore ev;(ql/l’) = éb* (and not —éb*) we get the
claim. O

7 Invariant of lens spaces

The purpose of this section is to prove Lemma 6. Throughout this section we
will use the following notations.

Let a and b be coprime integers. Choose a and b such that bb + ad = 1
with 0 < sn(a)a < |b|. Notice that for a = 1 we have 1=1andb=0.

@ Springer



A unified quantum invariant 147

Let r be a fixed odd integer (the order of &). For [ € Z coprime to r, let
I, denote the inverse of / modulo r. If (b, r) = ¢, let b, denote the inverse of
b = % modulo 7" := £. Notice that for ¢ = 1, we have b, = b;.

Further, we denote by (;—‘,) the Jacobi symbol and by s(a, b) the Dedekind
sum (see e.g. [11]).

7.1 Invariants of lens spaces

Let us compute the SO(3) invariant of the lens space M (b, a; d). Recall that
M (b, a; d) is the lens space L(b, a) together with a knot K inside colored
by d (see Fig. 1).

Proposition 21 Suppose ¢ = (b, r) divides d — sn(a)a. Then

/ B 1 % sn(ag)fl |a| 1 _ %-fsn(a)db; X(C)
™Mbaia) &) = (1) o 1 — g—snd)p,

5o 2
4*u—4*b; a(afslz‘(a)d)

X &
where

u=12s(1,b) — 12sn(b)s(a, b)
+ %(a(l —d*) +2(sn(a)d — sn(b)) +a(@ —sn(a)d)?) € Z
and x(c) =1 if c =1 and is zero otherwise. If c{ (@ £ d), Ty p,a:a)(E) = 0.
In particular, it follows that 77, 4)(§) =0if cta £ 1.
Proof We consider first the case where b,a > 0. Since two lens spaces

L(b,ay) and L(b, ap) are homeomorphic if a; = ap (mod b), we can assume
a < b.Let b/a be given by a continued fraction

1
— mn J— 1
m}’l—l - 1
my_» e 1
my — —
mi
Using the Lagrange identity
L 1
a— 5= (a—1)+ — 1
1+
(b-1

we can assume m; > 2 forall i.
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148 A. Beliakova et al.

The Tam(p,a:0)(§) can be computed in the same way as the invariant
& (L(b,a), A) in [19], after replacing A2 (respectively A) by & 2 (respec-
tively £*). Representing the b/a-framed unknot in Fig. 1 by a Hopf chain (as
e.g. in Lemma 3.1 of [3]), we have

Fruk(§,d) = Z nqm’.“ l_[[Jsz+1 [Jnd]j1]

S:(d) aYm
G

where

2r
S, (d) = 254* Zmij,»z(sZ*j] _ 5—2*4/1)(52*/1]2 _ 5—2*/1]'2) o

Ji=1
odd

(gz*jnfljn _ é:_z*jnfljn)(sz*jnd _ S_z*jnd)'

Using Lemmas 4.11, 4.12 and 4.20 of [19]' (and replacmg ey by £ c,1
by ¢, Nyi=pby b, Ny_1.1=¢qg by a, Ny» =¢g* by a and —N,_; 2 = p*

by b), we get
) &)

x ()T T Z ¥ E(d)E @by ((422) 42, a5 a)+4.0b

Sp(d) = (=2)" (Vre(r))"ee(c) (

YIS

where x*(d) = 1 if ¢ | d F a and is zero otherwise. Further ¢(x) = 1 if
x=1 (mod 4)ande(x) = [ if x =3 (mod 4). This implies the second claim
of the lemma.

Note that when ¢ = 1, both x*(d) are nonzero. If ¢ > 1 and ¢ | (d — &),
x1(d) =1, but x~(d) = 0. Indeed, for ¢ dividing d — a, c | (d + a) if and
only if ¢ | @ which is impossible, because ¢ | b but (b, a) = 1.

Inserting the last formula into the Definition (5) we get

—n

Sq(d a4 , .
™ (b,a:d)(§) = ﬁ —2& 34y Zg“*lz £ 4 iy mi
j=1

IThere are misprints in Lemma 4.21: g* =+ n should be replaced by g* Fn forn =1, 2.
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where we used that o4 = n and o_ = 0 (compare [11, p. 243]). From

2 .
> g4J” = €(r)/r, we obtain

l)(r 1 174 a
e € =D €@ (5 ) (2)
r C

1— db* x(c) /a u2

xf( S — )2 g4 Gn=2mi)- 4, b(a—2d)—4,b) 24=0°

Applying the following formulas for the Dedekind sum (compare [11, Theo-
rem 1.12])

; 2
3n =Y mi=—12s(a, b) + ?, “3+b=125(1.6) =5 (19)

and dividing the formula for Ty (p,4;4)(§) by the formula for 77, 1)(§) we get

7\ x(0)
1-&~ b 4ou—4,p Ad=D)*
TM(ba d)(g) ( ) ( %_ —b, ) g wU—4xDy =

where

1 A
u=—12s(a,b) +12s(1,b) + b (a +a—2—bb(a —2d)>.

Notice, that u € Z. Further observe, that by using aa + bb =1, we get
a+a—2—bb@a—2d)=2(d~-1)+a(l —d* +a(@—d*

This implies the result for 0 < a < b.
To compute Tas(—p,a:a)(§), observe that Ty, —a;d) = TM(—b,a:a) 18 €qual to
the complex conjugate of Tys(p,4.4). The ratio

T™™M®b,a:d) (&)

Ty—baa) &) =
M(=b.a:d) TLb,1) (&)

can be computed analogously. Using e(c) = (—1)%6(C), we have for
a,b>0

7\ x(©)
(2 ‘5[”7 i, b ad=®
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150 A. Beliakova et al.

where
i =12s(a,b) + 12s(1,b) + %(—a — a4 —2+bb(a—2d)).
Using s(a, b) =s(a, —b) = —s(—a, b), we get the result. Il
Example For b > 0, we have
Ty (6) = (—1)F X g2:(b=3Fbex(©)
7.2 Proof of Lemma 6

Assume b = +p! and p is prime. We have to define the unified invariant
of Mé(b,a) := M (b, a; d(g)), where d(0) = 1 and d(0) is the smallest odd
positive integer such that sn(a)ad ((_)) =1 (mod b). First observe that such
d(0) always exists. Indeed, if p is odd, we can achieve this by adding b,
otherwise the inverse of any odd number modulo 2/ is odd.

