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ABSTRACT. For each finite dimensional, simple, complex Lie algebra g and each root of unity £ (with
some mild restriction on the order) one can define the Witten-Reshetikhin-Turaev (WRT) quantum
invariant 73, (€) € C of oriented 3-manifolds M. In the present paper we construct an invariant Jas
of integral homology spheres M with values in the cyclotomic completion Z@ of the polynomial ring
Z[q], such that the evaluation of Jys at each root of unity gives the WRT quantum invariant of M
at that root of unity. This result generalizes the case g = sl proved by the first author. It follows
that Jps unifies all the quantum invariants of M associated with g, and represents the quantum
invariants as a kind of “analytic function” defined on the set of roots of unity. For example, 7as(§)
for all roots of unity are determined by a “Taylor expansion” at any root of unity, and also by
the values at infinitely many roots of unity of prime power orders. It follows that WRT quantum
invariants 7as(€) for all roots of unity are determined by the Ohtsuki series, which can be regarded
as the Taylor expansion at ¢ = 1, and hence by the Le-Murakami-Ohtsuki invariant. Another
consequence is that the WRT quantum invariants 7}, () are algebraic integers. The construction of
the invariant Jys is done on the level of quantum group, and does not involve any finite dimensional
representation, unlike the definition of the WRT quantum invariant. Thus, our construction gives
a unified, “representation-free” definition of the quantum invariants of integral homology spheres.
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UNIFIED QUANTUM INVARIANTS 5
1. INTRODUCTION

The main goal of the paper is to construct an invariant J Jg\‘J of integral homology spheres M associ-
ated to each finite dimensional simple Lie algebra g, which unifies the Witten-Reshetikhin-Turaev
quantum invariants at various roots of unity. The invariant J]gw takes values in the completion

Z[\q] = lim Z[q]/((1 —q)(1 — q?) -+ (1 —¢")) of the polynomial ring Z[g], which may be regarded
as a ring of analytic functions on roots of unity. This invariant unifies the quantum invariants at
various roots of unity in the sense that for each root of unity £, the evaluation evg(J ]gw) at g =&
of Jj, is equal to the WRT quantum invariant 73,(£) of M at & whenever 73,(§) is defined. This
invariant is a generalization of the sl case constructed in [HaT7].

1.1. The WRT invariant. Witten [Wi], using non-mathematically rigorous path integrals in
quantum field theory, gave a physics interpretation of the Jones polynomial [Jo] and predicted the
existence of 3-manifold invariants associated to every simple Lie algebra and certain integer, called
level. Using the quantum group Ug(slz) at roots of unity, Reshetikhin and Turaev [RT2] gave
a rigorous construction of 3-manifold invariants, which are believed to coincide with the Witten
invariants. These invariants are called the Witten-Reshetikhin-Turaev (WRT) quantum invariants.
Later the machinery of quantum groups helps to generalize the WRT invariant 73,(€) to the case
when g is an arbitrary simple Lie algebra, and £ is a root of unity.

In this paper we will focus on the quantum invariants of an integral homology 3-sphere, i.e. a
closed oriented 3-manifold M such that H,(M,Z) = H,(S3,7Z).

Let Z C C denote the set of all roots of unity. For each simple Lie algebra g, there is a subset
Z4 C Z and the g WRT invariant of an integral homology sphere M gives a function

(1) 71%4: 25— C,

(We recall the definition of 73,(¢) in Section 8. The definition of 73,(£) for closed 3-manifolds
involves a choice of a certain root of £, but it turns out that for integral homology spheres this
choice is irrelevant.)

We are interested in the behavior of the WRT function (1) associated to each Lie algebra g. It
is natural to raise the following questions.

e Is it possible to extend the domain of the map TZE\;/[ to Z in a natural way?

e How strongly are the values at different roots of unity &,&' € Z; related?

e Is there some restriction on the range of the function? In particular, is 73,(£) an algebraic
integer for all g and &7

e How are the quantum invariants related to finite type invariants of 3-manifolds [Oht4,
Hal, Gou|? In particular, is there any relation between the quantum invariants and the
Le-Murakami-Ohtsuki invariant [LMO]?

— —

1.2. The ring Z[q] of analytic functions on roots of unity. Define a completion Z[g] of the
polynomial ring Z[q] by

—

Zlq] = Yim Z[q]/((¢; @)n);

where as usual

(2:0)n = [ [ (1 — 2.

j=1
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The ring Z%[\q] may be regarded as the ring of “analytic functions defined on the set Z of roots of
unity” [Ha3, Ha7|. This statement is justified by the following facts. For more details, see Section
1.2 of [HaT].

For a root of unity £ € Z of order r, we have (§; &), = 0 for n > r. Hence the evaluation map

eve: Zlg) — Z[§],  f(q) = f(§)

induces a ring homomorphism

—

eve: Zlq] — Z[E].
We write f(§) = eve(f(q)).

Each element f(q) € Z[E] defines a function from Z to C. Thus we have a ring homomorphism
(2) ev: Z/E] — C?

defined by ev(f(q))(§) = eve(f(q)). This homomorphism is injective [Ha3], i.e., f(g) is determined
by the values f(&) for £ € Z. Therefore, we may regard f(q) as a function on the set Z.

—

In fact, a function f(q) € Z[g] can be determined by values on a subset Z’ of Z if Z’ has a limit
point &y € Z with respect to a certain topology of Z, see [Ha3, Theorem 6.3]. In this topology, an
element ¢ € Z is a limit point of a subset Z’ C Z if and only if there are infinitely many & € Z’

such that the orders (as roots of unity) of £¢~1 are prime powers. For example, each f(q) € Z[q]
is determined by the values at infinitely many roots of unity of prime orders.

For € € Z, there is a ring homomorphism

—

Te: Zlg) — Z[E][lg — €]

induced by the inclusion Z[q] C Z[¢][q], since, for n > 0, the element (q;q)yora(e) is divisible by
(g —&)™in Z[¢][q]. The image T¢(f(q)) of f(q) € Z@ may be regarded as the “Taylor expansion”

—

of f(q) at £&. The homomorphism T is injective [Ha3, Theorem 5.2|. Hence a function f(q) € Z[q]

L

is determined by its Taylor expansion at a point & € Z. Injectivity of T; implies that Z[q] is an
integral domain.

—

The above-explained properties of Z[q] depend on the ground ring Z of integers in an essential

—

way. In fact, the similar completion Q[q] = 1£1n Q[q]/((g; q)n) is radically different. For example,

—

Qlq¢] is not an integral domain, and quite opposite to the case over Z, the Taylor expansion map

Te: @[\(ﬂ — QI[¢][[g — &]] is surjective but not injective, see [Ha3, Section 7.5].

—

Recently, Manin [Man| and Marcolli [Mar| have promoted the ring Z[q] as a candidate for the
ring of analytic functions on the non-existing “field of one element”.

1.3. Main result and consequences. The following is the main result of the present paper.

p—

Theorem 1.1. For each simple Lie algebra g, there is a unique invariant Jyy = J]gw € Z[q] of an
integral homology sphere M such that for all £ € Z3 we have

eve(Jur) = 7y,(8).
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Theorem 1.1 is proved in Section 8.20. It follows from Theorems 2.22, 4.9, 7.3, and 8.1.

The case g = sl of Theorem 1.1 is announced in [Ha2] and proved in [Ha7]. For g = sia,
the invariant Jj; has been generalized to invariants of rational homology spheres with values in

modifications of Z[¢] in [BBIL, Le5, BL, BBulLl.

The theorem implies that for integral homology 3-spheres, Tf\'/[ (&) does not depend on the choice
of a root of ¢ which is used in the definition of 73 ,().

We list here a few consequences of Theorem 1.1. For the results stated without proof and with
the sly case proved in [Ha7], the proof is the same as the proof of the corresponding result in [Ha7].

1.3.1. Analytic continuation of T4, to all roots of unity. Even if a root of unity £ € Z is not
contained in Zg, the domain of definition of the WRT function 73,, we have a well-defined value
eve(Jar) € Z[€]. By the uniqueness of Jyy, it would be natural to define the g WRT invariant 73,(£)
at £ € Z\ Z as eve(Jy). We may regard it as an analytic continuation of 77, : Z; — C.

The specializations eve¢(Jyr) are compatible also with the projective version of the g WRT in-
variant

(3) Tj\lj[g: Zpg — C,
where Zpy is another subset of Z. See Section 8.

Proposition 1.2. For an integral homology sphere M and for § € Zpgy, we have

P
eve(Ju) = 7/ (6)-
As a consequence, for § € 23N Zpg, we have

(4) T3(&) = T (©).
Remark 1.3. For a closed 3-manifold M which is not necessarily an integral homology sphere we
do not have (4) but for some values of £ we have identities of the form

P ~
71%4(5) = TMg(g)TJE\Z(f)
where %]%4(5) is an invariant of M satisfying %JE\’/I(f) = 1 for M an integral homology sphere. For
details, see e.g. [Bl, KM, KT, Le4|.

1.3.2. Integrality of quantum invariants. An immediate consequence of Theorem 1.1 is the following
integrality result.

Corollary 1.4. For any integral homology sphere M and for £ € Z4, we have T]g\/[(f) € Z[g]. In
particular, T]gw(f) s an algebraic integer.

Here we list related integrality results for quantum invariants for closed 3-manifolds, which are
not necessarily integral homology spheres.

H. Murakami [Mu] (see also [MR]) proved that the Psly, WRT invariant, also known as the
quantum SO(3) invariant [KM], of a closed 3-manifold at £ € Z of prime order is contained in Z[£].
This result, for roots of unity of prime orders, has been generalized to sl,, by Masbaum and Wenzl
[MW] and independently by Takata and Yokota [TY], and to all simple Lie algebras by the second
author [Le4].