Recall that we denote the unique positive bth root of g in §), o by ¢ 5. We
define the unified invariant Iy (5 o) € R as follows. If p # 2, then Ipsep.a) €
S is defined by specifying its projections

351D =3sn(B)s(a.b) ifj=0, e=0,
J 41 sn(ab)—1 W . -
il ba) = (—I)L 2 (%)jqf if0<j<lI, =0,
1 sn(ab) / . -
(D)3 B ) g g, e =,

- ay)2
where u' (= u — w and u is defined in Proposition 21. If

p =2, then only mo/pp,a) € S2,0 = Rz is non-zero and it is defined to be
q3s(1,b)—3sn(b)s(a,b).

The Ipse(p,q) 1s well-defined due to Lemma 22 below, i.e. all powers of g
in Ipze(p,q) are integers for j > 0 or lie in %Z for j = 0. Further, for b odd
(respectively even) Ipe(p,q) is invertible in S ,’; o (respectively Rz’e) since g

1
and g% are invertible in these rings.
In particular, for odd b = p', we have Irp1y=1,and

g7 if j =0,
J 41 —
TilLepn =1 (=D ¢"T if0<j<I, podd,
D5 i > 1 podd.
It is left to show, that for any & of order r coprime with p, we have
CVve (IMO(b,a)) = T]/Mo(b,a)(é)

@ Springer



A unified quantum invariant 151

and if r = p/k with j > 0, then

€ve (IM()(b,a)) = TI/W()(b,a) (S) .

For ¢ = 0, this follows directly from Propositions 20 and 21 with c =d = 1.
For ¢ =0, we have ¢ = (p/, b) > 1 and we get the claim by using Proposi-
tion 21 and

ata—sn(a)d(0))? ata—sn(a)d(0))? ala—sn(a)d(0))? ala—sn(a)d(0))?
B E— T = gbbi« be = gb; c

, (20

where for the second equality we use ¢ = bb,, (mod r). Notice that due to
part (2) of Lemma 22 below, b and ¢ divide a — sn(a)d(0) and therefore all
powers of £ in (20) are integers. O

The following Lemma is used in the proof of Lemma 6.

Lemma 22 We have

(@) 3s(1,b) —3sn(b)s(a,b) € }Z,
(b) bla— sn(a)d((_)) and therefore u’ € 7, and
(c) 4|u ford=d(0).

Proof The first claim follows from the formulas (19) for the Dedekind sum.
The second claim follows from the fact that (a, b)) = 1 and

a(a —sn(a)d) =1 — sn(a)ad — bb=0 (mod b),

since d is chosen such that sn(a)ad = 1 (mod b). For the third claim, notice
that for odd d we have

41(1—=d* and 4|2(sn(a)d — sn(b)). O

8 Laplace transform

This section is devoted to the proof of Theorem 4 by using Andrew’s identity.
Throughout this section, let p be a prime or p = 1, and b = +p' foran € N.

8.1 Definition

The Laplace transform is a Z[g™']-linear map defined by

Y/ Ptk

2 2pa.
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152 A. Beliakova et al.

In particular, we put Ly, ; := 1 o L}, and have Ly, j(z%) = 2p,a;j € Sp,j-
Further, for any f € Zlz+!, qil] and n € Z, we define

f:: f|z=q” € Z[qin»qil]-

Lemma 23 Suppose f € Z[zE!, gT']. Then for a root of unity & of odd order,
& bnz_—l A
D 7d" T f =@ eve(Lop(f)).

Proof 1t is sufficient to consider the case f = z%. Then, by the same argu-
ments as in the proof of [3, Lemma 1.3], we have

Zs priot 0 .y ?fc)(a, 1)
E)" 7 (&) ifa=cay.

The result follows now from Proposition 20. 0

8.2 Proof of Theorem 4

Recall that

M@ +q"—q' g™
A=) (@** Qs

We have to show that there exists an element Qy x € R) such that for every
root of unity &£ of odd order r one has

An, k) =

S G0 A k)
Fyv ()

=eve(Qp.k)-

n2—
Applying Lemma 23 to Fy»(§) = anqul [n]%, we get for ¢ = (b, r)

(1 —x_p)*©
I-gH-q))°

Fys(§) =2yp(E)eve ( (22)

where as usual, x (c) = 1 if c = 1 and is zero otherwise. We will prove that for
an odd prime p and any number j > 0 there exists an element Qx(q, xp, j) €
Sp,j such that

1
(@1 @i

k
Lp;j (l_l(z+z—1 —q' —q"')) =20u(q™ " xp. ). (23)
i=0
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If p =2 we will prove the claim for j = 0 only, since Sy 0 >~ R». The
case p = =1 was done e.g. in [2]. Theorem 4 follows then from Lemma 23
and (22) where Qy, k is defined by its projections

1-— q_1

—sn(b) .
REERYTL) Qk(q s X—bs J)-

i Qpk =

We split the proof of (23) into two parts. In the first part we will show that
there exists an element Q(q, xp, j) such that equality (23) holds. In the sec-
ond part we show that Qx (g, xp, j) liesin S, ;.

Part 1, b odd case

Assume b = £p' with p £ 2. We split the proof into several lemmas.

Lemma 24 For xp,j :=mj(xp) and c = (b, i),

: j ; 2k +1
Eb;j<1_[<z+z‘1—q’—q"))=2<—1>k+1[ A }Sb;jac,q),

i=0
where
& q (k+1)cn (C] —k

-1
;Q)cn
Sb: itk,q): =1+
! nX:; (qk+2;4)cn

(I+g™afl,.  @4)

Observe that for n > k%l k-1, q)cn 18 zero and therefore the

sum in (24) is finite.

the term (g~

1

Proof Since Ly, is invariant under z — z~ one has

k
Ly (H(z +z7'—¢' —q"’)) = 2Lz (27" Datr1)

i=0

and the g-binomial theorem (e.g. see [5], I1.3) gives

k+1
e s = (CDF Y <—1>i[2,fjil}z". (25)
i=—k

Notice that Ly, j(z*) # 0 if and only if ¢ | a. Applying Ly, ; to the RHS of
(25), only the terms with c | i survive and therefore

Ly j(z g™ Qau) =(=DF Y (=D«
n=—\k/c|

Lk+1)/c]
|:k +cn

2k + 1]
Zb,cn;j-
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Separating the case n = 0 and combining positive and negative n this is equal
to

2%+ 1 e k417, [2k+1
(- 1)[ ]+<—1)k Z (- U‘"([ch} [k_cn])z;,,m;j,

where we use the convention that [ 2 ] is put to be zero for positive x. Further,

k+cn k—cn 2k +2} | k+cn+1 q

and

—1
{2k 42} k+en+1 k (qk+2 Den

. 2 2
Using zp,cn; j = (2p,¢;j)" = xp; We get the result. O

To define Qk(q, xp, j) we will need Andrew’s identity (3.43) of [1]:

=) ¢V Sy Bidnlcidn
—1H" Wt >— tsn+Nn
2 (1) (tN+1)ng" (D

n>0 =
. (I)N(bSq_CS)N Z t"s (tiN)nS (bs)n, (Cs)n,
- ,Bm (I_Nbscs)ns

1 t
N GN ny>->ny>n; >0

‘1—[ (b (e (G
1b ZC (b_l-)”i+1(cL,-)”i+1 (Onig1—n;

Here and in what follows we use the notation (a), := (a;t),. The special
Bailey pair (o, B) is chosen as follows

T (141,
Bo=1, Bp=0 forn>1.

w=1, a,=(—1)"

Lemma 25 S, (k, q) is equal to the LHS of Andrew’s identity with the pa-
rameters fixed below.

Proof Since
Sp: (ks q) = S—p: j(k,q™ 1),
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it is enough to look at the case when b > 0. Define b’ := % and let w be a b'th
primitive root of unity. For simplicity, put N :=k + 1 and 7 := x;, ;. Using
the following identities

c—1

@ Den=[]@ 4.

=0
b'—1

(@5 q%)n ]_[(w .

where the later is true due to ¥ = xé’,/ = g€ for all j, and choosing a cth root

1
of t denoted by 7¢ we can see that

oo b'—1c—1

Sbj(k q)—l-i—ZHH%(l_'_tbn)tn +an

n=1i=0 =0 (@'T ¢ )n

Now We choose the parameters for Andrew’s identity as follows. We put

a:=5 d:="L and m := L J].Forl e{l,...,c— 1} there exist unique
u, v e {O ,C— 1} suchthatu; = N +1 (mod c) and vy =N —1 (mod ¢).
Note that v; = u._;. We define U} := NC+”’ and V; := _NC+”’ .Then U}, V; €

%Z but U; + V; € Z. We define

by = 1tY, c =" forl=1,...,a
bati =o't ™™, Cagi =@ 't™™ fori=1,...,d,
batid+i = o'ty Catld+i *= otV fori=1,...,d and
I=1,...,c—1,
beyi:= —a)"t, Coti = —w 't fori= 1,...,d,
by_q:=t"", cop =tV
by — 00, cs —> 00,

where g =a +cd and s = (c + )& + 1.
We now calculate the LHS of Andrew’s identity. Using the notation

(@) = (@) (@™ 1),

and the identities

nn t
fim 9~ Cm " and lim (-) _1
n

c—>oo c— 00
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we get

—-N
LHS: 1 + Ztn(n—l"rs-f'N—y)(l +tn) (t )n

= N+,
T, @,
[ a=m,emn, Ui,
d c—1 ] i d i
@'t (@1, RO I GO T GAR
§ 1111 (@~ 1101, (@ 11V, 11 (—oF)y (), N,

where

a d c—1
Y=Y WU+ + Y D Ui+ V)—m@d+1)+2d+1+N.
=1 i=11=1

Since Y2/ (Ui + V) =230 (Ui + V) =2(=N +m+ ) and 2d + 1 =
b’, we have

n—1+s+N—y=n+Nb'.