The case of roots of non-prime orders, conjectured by Lawrence [La2| in the sly case, has been
developed later. The case g = sla of Corollary 1.4 is obtained by the first author in [Ha7]. Beliakova,



8 KAZUO HABIRO AND THANG T. Q. LE

slo

Chen and the second author [BCL] proved that for any root of unity &, 7;7(£) (which depends on
a fourth root of &) is an algebraic integer. For general Lie algebras, however, the proof in [BCL]
does not work. Corollary 1.4 is the first integrality result, for general Lie algebras, in the case of
non-prime orders.

1.3.3. Relationships between quantum invariants at different roots of unity. One can obtain from
Theorem 1.1 results about the values of the WRT invariants, more refined than integrality.

Let Q* ¢ C denote the maximal abelian extension of Q, which is the smallest extension of Q
containing Z. The image of the WRT function 7§, is contained in the integer ring O(Q*") of Q?®,
which is the subring of Q* generated by Z. Note that an automorphism o € Gal(Q®*/Q) maps
each root of unity £ to a root of unity «(§) of the same order as . There is a canonical isomorphism

Gal(Q™/Q) = Autgrp(2),

which maps o € Gal(Q®?/Q) to its restriction to Z. Here Autc,p(Z) is the group of automorphisms
of Z, considered as a subgroup of the multiplicative group C \ {0}.

Proposition 1.5. For every integral homology sphere M, the g WRT function Tf/[: Z - Qs
Galois-equivariant in the sense that for each automorphism o € Gal(Q* /Q) we have

i (a(§)) = a7y, (8))

The sly case of Proposition 1.5 is mentioned in [HaT7].

Proposition 1.6 below is proved in Section 8.21.
Proposition 1.6 ([Ha7] for g = sla). We have evi(Jyr) = 1 for every integral homology sphere M.
Proposition 1.7 ([Ha7] for g = sly). For &,& € Z with ord(¢'6€71) a prime power, we have

(&) = 73,(€)  (mod £ —¢)

in Z[E,&'].

Proposition 1.7 holds also when ord(¢’¢71) is not a prime power, but in this case the statement
is trivial since & — £ is a unit in Z[¢, £').

Corollary 1.8. For every integral homology sphere M and for every root of unity & € Z of prime
power order, we have

(6 — 1€ (1 -zl
Consequently, we have 73,(€) # 0.

For g = slo, a refined version of Corollary 1.8 is given in [Ha7, Corollary 12.10].

1.3.4. Integrality of the Ohtsuki series. When M is a rational homology sphere, Ohtsuki [Oht2]
extracted a power series invariant, 752(M) € Q[[g — 1]], from the values of TA]}SZQ (&) at roots of
unity of prime orders. The Ohtsuki series is characterized by certain congruence relations modulo
odd primes. The existence of the Ohtsuki series invariant for other Lie algebras was proved in

[Le3, Led], see also [Rozl].
The Ohtsuki series 75, (M) € Q[[¢ — 1]] and the unified WRT invariant Jjs are related as follows.
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Proposition 1.9 ([Ha7] for sls). For every integral homology sphere M, we have
T8 (M) =T (Jn) € Z[[q — 1]].

In other words, the Ohtsuki series is equal to the Taylor expansion of the unified WRT invariant
at q = 1. Moreover, all the coefficients in the Ohtsuki series are integers.

The fact 75 (M) € Z[[q — 1]], for g = sla, was conjectured by R. Lawrence [La2], and first proved
by Rozansky [Roz2]. Here we have general results for all simple Lie algebras.

1.3.5. Relation to the Le-Murakami-Ohtsuki invariant. The Le-Murakami-Ohtsuki (LMO) invariant
[LMO] is a counterpart of the Kontsevich integral for homology 3-spheres; it is a universal invariant
for finite type invariants of integral homology 3-spheres [Lel]. The LMO invariant 7“MO(M) of
a closed 3-manifold takes values in an algebra A() of the so-called Jacobi diagrams, which are
certain types of trivalent graphs. For each simple Lie algebra g, there is a ring homomorphism (the
weight map)

Wy: A(0) — Q[[R]].

It was proved in [KLO] that
Wy(rMO(a)) = 78

o0

(M)

[

Hence, we have the following.

Corollary 1.10 ([Ha7] for sle). For an integral homology 3-sphere M, the LMO invariant totally
determines the WRT invariant T]%/[(f) for every simple Lie algebra and every root of unity { € Z,.

It is still an open question whether the LMO invariant determines the WRT invariant for rational
homology 3-spheres.

1.3.6. Determination of the quantum invariants.

Corollary 1.11 ([Ha7] for slp). For an integral homology 3-sphere, Jys is determined by the WRT
function 7'1%4. (Thus Jar and 7']%4 have the same strength in distinguishing two integral homology
3-spheres.) Moreover, both Jyr and T]E\’J are determined by the values of 7'1?4(5) for & € Z', where
Z' C Z is any infinite subset with at least one limit point in Z in the sense explained in Section

1.2.

For example, the value of T]g\/[(§> at any root of unity £ is determined by the values 7']%4(@) at
& = exp(2mi/2F) for infinitely many integers k > 0.

1.4. Formal construction of the unified invariant. Here we outline the proof of Theorem 1.1.
Since we are not able to directly generalize the proof of the case g = sly in [Ha7], we use another
approach which involves deep results in quantized enveloping algebras (quantum groups). The
conceptual definition of the unified invariant presented here is also different.
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1.4.1. First step: construction of Jpr. The first step is to construct an invariant Jy; € Z[q] using
the quantum group Uy(g) of g. Here we use neither the definition of 7§,(£) nor the quantum link
invariants associated to finite-dimensional representations of Uj(g). Instead, we use the universal
quantum invariant of bottom tangles and the full twist forms, which are partially defined functionals
T+ on the quantum group Up(g) and play a role of +1-framed surgery on link components.

Every integral homology 3-sphere M can be obtained as the result S% of surgery on S along an
algebraically split link L with framing +1 on each component. Here a link is said to be algebraically
split if the linking number between any two distinct components is 0. Surgery on two algebraically
split, 1 framing links L and L’ give the orientation-preserving homeomorphic integral homology
3-spheres if and only if L and L’ are related by a sequence of Hoste moves (see Figure 7) [Ha6].
Hence, in order to construct an invariant of integral homology 3-spheres, it suffices to construct an
invariant of algebraically split, 1 framing links which is invariant under the Hoste moves.

To construct such a link invariant, we use the universal quantum invariant of bottom tangles
associated to the quantum group Uy(g). Here a bottom tangle is a tangle in a cube consisting of
arc components whose endpoints are on the bottom square in such a way that the two endpoints
of each component is placed side by side (see Section 2.6). For an n-component bottom tangle T,
the universal g quantum invariant Jr = J% of T is defined by using the universal R-matrix and
the ribbon element for the ribbon Hopf algebra structure of Uy(g), and takes values in the n-fold
completed tensor power Uy (g)®".

p—

The invariant Jys € Z[q] is defined as follows. As above, let L be an n-component algebraically
split framed link with framings ey,...,e, € {£1}, and assume that S7 = M. Let T be an n-
component bottom tangle whose closure is isotopic to L, where the framings of T are switched to
0. Define

(5) Iy = (Tqg @ T.,)(Jr).

Here Ti: Up(g) --» C[[h]] are partial maps (i.e. maps defined on a submodule of Uy) defined
formally by

Ti(z) = (z,r),
where r € Uy, (g) is the ribbon element, and

(,): Un(g)@Un(g) --» C[[h]]
is the quantum Killing form, which is a partial map. The tensor product 7¢, ® - - - ® T, is not well

n
—_

defined on the whole Uy, (g)®™, but is well defined on a Z[g]-submodule K,, € Uy (g)®" and we have

—

a Z[g]-module homomorphism
7;1®"'®7;n: Izn%Z/@

Here we regard Z[\q] as a subring of C[[h]] by setting ¢ = exp h. The module K,, contains Jy for all
n-component, algebraically split O-framed links 7. We will prove that Jy; as defined in (5) does

—_

not depend on the choice of T" and is invariant under the Hoste moves. Hence Jys € Z[q| is an
invariant of an integral homology sphere.

One step in the construction of Jys is to construct a certain integral form of the quantum group
Uy (g) which is sandwiched between the Lusztig integral form and the De Concini-Procesi integral
form.
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1.4.2. Second step: specialization to the WRT invariant at roots of unity. The next step is to prove
the specialization property eve(Jar) = 75,(€) for each € € Z;. Once we have proved this identity,

uniqueness of Jys follows since every element of Z[q| is determined by the values at infinitely many
¢ € Z of prime power order, see Section 1.2.

1.5. Organization of the paper. In Section 2 we give a general construction of an invariant of
integral homology 3-spheres from what we call a core subalgebra of a ribbon Hopf algebra. Section 3
introduces the quantized enveloping algebra Uy (g) and its subalgebras. In Section 4 we construct
a core subalgebra of the ribbon Hopf algebra U/, which is Uj, with a slightly bigger ground
ring. From the core subalgebra we get invariant Jys of integral homology 3-spheres. In Section 5
we construct an integral version of the core algebra. Section 6 a (generically non-commutative)
grading of the quantum group is introduced. In Section 7 we prove that Jys € Z[g]. In Section 8 we
show that the WRT invariant can be recovered from Jy, proving the main results. In Appendices
we give an independent proof of a duality result of Drinfel’d and Gavarini and provide proofs of a
couple of technical results used in the main body of the paper.