Further,
ﬁ (=™ ), _’ﬁ L+aoft" 147"
s (o, 1+ 14
and

U, e (@M,
E v, 1

Pl (a):l:itl-i-m)n
d c—1 i _ _
XHH (@'t (@™ t"), @)
P (w_ltl_Ul)n(wltl_Vl)n (fH_m)n
b—1c—1 ; =N+l
1—[ (@'t )y

ESEYR
i=0 1=0 (@'T "¢ )y

Taking all the results together, we see that the LHS is equal to Sy, ; (k, g). U
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Let us now calculate the RHS of Andrew’s identity with parameters chosen
as above. For simplicity, we put §; :=n ;1 —n;. Then the RHS is given by

Z - (t_N)ns (bs)ns (Cs)ns
ny>-=ny>n =0 12108, (6N bscdn,
(S N (AR M (L P

(1) (17N )
a

1 (U, (Y1), (217 UI= V),

=y, @1y

RHS = (t)n

=1

d i — +i -1
1_[ Gl m)"a+i(t2m+l)5a+i (=™ D (7 )y

(wiitm+l)na+i+1 (_wii)ng+i+1

i=1

d c—1 . ;.U —iV 1-U;—V,
X 1_[ (C()l[ ])na+ld+i (Cl) lt l)na+ld+i (t ! 1)5a+ld+i

—is1=U, i +1-V,
(@™ " D g1 @ T D i

i=11l=1

where

a d
x=) (L=Ur=Vni+ ) @m+ Dngsi
=1 i=1

d c—1 d

+ Y Y (= U= Vdnatiayi — Y ngti + (m— N)ng_j +ny.

i=1[=1 i=1

For ¢ =1 or d =0, we use the convention that empty products are set to be 1
and empty sums are set to be zero.
Let us now have a closer look at the RHS. Notice, that

(bs)nx (Cs)ns _ (_l)nxl‘thns.
bg,cs—00 (I_Nbscs)ns

The term (t_l),ggH is zero unless 8¢, € {0, 1}. Therefore, we get
d ki d
l—[ (=™ ), _ l_[(l 4 oot ey =St

— T
:1( w l)”g+i+1 i=1

Due to the term (¢~™),, , we have ny < m and therefore n; < m for all i <
s — 1. Multiplying the numerator and denominator of each term of the RHS
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by
a d
H(tl_U[+nl+l)m—n1+1 (tl—Vz+m+1)m_nl+1 l_[(wiilm+l+n"+i+l)m—na+,-+|
=1 i=l1
d c—1
x 1_[ l_[(a)_ifl_UH—naHdJri+1 Im—ngid it (witl_w—i_nﬁldHH Im—ngsidrisi
i=11l=1

/ ‘_ . /_ : ..
gives in the denominator 1—[?:—01 ]_[lel(a)’tl_U’)m . Hf’zll(a)’ M+, This is
equal to

@Dy @V @em
"+ " O,

c—1
l_[(tb (lfU/); l‘b Yo -

=1

Further,
N+1 1
(t)N(t + )ns_l = (I)NJrnS_l = (t)m(tm+ )me+nx_1-
The term (t_]\“”")(gk1 is zero unless 851 < N — m and therefore

(tm+1)N—m+nS,|
GaRM

1
= (tm+ +ns)N—m—5X,1 .

Taking the above calculations into account, we get

(t:; Dom
RHS = ———— - Ti(q, 1) (26)
(qN+1§ q)em
where
Te(g 0= Y (=D Ty s,

ng>-->ny>n1=0

el 3 -f[(t“”'—vl)a -li[(rz'"“xs s
[E2ios o l i=1 " o
d c—1
X 1_[ n(tl_Ul_w)5a+1d+i
i=1l=1

a
U, Vi 1-U; 1-V;
o8 I (G0 TG T ) MY (L (i MR
=1
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d

% 1_[(1 + wﬂ:itng+,‘)l—5g+,'
i=l
d

+i,—m +i m+1+n,4;
x [ J@™ 7™ (@™ mH nariety
i=1
d c—1

Vi
1_[ l_[ )l’la+ld+t (a) )na+ld+i

d c—1

| || | —i 1= Ul+na+1d+z+1)m diat
a+ld+i+

i 1=Vi+natidyiv
X (o't dm—ng-iasis

and x" ;1= x + w + Nng.
We now define the element Qg (g, xp, j) by

1—sn(b)

N k41 —KEED He (k+1)?
0xlg, . ) i= (=1 F1g57) T (g®407)

(xb;j; xb;j)Zm

Ti(q, xp: ;).
(45 @) Ntem /

By Lemmas 24 and 25, (26) and the following Lemma 26, we see that this
element satisfies (23).

Lemma 26 The following formula holds.

—k(k+1)/2 q—(k+1)2

2k +1 k+1. \—1 k+14
(—1>k+‘[ }( D = (=D = :
ko | Pk (@ Dr+1 (@5 g D

Proof This is an easy calculation using

k1, (1)l g GRSk /4 {2k +1}!
@ D1 = (=1 o 0
Part 1, b even case.

Let b = 42!, We have to prove equality (23) only for j = 0, i.e. we have to
show

k
1 . .
Lio (H(z +z7 -4 - q")) =20k, x, 0).

k+1.
(@75 Dt Pl
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The calculation works similar to the odd case. Note that we have ¢ =1 here.
This case was already done in [3] and [14]. Since their approaches are slightly
different and for the sake of completeness, we will give the parameters for
Andrew’s identity and the formula for O (g, xp, 0) nevertheless.

We put t :=xp.0, d := 2 — 1, w a bth root of unity and choose a primitive
square root v of w. Define the parameters of Andrew’s identity by

b; =aw't™N, Ci = N fori=1,...,d,
bgyi = —p2ly, Cdti i= —v @Dy fori=1,...,d+1,
by = —t N, cp = —Y = -1,
bs—1 = _N’ Cs—1 = tN_H’
by — 00, cy —> 00,

where s = b + 2. Now we can define the element

kGk+1) HST"“’) 5 1—ng(”>
Qk(q, xp,0) := ((—l)k“q—T) <q(k+1) )
(Xp;05 Xb;0)2N
(q: Qan  (—Xp:05 Xb:0)N

Ti(q, xp:0)

where

Te(q.n:= Y, (=D»r"
ng—1=-=n1=0
B TR | e G TR AR T
l—[,_l(l)a
X (N (N (=Y,
X (—Dny—1 - (—t" Ty

d

+i , —N +i N+1+n;
< [J@® ™M)y (@ N Ty
i=1

d+1
x 1_[(1 + vi(21—1)tnd+i)1—5d+i
i=1

and x” == Y 2N + Dny — Y ngys 4+ 221022 (N 4 1y +
ns—1). We use the notation (a; b)_| = lfalb*l'
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Part 2

We have to show that Qx(q, x5, j) € S, j, where j € NU {0} if p is odd, and
Jj =0 for p = 2. The following two lemmas do the proof.