1.6. Acknowledgements. The authors would like to thank H. Andersen, A. Beliakova, A. Bruguiéres,
C. Kassel, G. Masbaum, Y. Soibelman, S. Suzuki, and N. Xi for helpful discussions. Part of this
paper was written while the second author was visiting Aarhus University, University of Zurich,
RIMS Kyoto University, ETH Zurich, University of Toulouse, and he would like to thank these
institutions for the support.
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2. INVARIANTS OF INTEGRAL HOMOLOGY 3-SPHERES DERIVED FROM RIBBON HOPF ALGEBRAS

In this section, we give the part of the proofs of our main results, which can be stated without
giving the details of the structure of the quantized enveloping algebra U, = Uy(g). We introduce
the notion of a core subalgebra of a ribbon Hopf algebra and show that every core subalgebra gives
rise to an invariant of integral homology 3-spheres.

2.1. Modules over C[[h]]. Let C[[h]] be the ring of formal power C-series in the variable h.

Note that C[[h]] is a local ring, with maximal ideal (h) = hC[[h]]. An element z = 3 z3h* €
C[[R]] is invertible if and only if the constant term z( is non-zero.

2.1.1. h-adic topology, separation and completeness. Let V be a C[[h]]-module. Then V is equipped
with the h-adic topology given by the filtration h*V, k& > 0. Any C[[h]]-module homomorphism
f:V — W is automatically continuous. In general, the h-adic topology of a C[[h]]-submodule W
of a C[[h]]-module V is different from the topology of W induced by the h-adic topology of V.

Suppose I is an index set. Let V7 be the set of all collections (x4)ier, x; € V. We say that a
collection (z;);cr € V! is 0-convergent in V if for every positive integer k, z; € h*V except for a
finite number of ¢ € I. In this case, the sum ), ; z; is convergent in the h-adic topology of V. If
I is finite, then any collection (z;);es is 0-convergent.

The h-adic completion V of V is defined by
= lim V/h"V.
k

A C[[h]]-module V is separated if the natural map V — V is injective, which is equivalent to
Nkh*V = {0}. If V is separated, we identify V with the image of the embedding V < V.

A C[[h]]-module V is complete if the natural map V — V is surjective.

For a CI[h]]- submodule W of a completed (C[[h]] module V, the topological completion of W in
V' is the image of W under the natural map W — V = V. One should not confuse the topological
completion of W and the topological closure of W, the latter being the smallest closed (in the
h-adic topology) subset containing W. See Example 2.2 below.

2.1.2. Topologically free modules. For a vector space A over C, let A[[h]] denote the C|[[h]]-module
of formal power series ) -qanh"™, a, € A. Then A[[R]] is naturally isomorphic to the h-adic
completion of A ®c C[[h]].

A C[[h]}]-module V is said to be topologically free if V' is isomorphic to A[[h]] for some vector space

A. A topological basis of V' is the image by an isomorphism A[[h]] = V of a basis of A C A[[h]].
The cardinality of a topological basis of V' is called the topological rank of V.

It is known that a C[[h]]-module is topologically free if and only if it is separated, complete, and
torsion-free, see e.g. [Kass, Proposition XVI.2.4].

Let I be a set. Let C[[h]]! = [I,c;C[[h]] be the set of all collections (z;)icr, z; € C[[h]].
Let ((C[[ ]] )o € C[[h]}} be the C[[h]]-submodule consisting of the 0-convergent collections. Then
(C[[Rr]]")o = (CI)[[R]] is topologically free, where CI is the vector space generated by I
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Note that C[[R]]! also is topologically free with uncountable topological rank. In fact, we have a
C[[h]]-module isomorphism C[[h]]! = C![[A]].
For j € I, define a collection §; = ((6;):)ier € (C[[h]]F)o by
1 ifi=j
6 0;)i =0, =

Suppose V is a topologically free C[[h]]-module with the isomorphism f : (C[[h]]')o — V. Let
e(i) = f(6;) € V. For x € V, the collection (z;);e; = f~ () is called the coordinates of = in the
topological basis {e(i)}. We have then

(7) r =Y me(i),
el
where the sum on the right hand side converges to = in the h-adic topology of V.

2.1.3. Formal series modules. A C|[h]]-module V is a formal series C[[h]]-module if there is a
C[[h]]-module isomorphism f : C[[h]]! — V for a countable set I.

Remark 2.1. Besides the h-adic topology, another natural topology on C[[A]]! = [],c; C[[R]] is
the product topology. (Recall that the product topology of [],.; C[[h]] is the coarsest topology with
all the projections p; : [[;c; C[[h]] — C[[h]] being continuous.)

Suppose V is a formal series module, with an isomorphism f : C[[h]]! — V. Let e(i) = f(&;),
where §; is defined as in (6). The set {e(i) | i € I'} is called a formal basis of V.

For x € V the collection f~1(z) € C[[h]]! is called the coordinates of x in the formal basis
{e(i) | + € I}. Unlike the case of topological bases, in general the sum ), ;z;e(i) does not
converge in the h-adic topology of V' (but does converge to z in the product topology). However, it
is often the case that V is a C[[h]]-submodule of a bigger C[[h]]-module V' in which {e(i) | i € I} is
0-convergent. Then the sum ), _; x;e(i), though not convergent in the h-adic topology of V', does
converge (to z) in the h-adic topology of V.

Example 2.2. The following example is important for us.

Suppose V' is a topologically free C[[h]]-module with a countable topological basis {e(i) | i € I'}.
Assume that a : I — C[[h]] is a function such that a(i) # 0 for every i € I and (a(i))er is O-
convergent. Let V(a) be the topological completion in V' of the C|[h]]-span of {a(i)e(i) | ¢ € I}.
Then V(a) is topologically free with {a(i)e(i) | ¢ € I} as a topological basis.

The submodule V'(a) is not closed in the h-adic topology of V. The closure V(a) of V(a) in the
h-adic topology is a formal series C[[h]]-module, with an isomorphism

f: Clh) =V, 6 — a(i)e().

The topology of V' (a) induced by the h-adic topology of V' is the product topology.
If x € V(a), then we have a unique presentation
(8) v ="y wi(a(i)e(i))
i€l
where (z;)icr € (C[[R]]!)o.
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If x € V(a), then z also has a unique presentation (8), with (z;);e; € C[[h]] .

2.1.4. Completed tensor products. For two complete C[[h]]-modules V' and V', the completed tensor
product V&V’ of V and V' is the h-adic completion of V ® V’, i.e.

VeV =lim(V e V)/h"(V e V).

Suppose both V and V' are topologically free with topological bases {b(¢) | i € I} and {V/(j) | j € J}
respectively. Then V®V’ is topologically free with a topological basis naturally identified with
{b(i)@V'(j) |iel,je J}.
Proposition 2.3. Suppose W1, Vi, Wa, Vo are topologically free C[[h]]-modules, where W is a sub-
module of V; for j =1,2.

Then the natural maps W1 @ Wo — Vi ® Vo and W1@Wy — Vi®Va are injective.

Proof. The map Wi ® We — V1 ® V5 is the composition of two maps Wi ® We — W7 ® V5 and
W1 ® Vo — V1 ® Va. This reduces the proposition to the case Wy = V5, which we will assume.

Let ¢+ : Wi — Vj be the inclusion map. We need to show that : ®id : W; ® Vo — V] ® V5 and
1®id : Wi®Va — Vi@V, are injective.

Since W1 ® Vs is separated, we can consider Wi ® Vs as a submodule of Wi ®V,. Then ¢ ® id is
the restriction of 1®id. Thus, it is enough to show that (®id is injective.

Suppose x € W1 &Va such that (1®id)(z) = 0. We have to show that z = 0.

Let {b(7),i € I} be a topological basis of V2. Using a topological basis of W7 one sees that = has
a unique presentation

9) xr = Z x; @ b(i),
el
where x; € W1, and the collection (z;);er is O-convergent in V;. Then we have
0= (t®id)(x) = Z t(z;) ® b(i) € Vi@ Va.
el
The uniqueness of the presentation of the form (9) for elements in V;&Va implies that ¢(z;) = 0 for

every ¢ € I. Because ¢ is injective, we have z; = 0 for every ¢. This means x = 0, and hence (® id
is injective. O

2.2. Topological ribbon Hopf algebra. In this paper, by a topological Hopf algebra 7€ =
(A, u,m, A€, S) we mean a topologically free C[[h]]-module S# of countable topological rank,
together with C[[h]]-module homomorphisms

p: HSH — A, m: ClR|] = A, N H— HH, e H —Clh]], S: H —H

which are the multiplication, unit, comultiplication, counit and antipode of J#, respectively, satis-
fying the usual axioms of a Hopf algebra. For simplicity, we include invertibility of the antipode in
the axioms of Hopf algebra.

Note that ¢ is a C[[h]]-algebra in the usual (non-complete) sense, although 7 is not a C[[h]]-
coalgebra in general. A (left) #-module V' (in the usual sense) is said to be topologically free if
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V is topologically free as a C[[h]]-module. In that case, by continuity the left action # @V — V
induces a C][[h]]-module homomorphism

HRV = V.
For details on topological Hopf algebras and topologically free modules, see e.g. [Kass, Section
XVI.4].

Let pl A s A and A — %7 be respectively the multi-product and the multi-
coproduct defined by

pl = piddp) ... (1202 &) (d®D &)
Al = (120D A (2D GA) L (1 RA)A
with the convention that A = ) =id, Al = ¢, and pl¥ = n.
A universal R-matriz [Dr] for 52 is an invertible element R = Y. a ® € # QI satisfying
RA(z)R™! = Zx(g) ®@x(y forxze A,
(A®id)(R) = Ri3Ra3, ([d®A)(R) = Ri3Ri2,

where A(z) = Y (1) ® (2) (Sweedler’s notation), and Ri2 = ) a®@® 1, Ri3 =) a®1® 5,
Ros = >.1® a® B. A Hopf algebra with a universal R-matrix is called a quasitriangular Hopf
algebra. The universal R-matrix satisfies

RI=B01)R) =125 HR), (e1)(R)=(1x®e)(R)=1
(10) (S®S)(R)=TR.

A quasitriangular Hopf algebra (', R) is called a ribbon Hopf algebra [RT1] if it is equipped
with a ribbon element, which is defined to be an invertible, central element r € 7 satisfying

r’=uS(u), Sr)=r, €r)=1 Ar)=(ror)(RuR)},
where u =Y S(8)a € # and Ry1 = Y. B® o € A2,
The element g := ur~! € 7, called the balanced element, satisfies

Alg)=g®g, S =g ' grg'=S5%*z) forzen.

See [Kass, Oht4, Tur| for more details on quasitriangular and ribbon Hopf algebras.

2.3. Topologically free /#-modules. The ground ring C[[h]] is considered as a topologically free
J¢-module, called the trivial module, by the action of the co-unit:

a-z=¢€(a)z.

Suppose V, W are topologically free s#-modules. Then V®W has the structure of S Q7-
module, given by

(a®b) - (z@y)=(a-z)®(b-y).
Using the comultiplication, V@W has an J#-module structure given by

a-(z@y)=Aa) (zRy) = amz®agzy.
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An element x € V is called invariant (or .7 -invariant) if for every a € 2,
a-z=¢€(a)z.
The set of invariant elements of V is denoted by V™. The following is standard and well-known.

Proposition 2.4. Suppose V and W are topologically free 7 -modules, and f : VW — C[[h]] is
a Cl[h]]-module homomorphism.

(a) An element x € VQW is invariant if and only if for every a € 2,
(11) (S(a)®@1l)-z=(1® a)-x

(b) Dually, f is an S-module homomorphism if and only if for every a € 7 and x € VW,
flla® 1) (2)] = fl1® S(a)) - (2)].

(c¢) Suppose f is an F-module homomorphism, and x € V is invariant. Then the C][h]]-module
homomorphism

fo : W = C[R]], y— flz®y),
is an J€-module homomorphism.

(d) Suppose g : V' — C[[h]] is an ' -module homomorphism. Then for every i with 1 <i < n,
(id®(i—1) ®g®id®(”_i)) <(V®n)inv) c (V®(n—1))inv_
Proof. (a) Suppose one has (11). Let a € 2 with A(a) = > ap) ® ag). Assume z = Y 2’ @ z”.
By definition,
a-r= Z(a(l) ® a)) - (z "'@2") = Z(a(l) ®1)(1®ap)) - (' @ 2")
(aqy®@1)- (2’ @ ag) -2")
(a(l) ®1) (S(a(z)) ' ® a:")
(ayS(a@)) ®1) - (' @ 2") = e(a) z,
which show that z is invariant.

Conversely, suppose z is invariant. From axioms of a Hopf algebra,

1@a=> (S(am) 1) Aag).
Applying both sides to x, we have

(1®a)- -z Z Slamy) @1) - (a(g) :1:)
(

S(an ) (€(agy) z) by invariance

=(S(a) ® 1) -,

(
(

which proves (11).

(b) The proof of (b) is similar and is left for the reader. Statement (b) is mentioned in textbooks
[Ja, Section 6.20] and [KIS, Section 6.3.2].
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(c) One has

fala-y) = f(z,a-y)
= f(S7(a) -x,y) by part (b)
=e(S™ Y(a)) f(z,y) by invariance of z
€(a)f.(y) since € (S_l(a)) = €(a).
This proves f, is an #-module homomorphism.
(d) The map g = id®-1 & g &id®=9 is also an #-module homomorphism. Hence for every
a € A and x € (Ve
a-g(z) =gla-z)=g(e(a)r) = e(a)g(z).

This shows g(x) is invariant. 0

2.4. Left image of an element. Let V and W be topologically free C[[h]]-modules.

Suppose * € V@®W. Choose a topological basis {e(i) | i € I} of W. Then z can be uniquely
presented as an h-adically convergent sum

(12) r=Y =z ®e(i),
el
where {z; € V | i € I} is O-convergent. The left image V, of x € VQW is the topological closure

(in the h-adic topology of V') of the C|[[h]]-span of {x; | i € I'}. It is easy to show that V, does not
depend on the choice of the topological basis {e(i) | i € I} of W.

Proposition 2.5. Suppose V,W are topologically free #-modules. Let x € VW and let V, C'V
be the left image of x.

(a) If x is FC-invariant, then Vg is F-stable, i.e. F€ - Vy C V.

(b) If (f®g)(z) = x, where f : V. —V and g : W — W are C[[h]]-module isomorphisms, then
AR

Proof. Let {e(i) | i € I} be a topological basis of W, and z; be as in (12).
(a) By Proposition 2.4(a), the s#-invariance of = implies that for every a € 2,
(13) Za x; @ el(i Z:@@S -e(7).
el jel
Using the topological basis {e(i)}, we have the structure constants
S7Ha) -e(j) = Y aje(j),
1€l

where o/, € C[[h]]. Using this expression in (13)

Z a-r;® e Z Z a’ §Tj ®e

el i€l jel
The uniqueness of expression of the form (12) shows that

a-xr;= g a}xjevx.

jel
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Since the C[[h]]-span of z; is dense in V, and the action of a is continuous in the h-adic topology
of V', we have a -V, C V,.

(b) Using = = (f&g)(x), we have

T = Z fzi) @ g(e:).

Since g is a C[[h]]-module isomorphism, {g(e;)} is a topological basis of W. It follows that V. is the
closure of the Cl[h]]-span of {f(z;) | i € I}. At the same time V. is the closure of the C|[[h]]-span
of {z; | i € I'}. Hence, we have f(V,) =V,. O

2.5. Adjoint action and ad-invariance. Suppose 7 is a topological ribbon Hopf algebra.
The (left) adjoint action
ad: AR — H
of 7 on itself is defined by

ad(z ®@y) = Z ryyS(z(2))-
It is convenient to use an infix notation for ad:
oy =ad(z®y).
We regargi A as a (topologically free) .#-module via the adjoint action, unless otherwise stated.

Then %™ becomes a topologically free 7#-module, for every n > 0.

To emphasize the adjoint action, we say that a C[[h]]-submodule V' C A9 is ad-stable if V is

an J¢-submodule of J# @1 An element z € J£®" is ad-invariant if it is an invariant element of
%™ under the adjoint actions. For example, an element of 7 is ad-invariant if and only if it is
central.

For ad-stable submodules V' C %" and W € %™, a C[[h]]-module homomorphism f : V —
W is ad-invariant if f is an J#-module homomorphism.

In particular, a linear functional f : V' — C[[h]], where V' C J#®" is ad-invariant if V is ad-stable
and for x € S, y € H,

fxeny) = e(@)f(y).

The main source of ad-invariant linear functionals comes from quantum traces. Here the quantum
trace try : 2 — C[[h]] for a finite-dimensional representation V' (i.c. a topologically free -
module of finite topological rank) is defined by

tr;/(:c) =trV(gz) forz €,

where tr'" denotes the trace in V. It is known that tr) : # — C[[h]] is ad-invariant.

2.6. Bottom tangles. Here we recall the definition of bottom tangles from [Ha4, Section 7.3].

An n-component bottom tangle T =Ty U---UT, is a framed tangle in a cube consisting of n arc
components 17, ..., T, such that all the endpoints of the T; are in a bottom line and that for each
i, the component T; runs from the 2ith endpoint to the (2i — 1)th endpoint, where the endpoints
are counted from the left. See Figure 1 (a) for an example. In figures, framings are specified by
the blackboard framing convention.
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0 TR

(a) (b)

Figure 1. (a) A 3-component bottom tangle T' = Ty UT, UT53. (b) Its closure cl(L) = L; U Lo U L.

| AX A

Figure 2. Fundamental tangles: vertical line, positive and negative crossings, local minimum and
local maximum. Here the orientations are arbitrary.

N / ;
14 S'(a) \5(/51)?/(? @) U1 QU 1'//_\ /\g\:

Figure 3. How to put elements of %7 on the strings. For each string in the positive and the negative
crossings, “S”" should be replaced by id if the string is oriented downward, and by S otherwise.

The closure cl(T) of T is the n-component, oriented, ordered framed link in S, obtained from
T by pasting a “U-shaped tangle” to each component of L, as depicted in Figure 1 (b). For any
oriented, ordered framed link L, there is a bottom tangle whose closure is isotopic to L.

The linking matriz of a bottom tangle T = Ty U --- U T, is defined as that of the closure T
Thus the linking number of T; and T}, 7 # j, is defined as the linking number of the corresponding
components in cl(7T"), and the framing of T; is defined as the framing of the closure of T;.

A link or a bottom tangle is called algebraically-split if the linking matrix is diagonal.

2.7. Universal invariant and quantum link invariants. Reshetikhin and Turaev [RT1] con-
structed a quantum invariants of framed links colored by finite dimensional representations of a
ribbon Hopf algebra, e.g. the quantum group Upy(g). Lawrence, Reshetikhin, Ohtsuki and Kauff-
man [Lal, Res, Oht4, Kau] constructed “universal quantum link invariants” of links and tangles
with values in (quotients of) tensor powers of the ribbon Hopf algebra, where the links and tangles
are not colored by representations. We recall here construction of link invariants via the universal
invariant of bottom tangles. We refer the readers to [Ha4] for details.