Lemma 27 Fort = xp, j,
Ti(q.1) € ZIg™=" 1],

Proof Let us first look at the case b odd and positive. Since for a # 0, (t%),
is always divisible by (¢),, it is easy to see that the denominator of each
term of Ty(q,t) divides its numerator. Therefore we proved that Ty (q,t) €
Z[t*/¢, w]. Since

(t; t)2m
Sp:jk,q) = —7—— Ti(q, 1), (27)
’ @Vt @) em
there are fo, go € Zlg™!', tT!] such that Ti(q,t) = fo . This implies that

Ti(g,t) € Z[qil, t*17 since fo and go do not depend on w and the cth root
of r.
The proofs for the even and the negative case work similar. O

Lemma 28 Fort = xy.j,

(t; t)2m 1 cS
(@ QD Nyem (—t; 0O 7

where A\=1and j =0if p=2,and . =0 and j € NU {0} otherwise.

Proof Notice that

~——

(@5 D N+em =@ DN tem @3 G)2ms

where we use the notation

@ @) = H (1—q*“*).
CT(aﬂ)
We have to show that

G qm ——
ﬁ (q; q)N-i-cm (=15 l‘)N))L
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is invertible in Z[1/ p][g] modulo any ideal (f) = ([, @If,” (g¢)) where n runs
through a subset of p/N p- Recall that in a commutative ring A, an element a
is invertible in A/(d) if and only if (a) 4+ (d) = (1). If (@) + (d) = (1) and
(a) + (e) = (1), multiplying together we get (a) + (de) = (1). Hence, it is
enough to consider f = @ p_,-n(q) with (n, p) = 1. For any X € N, we have

X
@ ox=[]]]®@, (28)
i=1dli
cti
iy
(—ti0)x = = ]:[ld_[ Doy (1), (29)

4% 9% _ ;") x _ [T [Tajipr Pal®)
(t: 0x (t;)x [T, [ay @a®)

for b’ = b/c. Recall that (®,(q), ®.(g)) = (1) in Z[1/pllq] if either r/a
is not a power of a prime or a power of p. For r = p/n odd and a such
that ¢ 1 a, one of the conditions is always satisfied. Hence (28) is invertible
inS, j- If b=cor b =1, (29) and (30) do not contribute. For ¢ < b, notice
that g is a cnth pr1m1t1ve root of unity in Z[1/pllql/(®cn(q)) = Z[1/ pllecn].

Therefore ¥ = = ¢° is an nth primitive root of unity. Since (n,b’) = 1, t must
be a primitive nth root of unity in Z[1/p][ec,], too, and hence ®,(t) =0
in that ring. Since for j with (7, p) > 1, (®; (1), ®,(¢)) = (1) in Z[1/p][1],
we have ®(¢) is invertible in Z[1/p][ec,], and therefore (29) and (30) are
invertible, too. O

(30)
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Appendix A: Proof of Theorem 3

The appendix is devoted to the proof of Theorem 3, a generalization of the
deep integrality result of Habiro, namely Theorem 8.2 of [7]. The existence
of this generalization and some ideas of the proof were kindly communicated
to us by Habiro.

Reduction to a result on values of the colored Jones polynomial

We will use the notations of [7]. We put ¢ = ¢”, and v = ¢"/2, where h is

a free parameter. The quantum algebra Uy = Uj(sly), generated by E, F
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and H, subject to some relations, is the quantum deformation of the universal
enveloping algebra U (s/2).

Let V, be the unique (n + 1)-dimensional irreducible Uj-module. In [7],
Habiro defined a new basis 15,2, k=0,1,2,..., for the Grothendieck ring of
finite-dimensional Uy, (sly)-modules with

_ v%k(l—k) k—1 ' '
]é = ' (Vl _ v21+1 _ U—Zl—l)'
(&} i=0
Put P]; = {P’ . P/ _}. It follows from Lemma 6.1 of [7] that we will
have identity (9) of Theorem 3 if we put

CLuL/(k J) = JL|_|L/ (Pk '])l_[( l)k k +k; +1

i

Hence to prove Theorem 3 it is enough to show the following.

Theorem A.1 Suppose L U L’ is a colored framed link in S° such that L has
zero linking matrix and L' has odd colors. Then for k = max{ky, ..., ky} we
have

= @ ke
Jrur (P, j) € T;Z[qil].

In the case L’ = @, this statement was proved in [7, Theorem 8.2]. Since
our proof is a modification of the original one, we first sketch Habiro’s origi-
nal proof for the reader’s convenience.

A.1 Sketch of the proof of Habiro’s integrality theorem
Geometric part

Let us first recall the notion of a bottom tangle, introduced by Habiro in [8].

An n-component bottom tangle 7 = 77 U --- U T}, is a framed tangle con-
sisting of n arcs 71, ..., T, in a cube such that all the endpoints of T are on a
line at the bottom square of the cube, and foreachi =1, ..., n the component
T; runs from the 2ith endpoint on the bottom to the (2i — 1)st endpoint on
the bottom, where the endpoints are counted from the left. An example, the
Borromean bottom tangle B, is given in Fig. 2.