Fix a ribbon Hopf algebra 2. Let T be a bottom tangle with n components. We choose a
diagram for T', which is obtained from copies of fundamental tangles, see Figure 2, by pasting
horizontally and vertically. For each copy of fundamental tangle in the diagram of T, we put
elements of .77 with the rule described in Figure 3.

We set
Jr ::Zm@'--@xneﬁ,”@",
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0:\/ﬂ /G
Figure 4. Assignments on positive and negative crossings.

where each x; is the product of the elements put on the i-th component T;, with product taken in
the order reversing the order of the orientation. The sum indicates that one takes the sum over
(infinitely) many indices, since R*! are (infinite) sums of tensor products. It is known that Jr
gives an isotopy invariant of bottom tangles, called the universal invariant of 7. Moreover, Jr is
ad-invariant ([Ke], see also [Ha4]).

Let x1,...,Xn: € — C[[h]] be ad-invariant. In other words, xi,..., X, are #-module homo-
morphisms. As explained in [Ha4], the quantity

(1@ -+ @xn)(Jr) € C[[h]]
is a link invariant of the closure link cl(T") of T

In particular, if x1,...,x, are the quantum traces tr}lfl, . ,tré/" in finite-dimensional represen-
tations Vi, ..., V,, respectively, then

(try*®- -~ &try)(Jr) € C[[h]

is the quantum link invariant for cl(T") colored by the representations Vi,..., V.

2.8. Mirror image of bottom tangles.

Definition 1. A mirror homomorphism of a topological ribbon Hopf algebra S is an h-adically
continuous C-algebra homomorphism ¢ : H — F satisfying

(14) (pRp)R = Ry
(15) (p&p)*R =R
(16) o(g) =8

In general, such a ¢ is not a C[[h]]-algebra homomorphism. In fact, what we will have in the
future is p(h) = —h.

For a bottom tangle T" with diagram D let the mirror image of T be the bottom tangle whose
diagram is obtained from D by switch over/under crossing at every crossing.

Proposition 2.6. Suppose ¢ is a mirror homomorphism of a ribbon Hopf algebra 3. If T' is the
mirror image of an n-component bottom tangle T, then

I = o™ (Jp).

Proof. Let D be a diagram of T'. By rotations if necessary at crossings, we can assume that the two
strands at each crossing of D are oriented downwards. Then at each crossing, we assign « and S to
the strands if the it is positive, and we assign 5 and @ to the strands if it is negative, at the same
spots where we would assign « and S if the crossing were positive, see Figure 4. Here R =) a®
and R~! =3 3 ® a. Conditions (14), (15) implies that

Y Bea=Y wla)@eB), Y avwf=> ¢f) @)
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4

Together with (16) this shows that the assignments to strands of diagram D’ of 7" can be obtained by
applying ¢ to the corresponding assignments to strands of D. Since ¢ is a C-algebra homomorphism,
we get Jpr = @®"(Jr). O

Figure 5. The clasp tangle C*.

2.9. Braiding and transmutation. Let R = > a® 8 be the R-matrix. The braiding for 5# and
its inverse

YL A — A
are given by
(17) Yoy =) pryavz, Pl (zey) =) (S()ry) e (Bo).
The maps u,n, € are 7-module homomorphisms. In particular, we have

(18) r>yz = Z(x(l) >y) (@) >z) forz,y,ze 2.

In general, A and S are not s7-module homomorphisms, but so are the following twisted versions
of A and S introduced by Majid (see [Majl, Maj2])

A H — HRH, S: H — H
defined by
(19) A(z) =Y z)S(8) @ (a>a) =Y (B> a2) ® ez,
(20) S(z) =) BS(avz)=>Y S Brz)S(a),
for © € A, respectively. Geometric interpretations of A and S are given in [Ha4].
Remark 2.7. J := (4, u,n,A€,S) forms a braided Hopf algebra in the braided category of
topologically free ##-modules, called the transmutation of 7 [Majl, Maj2].

2.10. Clasp bottom tangle. Let O be the clasp tangle depicted in Figure 5. We call ¢ = Jot €
A2 the clasp element for 7. With R =Y. a® = Z o ® B’ we have

(21) c = (S®id)(RuR) =Y _ S()S(8) @ o/'B.

Let C~ be the mirror image of Ct, see Figure 6, and ¢~ = Jo- € A2,

Let (CT)" be the tangle obtained by reversing the orientation of the second component of C™T,
and (C1)” be the result of putting (CT)" on top of the tangle l T »\/\ , see Figure 6. By the
geometric interpretation of S, see [Ha4, Formula 8-10], we have

J(C+)// = (ld ®§)JG+ .

Since (C'T)” is isotopic to C~, we have
(22) ¢ = (id®S)(c).
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Gt

Figure 6. The negative clasp C'~ (on the left) and (C'*)” are isotopic.

[ EETEEN surgery ‘

+1 along K
—_— F1 full twists
K

inverse

operation

Figure 7. A Hoste move (including the case when there are no vertical strands). Here both these
two framed links are algebraically-split and £1-framed.

2.11. Hoste moves. It is known that every integral homology 3-sphere can be obtained by surgery
on S2 along an algebraically split link with 41 framings.

The following refinement of the Kirby—Fenn—Rourke theorem on framed links was first essentially
conjectured by Hoste [Ho]. (Hoste stated it in a more general form related to Rolfsen’s calculus for
rationally framed links.)

Theorem 2.8 ([Ha6]). Let L and L' be two (non-oriented, non-ordered) algebraically-split +1-
framed links in S3. Then L and L' give orientation-preserving homeomorphic results of surgery if
and only if L and L' are related by a sequence of ambient isotopy and Hoste moves. Here a Hoste
move is a Fenn—Rourke (FR) move between two algebraically-split, +1-framed links, see Figure 7.

Theorem 2.8 implies that, to construct an invariant of integral homology spheres, it suffices to
construct an invariant of algebraically-split, £1-framed links which is invariant under the Hoste
moves.

Lemma 2.9. Suppose f is an invariant of oriented, unordered, algebraically-split £1-framed links
which is invariant under Hoste moves. Then f(L) does not depend on the orientation of the link
L. Consequently, f descends to an invariant of integral homology 3-spheres, i.e. if the results of
surgery along two oriented, unordered, algebraically-split £1-framed links L and L' are homeomor-
phic integral homology 3-spheres, then f(L) = f(L').

Proof. Suppose K is a component of L so that L = Ly U K. We will show that f does not depend
on the orientation of K by induction on the unknotting number of K.

First assume that K is an unknot. We first apply the Hoste move to K, then apply the Hoste
move in the reverse way, obtaining L; U (—K), where —K is the orientation-reversal of K. This
shows f(L1 UK) = f(L; U (—K)).

Suppose K is an arbitrary knot with positive unknotting number. We can use a Hoste move to
realize a self-crossing change of K, reducing the unknotting number. Induction on the unknotting
number shows that f does not depend on the orientation of K. ([l
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Figure 8. The trivial bottom tangle.

tangle ¢ tangle ¢

11 Ts T, Ty T,

Figure 9. (a) The tangle 7. (b) The tangle 7".

2.12. Definition of the invariant J),; for the case when the ground ring is a field. In this
subsection, we explain a construction of an invariant of integral homology spheres associated to a
ribbon Hopf algebra over a field k, equipped with “full twist forms”. In this section (Section 2.12),
and only in this section, we will assume that S is a ribbon Hopf algebra over a field k. This
assumption simplifies the definition of the invariant.

2.12.1. Full twist forms. Recall that ¢ = Jo+ € 7 ® S is the universal invariant of the clasp
bottom tangle, and r is the ribbon element.

A pair of ad-invariant linear functionals 71, 7_: 5 — k are called full twist forms for 7 if

(23) (T2 ®id)(c) = r*.

The following lemma essentially shows how the universal link invariant behaves under the Hoste
move, if there are full twist forms.

Lemma 2.10. Suppose that a ribbon Hopf algebra € admits full twist forms (T4, T_). Let T =
Ty U---UT, be an n-component bottom tangle (n > 1) such that the first component Ty of T is a
1-component trivial bottom tangle (see Figure 8). Let T' = T5U---UT) be the (n — 1)-component
bottom tangle obtained from T'\ Ty = To U ---UT, by surgery along the closure of T} with framing
+1 (see Figure 9). Then we have

(24) Jrr = (Te @ 1d®=D)(Jp).

Proof. If T}, 4 is a (p + ¢ + 1)-component tangle as depicted in Figure 10(a) with p,q > 0, then we
have

Jr,, = (id @1d®? ©5%)(id @ AP+ (c).
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Figure 10. (a) The tangle T}, ;. (b) The tangle T} ... ,.

The tangle T zll,q;il obtained from T}, , \ T1 by surgery along the closure of the first component 7}
of T}, , with framing +1 (see Figure 10(b)) has the universal invariant

JTll%q;il = (id@p ®S®q)A[p+q](ri1)'
Since 7% is a full twist form, it follows that

(T2 ® id®(p+q))(JTp,q) =Jry -

The general case follows from the above case and functoriality of the universal invariant, since
T can be obtained from some T}, , by tensoring and composing appropriate tangles. O

2.12.2. Invariant of integral homology 3-spheres. We will show here that a ribbon Hopf algebra 7
with full twist forms 7+ gives rise to an invariant of integral homology spheres.

Suppose T is an n-component bottom tangle with zero linking matrix and e1,...,&, € {1,—1}.
Let M = M(T;e1,...,c,) be the oriented 3-manifold obtained by surgery on S% along the framed
link L = L(T;e1,...,en), which is the closure link of 7" with the framing on the i-th component
switched to g;. Since L is an algebraically split link with +1 framing on each component, M is an
integral homology 3-sphere. Every integral homology 3-sphere can be obtained in this way.

Proposition 2.11. Suppose F is a ribbon Hopf algebra with full twist forms T+, and M =
M(T;e1,...,e,) is an integral homology 3-sphere. Then
Iy = (T, ®...9T,)(Jr) €k
is an invariant of M. In other words, if M(T;eq, ... en) = M(T';€h, ... €,), then
(Ta ® .. 0 To) (1) = (T4, © ... @ T )(J).

Proof. Since Ty are ad-invariant, (7, ®...® 7., )(Jr) depends only on €, ..., €, and the oriented,
ordered framed link cl(T"), but not on the choice of T, see e.g. [Had, Section 11.1]. This shows
(Te, ® ... ® T, )(Jr) is an invariant of framed link L(T;eq,...,¢e,).

We now show that (7¢, ® ... ® T, )(Jr) does not depend on the order of the components of L.
Suppose L = L(T;e1,...,e,) and L is the same L, with the orders of the (i 4+ 1)-th and (i + 2)-th
switched. Then L' = L(T";€!,...,e},), where T" is T on top of a simple braid of bands which
switches the ¢ + 1 and i + 2 components, see Figure 11. Also, 5;- =¢jforj #i+1,i4+ 2, and

/ _ / _
€it1 = €i+2, €549 = Eit1-
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T T
IR

Figure 11. Modification of a bottom tangle with a braid of bands.

According to the geometric interpretation of the braiding [Ha4, Proposition 8.1],
JT’ — (1d®z ®,¢ ® id®n_i_2)(JT).

By (17),
w(m®y)22(ﬁ>y)®(a>x), whereRzZa@ﬂ.
Since (e ® €)(R) = 1 and 7. are ad-invariant,
(T ®...@Te,)(Jr) = (Te @ ... T ) (J17).
Thus, (7T¢, ® ... ® Te,, )(Jr) is an invariant of oriented, unordered framed links.

By Proposition 2.10, (7 ®...®7e,)(Jr) is invariant under the Hoste moves. Lemma 2.9 implies

that (7, ® ... ® T.,)(Jr) descends to an invariant of integral homology 3-spheres. O

2.12.3. Examples of full twist forms: Factorizable case. A finite-dimensional, quasitriangular Hopf
algebra over a field k is said to be factorizable if the clasp element ¢ € 7 ®y J is non-degenerate
in the sense that there exist bases {c'(i),7 € I} and {c"(i),i € I} of A such that

c=> d(i)®c"(i).
el
This definition of factorizability is equivalent to the original definition by Reshetikhin and Semenov-
Tian-Shansky [RS].

Suppose . is a factorizable ribbon Hopf algebra. The non-degeneracy condition shows that
there is a unique bilinear form, called the clasp form,

L HQH =k
such that for every z € 57,
(25) Y (Zeid)(zec)=2, ([dRL) (c®r)=u1

Using the ad-invariance of ¢, one can show that .Z: J# ® # — k is ad-invariant. Since r*!
ad-invariant, the form 71 : ¢ — k defined by
(26) Ti(z) = LT @),

is ad-invariant and satisfies (23) due to (25). Hence 71 and 7_ are full twist forms for ., and
defines an invariant of integral homology 3-sphere according to Proposition 2.11.

are

Remark 2.12. Given a finite-dimensional, factorizable, ribbon Hopf algebra 7, one can construct
the Hennings invariant for closed 3-manifolds [He, KR, Ohtl, Ke, Ly, Sa, Vi, Ha4]. The invariant
given in Proposition 2.11 constructed from the full twist forms in (26) is equal to the Hennings
invariant.
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2.13. Partially defined twist forms and invariant J,;. Let us return to the case when 57 is a
ribbon Hopf algebra over C[[h]]. Recall that .7 is a topologically free J#-module with the adjoint
action. In general 5 does not admit full twist forms.

In the construction of the invariant of integral homology 3-spheres in Proposition 2.11, one first
constructs the universal invariant of algebraically split tangles Jr, then feeds the result to the
functionals 7¢, ® - - - ® T¢, which come from the twist forms 7;.. We will show that the conclusion
of Proposition 2.11 holds true if the twist forms 71 are defined on a submodule large enough so
that the domain of 7., ® - -- ® 7T¢,, contains all the values of Jr, with T" algebraically split bottom
tangles.

2.13.1. Partially defined twist forms. Suppose 2 C J is a topologically free C|[[h]]-submodule.
By Proposition 2.3 all the natural maps 2 ©" — Ly O and X @M= s O are
injective. Hence we will consider 2°®", 2~ ®”, and 2 @#91=1) a5 submodules of #€". This will
explain the meaning of statements like “c € 2 @7

Definition 2. A twist system T = (T+, Z") of a topological ribbon Hopf algebra F consists of a
topologically free C[[h]]-submodule & C  and a pair of C[[h]]-linear functionals Ty : Z — C[[h]]
satisfying the following conditions.

(i) X is ad-stable (i.e. X is stable under the adjoint action of H°) and T+ are ad-invariant.
(ii) c € X QA .
(iii) One has

(T2&1id)(c) = rt.

Recall that for an n-component bottom tangle T" with zero linking matrix and €1,...,e, €
{1,—1}, M(T;e1,...,e,) is the integral homology sphere obtained by surgery on S® along the
framed link L(T';eq,...,&y), which is the closure link of 7" with the framing on the i-th component

switched to &;.

Proposition 2.13. Suppose T = (T+, Z) is a twist system of a topological ribbon Hopf algebra

FC such that Jp € en for any n-component algebraically split 0-framed bottom tangle T. Let
M = M(T;e1,...,en) be an integral homology 3-sphere. Then

Ju = (T, @ ... &T,,)(Jr) € C[[h]]
is an invariant of M. In other words, if M(T;e1,...,en) = M(T";€},...,€l,), then
(T ®...®T,)(Jr) = (Tq®... T ) (Jr).

Proof. First we show the following claim, which is a refinement of Proposition 2.10.
Claim. Let T and T be tangles as in Proposition 2.10. Then J € e%”@&%”@("*l), and
(27) Jr = (To®id®=D)(Jp) € 201,

Proof of Claim. 1f T}, ; is a (p + ¢ + 1)-component tangle as depicted in Figure 10(a) with p,q > 0,
then we have

Jr,, = (id @id®P ©5%9)(id @ AP+ (c).
Since ¢ € 2 ®.4#, we have )
Jr,, € X QAP
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Since T is obtained from 7T}, , by tensoring and composing appropriate tangles which do not
involve the first component, we also have

Jr € %@%Q?n

Figure 12. The Borromean tangle

The remaining part of the proof follows exactly the proof of Proposition 2.10. One first verifies
the case of T}, using conditions (ii) and (iii) in the definition of twist system, from which the
general case follows. This proves the claim. U

Using the ad-invariance of 7+ and (27), one can repeat verbatim the proof of Proposition 2.11,
replacing ® by & everywhere, to get Proposition 2.13. O

2.13.2. Values of the universal invariant of algebraically split tangles. In Proposition 2.13, we need
Jr € Z®" for an n-component bottom tangle T with zero linking matrix. To help proving
statement like that, we use the following result.

Let K, C %", n > 0, be a family of subsets. A C|[[h]]-module homomorphism f: U%a — U%b,
a,b > 0, is said to be (IK,,)-admissible if we have

(28) fii ) (Kitjta) € Kitjto-
for all 4, j > 0. Here f; ;) := id® & f& 1%,
Proposition 2.14 (Cf. Corollary 9.15 of [Had]). Let K,, C A" 0 >0, be a family of subsets
such that
(i) leyn € Ko, 1w € K1, b € K,
(ii) for x € K,, and y € Ky, one has x @y € Ky, and
(iii) each of w, Yt A, S is (K,)-admissible.

Then, we have Jp € K, for any n-component algebraically split, 0-framed bottom tangle T
Here b € Ug?’ is the universal invariant of the Borromean bottom tangle depicted in Figure 12.

2.14. Core subalgebra. We define here a core subalgebra of a topological ribbon Hopf algebra, and
show that every core subalgebra gives rise to an invariant of integral homology 3-spheres.

In the following we use overline to denote the closure in the h-adic topology of 7 &n.

A topological Hopf subalgebra of a topological Hopf algebra 7 is a C[[h]]-subalgebra s’ C
such that .#” is topologically free as a C[[h]]-module and

A C H'QH, STNAH') C A
In general, #” is not closed in 7.



28 KAZUO HABIRO AND THANG T. Q. LE

Definition 3. A topological Hopf subalgebra & C I of a topological ribbon Hopf algebra € is
called a core subalgebra of 2 if

(i) X is A -ad-stable, i.e. it is an F-submodule of H,
(i) REZ @ Z andg € X, and
(iii) The clasp element ¢, which is contained in & @ Z by (ii) (see below), has a presentation

(29) c= Z c'(i) ® " (4),
el
where each of the two sets {c'(i) |i € I} and {c" (i) | i € I} is

o (-convergent in €, and
e a topological basis of X .