In [8], Habiro defined a braided subcategory B of the category of framed,
oriented tangles which acts on the bottom tangles by composition (vertical
pasting). The objects of B are the symbols b®", n > 0, where b :=| 1. For m,
n > 0, a morphism X of B from b®" to b®" is the isotopy class of a framed,
oriented tangle X which we can compose with m-component bottom tangles
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Fig. 2 Borromean bottom

tangle B @

AN

to get n-component bottom tangles. Let B(m, n) be the set of morphisms from
b®™ to b®". The composite ¥ X of two morphisms is the gluing of Y to the
bottom of X, and the identity morphism lpem =] 1 --- |1 is a tangle consist-
ing of 2m vertical arcs. The monoidal structure is given by pasting tangles
side by side. The braiding for the generating object b with itself is given by

Vb,b =%

Corollary 9.13 in [8] states the following.

Proposition A.2 (Habiro) If the linking matrix of a bottom tangle T is zero
then T can be presented as T = WB®]‘, where k > 0 and W € B(3k,n) is
obtained by horizontal and vertical pasting of finitely many copies of 1p, ¥ b,

l//b_tl), and

I
Ub:ﬂ’ sz\u/, Y+ = % V—:ﬁ)-

Algebraic part

Let K = v/ = ¢"7". Habiro introduced the integral version U, which is the
Zlgq, q_l]—subalgebra of Uy, freely spanned over Z|q, q_l] by FOKJek for
i,k>0,jeZ,where

There is 7Z/27-grading, U, = L{;) @Z/lql, where Z/lg (resp. Z/{ql) is spanned by
FO K2 ek (resp. FO K2/+1¢k). We call this the e-grading, and L{fj) (resp. Z/Iql)
the even (resp. odd) part.

The two-sided ideal F), in U, generated by e’ induces a filtration on
UH®", n> 1, by

Fp(U)E) = U  @ FpUy) @ U € U)®".

i=l
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Let (Z;{q)®” be the image of the homomorphism

U ®n A
lim _U)™ — U
S0 Fp(Ug)®)

where ® is the h-adically completed tensor product. By using F » (Z/{Cf) =
FpUy) N Z/{; one defines (Z;{qg)@’” for £ € {0, 1} in a similar fashion.

By definition (Sect. 4.2 of [7]), the universal sl, invariant J7 of an
n-component bottom tangle 7 is an element of U,‘?”. Theorem 4.1 in [7]
states that, in fact, for any bottom tangle 7 with zero linking matrix, Jr is
even, i.e.

Jr e UNH®". (A.1)

Further, using the fact that Jx of a O-framed bottom knot K (ie. a
1-component bottom tangle) belongs to the center of 1/, Habiro showed that

(1—¢q) "
Jg=Y (=1)'g""th_—— 2 (P)o,
g @

where

on=[](C*= (@ +2+q7")
i=0

with C = (v — v_l)F(I)K_le +vK + v_lK_l,

the quantum Casimir operator. The o, provide a basis for the even part of the

~ n+l.
center. From this, Habiro deduced that Jg (P,) € %Z[q, q_l].
The case of n-component bottom tangles reduces to the 1-component case
by partial trace, using certain integrality of traces of even element (Lemma 8.5

of [7]) and the fact that Jr is invariant under the adjoint action.
Algebro-geometric part

The proof of (A.1) uses Proposition A.2, which allows to build any bottom
tangle T with zero linking matrix from simple parts, i.e. T = W (B®*).

On the other hand, the construction of the universal invariant Jr extends
to the braided functor J : B— Mody, from B to the category of U,-modules.
This means that Jw poky = Jw (Jper). Therefore, in order to show (A.1), we

need to check that Jp € (5[3)@’3, and then verify that Jy maps the even part
to itself. The first check can be done by a direct computation [7, Sect. 4.3].
The last verification is the content of Corollary 3.2 in [7].
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A.2 Proof of Theorem A.1
Generalization of (A.1)

To prove Theorem A.1 we need a generalization of (A.1) or Theorem 4.1 in
[7] to tangles with closed components. To state the result let us first introduce
two new gradings.

Suppose T is an n-component bottom tangle in a cube, homeomorphic to
the 3-ball D3. Let S (D3 \ T) be the Z[qil/ 4]-module freely generated by
the isotopy classes of framed unoriented colored links in D3 \ T, including
the empty link. For such a link L C D3\ T with m-components colored by
ny,...,ny, we define our new gradings as follows. First provide the compo-
nents of L with arbitrary orientations. Let /;; be the linking number between
the ith component of T and the jth component of L, and p;; be the linking
number between the ith and the jth components of L. For X =T LI L we put

gr.(X):=(e1,...,en) € (Z/2Z)", whereg; := lejn'j (mod 2), and

J
gr,(L):== Y piynin;+2 Y (pjj+Dn); (mod4),

I<i,j<m I<j=m

where n} :=n; — 1.
(A.2)

It is easy to see that the definitions do not depend on the orientation of L.

The meaning of gr, (L) is the following: The colored Jones polynomial of
L, a priori a Laurent polynomial of ¢'/4, is actually a Laurent polynomial of
q after dividing by ¢ (L)/3; see [17] for this result and its generalization to
other Lie algebras.

We further extend both gradings to S(D? \ T) by
gre (6]1/4) =0, gr, (q1/4) =1 (mod4).

Recall that the universal invariant Jx can also be defined when X is the
union of a bottom tangle and a colored link (see [8, Sect. 7.3]). In [8], it is
proved that Jx is adjoint invariant. The generalization of Theorem 4.1 of [7]
is the following.

Theorem A.3 Suppose X =T U L, where T is a n-component bottom tan-
gle with zero linking matrix and L is a framed unoriented colored link with

gr.(X)=1(e1,...,&n). Then

e il (ZAK- TR B
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Corollary A.4 Suppose L is colored by a tuple of odd numbers, then
Jx € UNH®".

Since Jy is invariant under the adjoint action, Theorem A.1 follows from
Corollary A.4 by repeating Habiro’s arguments. (|

Hence it remains to prove Theorem A.3. In the proof we will need a notion
of a good morphism.

Good morphisms

Let I,, :== lpem € B(m, m) be the identity morphism of b®" in the cube C.
A framed link L in the complement C \ [, is good if L is geometrically
disjoint from all the up arrows of b®™, i.e. there is a plane dividing the cube
into two halves, such that all the up arrows are in one half, and all the down
arrows and L are in the other. Equivalently, there is a diagram in which all the
up arrows are above all components of L. The union W of [,,, and a colored
framed good link L is called a good morphism. If Y is any bottom tangle
so that we can compose X = WY, then it is easy to see that gr,(X) does
not depend on Y, and we define gr (W) := gr.(X). Also define grq(W) =
gr, (L).

As in the case with L = ¢, the universal invariant extends to a map Jy :
U™ — Up".

Proof of Theorem A.3

The strategy here is again analogous to the Habiro case: In Proposition A.5
we will decompose X into simple parts: the top is a bottom tangle with zero
linking matrix, the next is a good morphism, and the bottom is a morphism
obtained by pasting copies of up. Since any bottom tangle with zero linking
matrix satisfies Theorem A.3 and py, is the product in 4, which preserves the
gradings, it remains to show that any good morphism preserves the gradings.
This is done in Proposition A.6 below. U

Proposition A.5 Assume X =T U L where T is a n-component bottom tan-
gle with zero linking matrix and L is a link. Then there is a presentation
X = WoW Wy, where Wy is a bottom tangle with zero linking matrix, Wy is
a good morphism, and W is obtained by pasting copies of [ip.

Proof Let us first define y1 € B(i,i 4+ 1) for any i € N as follows.

g [t
Jp = M A= (H/HH
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If a copy of up is directly above wtfé or Y+, one can move iy down by
isotopy and represent the result by pasting copies of Wtft]; and y4. It is easy
to see that after the isotopy y+ gets replaced by 71 and ‘ﬁﬁtg by two copies

£ ytl ’
of Yipp

Using Proposition A.2 and reordering the basic morphisms so that the p’s
are at the bottom, one can see that 7 admits the following presentation:

T = W, Wi (B®)

where B is the Borromean tangle, W> is obtained by pasting copies of uy and
Wi is obtained by pasting copies of wéfg, v+ and np.

Let P be the horizontal plane separating W, from W,. Let Py (P_)
be the upper (lower, respectively) half-space. Note that Wy = W (B®) is
a bottom tangle with zero linking matrix lying in Py and does not have
any minimum points. Hence the pair (P4, Wp) is homeomorphic to the pair
(P4, [ trivial arcs). Similarly, W, does not have any maximum points; hence
L can be isotoped off P_ into P,. Since the pair (P4, Wp) is homeomor-
phic to the pair (P, trivial arcs) one can isotope L in P4 to the bottom end
points of down arrows. We then obtain the desired presentation. 0

Proposition A.6 For every good morphism W, the operator Jw preserves
gradings in the following sense. If x € L{qsl ® - QU™ then

Jw (x) € g« (uj‘ ®: - ®U,§M) ,
where (€1, ...,€y,) = (€1, ..., &m) + gr,(W).
The rest of the appendix is devoted to the proof of Proposition A.6.
Proof of Proposition A.6

We proceed as follows. Since Jy is invariant under cabling and skein re-
lations, and by Lemma A.8 below, both relations preserve gr, and gr,, we

consider the quotient of S(D3\ T) by these relations known as a skein
module of D3\ T. For T = I, this module has a natural algebra struc-
ture, with good morphisms forming a subalgebra. By Lemma A.7 (see also
Fig. 4), the basis elements W, of this subalgebra are labeled by n-tuples
Y =W, ¥n) € (Z/2Z)". It’s clear that if the proposition holds for W,,
and W,,, then it holds for W), W,,,. Hence it remains to check the claim for
W,’s. This is done in Corollary A.10 for basic good morphisms correspond-
ing to y whose non-zero y;’s are consecutive. Finally, any Wy can be ob-
tained by pasting a basic good morphism with few copies of wb b- Since Jy+
preserves gradings (compare (3.15), (3.16) in [7]), the claim follows from
Lemmas A.7, A.8 and Proposition A.9 below. 0
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X000 X X X

LR LV LH L+

Fig. 3 Tangles involved in the skein relations

Cabling and skein relations

Let us introduce the following relations in S(D3\ T).
Cabling relations:

(a) Suppose n; =1 for some i. The first cabling relation is L = L, where L
is obtained from L by removing the ith component.

(b) Suppose n; > 3 for some i. The second cabling relation is L =L" — L/,
where L’ is the link L with the color of the ith component switched to
n; —2,and L” is obtained from L by replacing the ith component with
two of its parallels, which are colored with n; — 1 and 2.

Skein relations:

(a) The first skein relation is U = q% +gq %, where U denotes the unknot
with framing zero and color 2.
(b) Let L, Ly and L gy be unoriented framed links with colors 2 which are

identical except in a disc where they are as shown in Fig. 3. Then the
. . 1 _1 . .
second skein relation is Lg = g%Ly + g~ % L if the two strands in the
. . 1
crossing come from different components of Lg, and Lg = €(q3Ly —

q_% L) if the two strands come from the same component of L g, pro-
ducing a crossing of sign € = %1 (i.e. appearing as in L, of Fig. 3 if Ly
is oriented).