Some clarifications are in order. As a topological Hopf subalgebra, 2" is topologically free as
a C[[h]]-module. By Proposition 2.3, all the natural maps 2 " — 2% — " are injective.
We will consider 2°®™ as a C[[h]]-submodule of s#®" in (ii) above when we take its closure in the
h-adic topology of J#®". Furthermore, since R™! = (S®id)(R) and g~ = S(g), condition (ii)
implies that R*¥! € 2" ® 2 and g*' € 2. Since Jr, the universal invariant of an n-component

bottom tangle T, is built from R*! and g*!, condition (ii) implies that Jp € 2'®". In particular,
ce 2.

Remark 2.15. A core subalgebra has properties similar to, but still different from, those of both
a minimal Hopf algebra [Rad] and a factorizable Hopf algebra [RS]. Note that the notions of a
minimal algebra and a factorizable algebra were introduced only for the case when the ground
ring is a field. Over CJ[[h]] the picture is much more complicated. For example, in [Rad] it was
shown that a minimal algebra over a field is always finite-dimensional. Here our core algebras are
of infinite rank over C[[A]].

From now on we fix a core subalgebra 2 of a topological ribbon Hopf algebra 7.

Lemma 2.16. Suppose f : 7 —  is a Cl[h]]-module homomorphism such that f(2Z°) C Z .
Then f(Z°) C 2. In particular, 2 is ad-stable.

Proof. Since f is continuous in the topology of J#, we have f(2°) C Z . O

2.14.1. Clasp form associated to a core subalgebra. Suppose Z C € is a core subalgebra with the
presentation (29) for c. Since {c/(7)} is a topological basis of 2", every y € £ has its coordinates

y. € CJ[[h]] such that
y=> v (i),

i€l
where (yl)ies is O-convergent, i.e. (yi)icr € (C[[h]]!)o. The map y — (y!) is a C[[h]]-module
isomorphism from 2" to (C[[h]]))o.

The set {c”(i)} is a formal basis of 2", which is a formal series C[[h]]-module. Every z € 2 has
its coordinates z/ € C[[h]] such that in the h-adic topology of ¢,

(30) x=>Y aic(i),

i€l
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where (z!/);er € C[[h]}f. The map x ~ () is an C[[h]]-module isomorphism from 2~ to C[[h]] .

(2

Define a bilinear form . = (.,.) : 2 ® 2 — CJ[[h]], called the clasp form, by
(@) =) iyl
i€l
The sum on the right hand side is convergent since (y})ics is 0-convergent. The bilinear form is
defined so that {c”(i)} and {c/(i)} are dual to each other:

(31) (c"(i),c'(5)) = 0y
By continuity (in the h-adic topology), .Z extends to a C[[h]]-module map, also denoted by .Z,
L X2 — C[[h]].

The following lemma says that the above bilinear form is dual to c.
Lemma 2.17. (a) One hasc € X @ N AL .
(b) For everyx € Z and y € 2 one has
(32) (Z@id)(r®c)=x
(33) ([deZL)(c®y) =y
Remark 2.18. By part (a), ¢ € 2 ®4, hence z ® ¢ € Z ®Z @. This is the reason why
the left hand side of (32) is well-defined as an element of . Similarly the left hand side of
(33) is well-defined. With this well-definedness, all the proofs will be the same as in the case of
finite-dimensional vector spaces over a field.
Proof. (a) Since {c” (i)} is O-convergent in 57, c = Y. ¢/ (i)®c" (i) € 2@ . Similarly, c € ' RL .
(b) Suppose z has the presentation (30). By (31), we have
(34) (w,c (1)) = 2" (3).

Thus, we have

(35) v = (e, c0) e (i),

which is (32). The identity (33) is proved similarly. O

Because rt! € 27, one can define the C[[h]]-module homomorphisms

(36) To: 2 = Clhl by Taly) =(*hy).
Since c is ad-invariant, one can expect the following.

Lemma 2.19. (a) The clasp form £ : Z ©2 — C[[h]] is ad-invariant, i.e. it is an H-module
homomorphism.

(b) The maps Ty : 2 — CJ[[h]] are ad-invariant.

Proof. (a) By Proposition 2.4(b), . is ad-invariant if and only if for every a € 2, x € 27, and
yez,

(37) (ava,y) = (z,5(a)>y),
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which we will prove now.

Since ¢ = Y, ¢/(i) ® ¢’ (i) is ad-invariant, by Proposition 2.4(a),

Z S(a)pc(i)®@c"(i) =Y (i) ®avc"(i).

i

Tensoring with x on the left, and applying . ® id,

Z(ifas(a) >c'(i)) (i) = Z(w c'(i)) a> (i)
= Zaﬁ”(i)abc"(z)

=ab (Z 2" (i) c”(i)) =abuz.
i
Tensoring on the right with ¢/(j) then applying ., one has

(x,5(a)> () = (a> =z, ¢'(4)),
which is (37) with y = ¢/(j). Since {c/(j)} is a topological basis of 2", (37) holds for any y € 2.
(b) follows from Proposition 2.4(c). O

Proposition 2.20. Suppose [ : H# — H and g : H# — H are C|[[h]]-module isomorphisms such
that f(2) =2, g(Z) = X, and (f&g)(c) = c. Then g(Z) = Z, and for everyx € X,y € X,
one has

(38) (g(x), f(y)) = (x,y).

Proof. By Lemma 2.16, g*'(2°) ¢ 2. It follows that g(.2") = 2. One has
(1)) ®

c=) c( Zf c”(i)).

Since g(x) € 27, one can replace = by g(z) in (32),
g(z) = (Z®id)(g(z) @ ¢) = Z($® id) (g9(=) ® £(c'(i)) ® g(c" (1))

= 3 lola), (D) ol i)

=g (Z@(fﬂ), F(e(@)) g(C”(Z’)))

Injectivity of ¢ implies

Comparing with (35) we have, for every i € I,

(g(x), £((9)) = (,</(4)),

which shows that (38) holds for y = ¢/(i), i € I. Hence, (38) holds for every y € 2" since {c/(4)} is
a topological basis of 2 . O
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2.14.2. Twist system from core subalgebra.
Proposition 2.21. The collection T = (T, Z°) is a twist system for J .
Proof. By definition, 2" is ad-stable. By Lemma 2.19, 71 are ad-invariant. By Lemma 2.17(a),
c € 2 ®. Finally, Identity (32) with 2 = r*! gives
(Te@id)e =r*!.

This shows 7 = (74, Z) is a twist system. O

2.15. From core subalgebra to invariant of integral homology 3-spheres.

Theorem 2.22. Let 2 be a core subalgebra of a topological ribbon Hopf algebra 57, with its
associated F-module homomorphisms T : & — CJ[[h]]. Assume T is an n-component bottom
tangle with 0 linking matriz, e; € {+1} fori=1,...,n, and M = M(T;e1,...,e,) is the integral
homology 3-sphere obtained from S® by surgery along cl(T), with framing of the i-th component
changed to €;.

Then Jp € %@m, and
Jar = (Te,® ... ®Tz,)(Jr) € C[[h]]

defines an invariant of integral homology 3-spheres.

By Propositions 2.13 and 2.21, to prove Theorem 2.22, it is sufficient to show the following

Proposition 2.23. Suppose 2 is a core subalgebra of a topological ribbon Hopf algebra 7 and T
is an n-component bottom tangle with 0 linking matriz. Then Jp € 2 ™.

The rest of this section is devoted for a proof of this proposition, based on Proposition 2.14.

2.15.1. (2 ®")-admissz’bility. The following lemma follows easily from the definition.

Lemma 2.24. Suppose f : APy O s g C[[h]]-module homomorphism having a presentation
as an h-adically convergent sum f = szP fp such that for each p, f,(Z %) C 2 %Y where P is
a countable set. (HeTe the sum f being h-adically convergent means that for each j > 0 we have

Iy (A#E0) C Wi AP for all but finitely many p € P.) Then f is (2 ©")-admissible.
Proposition 2.25. Each of p, ™ A, S is (%@’")-admissible.
Proof. (a) Because u(2 ©2°) C 2, by Lemma 2.24, p is (2 ®")-admissible.

(b) Because R € 2" ® £, R has a presentation

R = ZRI ®R2 )7 Rl(p)aRQ(p) € %7

peEP
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where the sum is convergent in the h-adic topology of s#®.# . Using the definitions (17)—(20), we
the following presentations as h-adically convergent sums

=) v where Yi(@@y) =) Rao(p)py@Ru(p)>a
peP

- :Z¢; where L, (T®y) = ZSRl )by @ Ra(p) >
peP

A= Z A, where Z Ra(p 2) ® Rix(y)
peP

= Z S, where S,(z) = Z Ra(p) S(R1> x).

peEP

Since R1(p), Ra(p) € £, which is a topological Hopf algebra, we see that ¢ff(5&"®5&") C XL,
A(Z)C XX, and S,(2) € 2. By Lemma (2.24), all P A, S are (2°®")-admissible. [

2.15.2. Braided commutator and Borromean tangle. We recall from [Hal, Ha4] the definitions and
properties of the braided commutator for a braided Hopf algebra and a formula for universal
invariant of the Borromean tangle.

Define the braided commutator Y : H#'©# — A (for the braided Hopf algebra ) b
T = pl(id @9 id) (id ®S&SR id) (AGA).
As noted in [Ha4, Section 9.5], with ¢ = )", /(i) ® ¢”(7), we have
(39) b= (d®2&Y)((¢() ()@ ()@ () =Y <)o) T [) e ()
ijel ijel
Let b, ; be the (i,j)-summand of the right hand side. Then each b, ; € 23 and b = > i Pigs

with the sum converging in the h-adic topology of 7 ©3. We want to show that the sum Z b
is convergent in the h-adic topology of 2~ 2

2.15.3. Two definitions of braided commutator. From [Ha4, Section 9.3], we have

(40) T = p(ad®id)(id &(S&id)A)

(41) — u(id Gad’)((id @9) A& id),

where ad” is the right adjoint action (of the braided Hopf algebra ) defined by
ad” == pPl(S&id &id) (& id)(id GA).