We denote by S(D3\ T) the quotient of S(D? \ T') by these relations. It is
known as the skein module of D> \ T (compare [26, 27] and [4]). Recall that
the ground ring is Z[g*!/4].

Using the cabling relations, we can reduce all colors of L in S(D3\ T) to
be 2. Note that the skein module S(C \ I,) has a natural algebra structure,
given by putting one cube on the top of the other. Let us denote by A, the
subalgebra of this skein algebra generated by good morphisms.

For a set y = (y1,...,vn) € (Z/2Z)" let W,, be a simple closed curve
encircling the end points of those downward arrows with y; = 1. See Fig. 4
for an example.

Similarly to the case of Kauffman bracket skein module [4], one can easily
prove the following.

Lemma A.7 The algebra A, is generated by 2" curves W,,.
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Fig. 4 The element
W1,1,0,1,0) l ‘

Using linearity, we can extend the definition of Jx to X =T U L, where
L is any element of S(D3 \ 7). It is known that Jy is invariant under the
cablings and skein relations (Theorem 4.3 of [12]), hence Jx is defined for
L € S(D3\ T). Moreover, we have

Lemma A.8 Both gradings gr, and gr, are preserved under the cabling and
skein relations.

Proof The statement is obvious for the ¢-grading. For the g-grading, notice
that

e (L)=2 ) pymnit Y pini+2 Y (pij+ D,

I<i<j<m l<j<m l<j<m

and therefore gr, (L") = gr, (L) = gr,(L) (mod 4). This takes care of the
cabling relations.
Let us now assume that all colors of L are equal to 2 and therefore

m

gr,(L)=2 > pij+3> pii+2m.

I<i<j<m i=1

The statement is obvious for the first skein relation. For the second skein
relation, choose an arbitrary orientation on L. Let us first assume that the two
strands in the crossing depicted in Fig. 3 come from the same component
of Ly and that the crossing is positive. Then, Ly and L g have one positive
self-crossing less, and Ly has one link component more than L. Therefore

1
gr,(q*Ly) =gr, (L) =3 +2+1=gr, Lg (mod 4),
1
gr,(q *Ly)=gr,(Lg) —3—1=gr,Lg (mod 4).
It is obvious, that this does not depend on the orientation of L g. If the crossing
of Lp is negative or the two strands do not belong to the same component of

L g, the proof works similar. Il
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Basic good morphisms

Let Z, be W, fory = (1, 1,...,1) € (Z/2Z)".

Proposition A.9 One has a presentation

Iz, =Y @Y M0y o,

) (n)

(n
such thatz . 12

€ vZ/I forevery j =1,.
Corollary A.10 Jz, satisfies Proposition A.6.

Proof Assume x € Ll,; '®---®U.", then we have

Jz,(x) = Zz(")xm(") R Zz(") 7

l2n

Hence, by Proposition A.9, we get

Jz,(x) € q'/? <Z/{;' ®---®Uq8"),
where (¢],...,&,) =(e1,...,&0) + (1, 1,...,1).

The claim follows now from the fact that gr.(Z,) = (1,1,...,1) and
gr, (L) =2. 0

A.3 Proof of Proposition A.9

The statement holds true for Jz;, = C ® idy. Now Lemma 7.4 in [8] states
that applying A to the ith component of the universal quantum invariant of
a tangle is the same as duplicating the ith component. Using this fact we
represent

Iz = (Lpgno1 ® @ ®idy)(Jz,), (A.3)

where @ is defined as follows. For x € U, with A(x) =) x(1) ® x(2), we put

O(x) =Y x(1) ® BuS(Br) ® tnx2)m

(x),m,n
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where the R-matrix is given by R =) ; a; ® ;. See figure below for a pic-

ture.

[eqee) Bm
|: Az
An S(ﬁn)

vl

We are left with the computation of the e-grading of each component
of ®(x).

In U, in addition to the e-grading, there is also the K-grading, defined by
IK|=|K~'=0,le|]=1,|F|=—1.In general, the co-product A does not
preserve the e-grading. However, we have the following.

Lemma A.11 Suppose x € U, is homogeneous in both e-grading and K -gra-
ding. Then we have a presentation

Alx) = qu) D X2,
(x)

where each x(1y, x(2) are homogeneous with respect to the e-grading and K -
grading. In addition, for x € Uy, we have x(2) € Uy and x(1) Kol e Uy.

Proof If the statements hold true for x, y € U,, then they hold true for xy.
Therefore, it is enough to check the statements for the generators e, F R
and K, for which they follow from explicit formulas of the co-product. [

Lemma A.12 Suppose x € U, is homogeneous in both e-grading and
K -grading. There is a presentation

Q(x) = Z Xip ® Xij @ Xi,

such that each x;; is homogeneous in both ¢-grading and K -grading, and for
x € Uy, xi, and xi, xj, belong to Ug.

Proof Weput D=3 D' ® D" := viH®H Using (see e.g. [7])

R=D (Zq%n(n—l)F(H)K—n ® en) ,

n
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we get

d(x) = Z q%(m(m—l)-i-n(n—l))x(l) ® Dlz/emS(Dll/en)

(x),n,m
® D{F"WK "xqDyF™ K™
— Z (_1)nq—%m(m+1)—n(|x(2)|+1)x(l) ® emenK-—|X(2)|

(x),n,m

® ﬁ(n)x(z)ﬁ(m)’

where we used (id®S)D = D! and D*'(1 ® x) = (KT @ x)D*! for
homogeneous x € U, with respect to the K-grading. Now, the claim follows
from Lemma A.11. O

By induction on 7 in (A.2), given that C € vl/!, Lemma A.12 implies

Proposition A.9. O
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