Lemma 2.26. For x,y € 5, we have

(42) ad’(z @ y) = S™ (y) > .

Proof. In what follows we use R =) R1®Ra=> RI@RH=> RI @R, => R ®@R5. One
can easily verify

(43) P(z@y) =Y (RaRh>z) @Ry S(RY).
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We have
ad’(z ® y) = pl¥(5&1d &id) (@ id) (z © Aly))
=Y (8B id&id)(¥&id)(z @ yo) © y2)
=" uP(S&id &id)((z © y) © yz)
=Y pPl($8id@id)(RaRy b yr) @ RizS(RY) @ y(z) by (43)
= Pl S(RaRY 5 y)) ® R1zS(RY) @ )
= Zﬁ (R2R5 > Y1) R12S(RY)y (),
where A(y) = Y1) ®y(z)- Using
Z Yu) @Y = Z(RIQ/ >y(2)) ® Riyay,
Z STHRY > w)S(RY),

we obtain
ad'(z®y) = Z S(RaRy > y))R1zS(R1)y(2)
= > STHRY > (RaRY > (RY > y2)))S(RY)RazS (R Ry
= STHRYRaRYRY b y(2)) S(RY)R1zS(RY) Ry 1),
Since S RY Ry @ S(RIR1 = S, RLRE @ S(R)R! = R;ngl = 1® 1, we obtain
ad'(z ZS’ =S (y) >z

This completes the proof of the lemma. O

By Lemma 2.26 and ad(s#®2) C 2 we easily obtain

(44) ad" (2 @A) C .
Lemma 2.27. We have

(45) Y(ARX)C X,
(46) Y(2Z0H)C X.

Proof. Using (40) and ad(#'®.2) C 2, we have
T(ADL) = p(ad®id)(id ®S&id)(id A (AR L)
C p(ad®id)(id ®S®id)(H# @2 @ Z)
C w(ad®id) (AL L)
Cu(ZeZ)
cZ.

Using (41) and (44), we can similarly check that T(2 ®#) C 2. O
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2.15.4. Borromean tangle.

Lemma 2.28. One has b € 2°®3.

Proof. Since {c”(i) | i € I} is O-convergent in /7, we have ¢’ (i) = h*&"(i), where &"(i) € # and

for any N > 0 we have k; > N for all but finitely many .

Recall that, by (39), we have
(47) b= by, where b;;=c/(i)®c(j)®T("(i)®c"(j)).
i,5€1

By (45) and (46), we have
T(e(0) © (7)) = F(E() (7)) € W2
Y(c"(i) ® ¢"(j)) = WM Y (" (i) @ €"(j)) € W 27,

respectively. Hence

(48) T(c"(i) @ "(5)) € hmexthika) 27,

Since ¢/(i),c/(j) € 2, the sum (47) defines an element of 2 €3, O

2.15.5. Proof of Proposition 2.25. It is clear that 1 € 2° = C[[n]], 1 € 2, and 2" ® 2™ C
2 @n+m By Proposition 2.25, each of u,v,bﬂ A, S is (2 ®")-admissible. By Lemma 2.28, b €
23 Hence by Proposition 2.14, Jr € 2 om,

This completes the proof of Proposition 2.23 and also the proof of Theorem 2.22.

2.16. Integrality of J,.

Theorem 2.29. Suppose Z is a core subalgebra of a topological ribbon Hopf algebra A with the
associate twist system To : % — C[[h]]. Assume that there is a family of subsets K, C 2,

n >0, such that

(AL1) Loy € I%O, 1,0 € 161, b e 163, each of 'l,bil,u,é,ﬁ 18 (En)—admissible, and r @y € l€n+m
for any x € lzn,y € l%m.

(AL2) For anyey,...,en € {£},

(T2,® ... &T,)(Kn) C Ko.
Then the invariant Jas of integral homology 3-spheres has values in IEO.

Proof. Suppose T is an n-component bottom tangle 7" with zero linking matrix. By Proposi-
tion 2.14, Condition (AL1) implies that Jr € K,,. Condition (AL2) implies that

JM = (7;1®®7;n) (JT) S lzo,
where M = M(T;e1,...,en). O

In the paper we will construct a core subalgebra 2  and a sequence of Z[\] submodules K, C
2 O™ satisfying the assumptions (AL1) and (ALZ) of Theorem 2.29 for the quantized universal
enveloping algebra (of a simple Lie algebra) with Ko = Z[ |. By Theorem 2.29, the corresponding
invariant of integral homology 3-spheres takes values in m We then show that this invariant
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specializes to the Witten-Reshetikhin-Turaev invariant at roots of unity. In a sense, the (l%n)

form an integral version of the (2 ®”). The construction of the integral objects K,, is much more
complicated than that of 2.
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3. QUANTIZED ENVELOPING ALGEBRAS

In this section we present basic facts about the quantized enveloping algebras associated to
a simple Lie algebra g: the h-adic version Uy(g), the g-version Uy(g) and its simply-connected
version qu(g). We discuss the well-known braid group actions, various automorphisms of Uy, the
universal R-matrix and ribbon structure, and Poincaré-Birkhoff-Witt bases. New materials include
gradings on the quantized enveloping algebras in Section 3.3.2, the mirror automorphism ¢, and a
calculation of the clasp element.

3.1. Quantized enveloping algebras U;, U;, and Ijq.

3.1.1. Simple Lie algebra. Suppose g is a finite-dimensional, simple Lie algebra over C of rank /.
Fix a Cartan subalgebra h of g and a basis I = {aq,...,a} of simple roots in the dual space h*.
Set bp = RII C h*. Let Y = ZII C by denote the root lattice, ® C Y the set of all roots, and
®, C P the set of all positive roots. Denote by ¢ the number of positive roots, t = |®,|. Let (-,-)
denote the invariant inner product on b such that (o, o) = 2 for every short root a. For a € ®, set
do = (a,0)/2 € {1,2,3}. Let X be the weight lattice, i.e. X C b is the Z-span of the fundamental
weights ¢, ..., &y € by, which are defined by (&, oj) = 0i5da,.

For v = Zle kia; € Y, let ht(y) = >, ki. Let p be the half-sum of positive roots, p =
%Zaech a. It is known that p = Zle Q.

We list all simple Lie algebras and their constants in Table 1.

Ay By Cy Dy Fg | E7 | Eg
d 1 2 2 1 11111
D|/+1 2 2 4 312 |1
RY [ 04+1{20—1]¢4+1]20—2]12| 18] 30

©of | | X
qxr—lcog)

Table 1. Constants d, D, h" of simple Lie algebras

3.1.2. Base rings. Let v be an indeterminate, and set A := Z[v*!] C C(v). We regard A also as a
subring of C[[h]], with v = exp(h/2). Set ¢ = v*.

Remark 3.1. We will follow mostly Janzen’s book [Ja]. However, our v, ¢ and h are equal to “q”,
¢?” and “—h”, respectively, of [Ja]. Since ¢ = v, one could avoid using either ¢ or v. We will use
both ¢ and v because on the one hand the use of half-integer powers of ¢ would be cumbersome,
and on the other hand we would like to stress that many constructions in quantized enveloping
algebras can be done over Z[g™!].

113

Denote by N the set of non-negative integers. For every a € ®, n,k € N, set

Vo = 0", g = ¢ =0,
vy —u" - n n—1i+ 1],
o= 227" 1= m,Hz ARy
T va—wvat : ZHl R LN ZH1 [i]a

{n}a =03 —v", {n}ta!:= H{z}a
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When « is a short root, we sometimes suppress the subscript « in these expressions.
Recall that for n > 0 and for any element z in a Z[g]-algebra,

n—1

(@3 0)n = [ (1 - 2¢’).

J=0

3.1.3. The algebra Uy. The quantized enveloping algebra U, = Up(g) is defined as the h-adically
complete C[[h]]-algebra, topologically generated by E, Fy,, H, for a € II, subject to the relations

(49) HoHpg = HgH,,
(50) H.Eg — EgH, = (o, B)Eg, H.Fg — FgH, = — (o, B)Fp,
Ko — K;*
(51) EoFg — FgEy = 6qp———5, where K, = exp(hH,/2),
/Ua - Ua
(52) Z(—l)s [T] EPEgE; =0, wherer=1-(8,a)/da,
s=0 5 o
(53) S (-1 [Z} FISF3FS =0, where r =1— (8,a)/dq.
s=0 «

We also write E;, F;, K; respectively for Ey,, Fo,, Kq,, fori =1,...,¢.

For every A =Y kot € by, define Hy = 3 ko Hy and Ky = exp(%H)\). In particular, one
can define K, := Ky, for a € II.

3.1.4. Hopf algebra structure. The algebra Uy has a structure of a complete Hopf algebra over
C[[h]], where the comultiplication, counit and antipode are given by:

A(E,) = E,®1+ K, ® E,, e(E,) =0, S(E,) = —K_'E,,
AF) =F, @K' +1® Fy, €(F,) =0, S(Fy) = —FoK,,
A(Hy) =H,®1+1® H,, €(H,) =0, S(Hy) = —H,.

3.1.5. The algebra U, and its simply-connected version qu. Let U, denote the C(v)-subalgebra
of Up[h™!] = Uy, @cppy Clh, h™!] generated by E,, F,, and Kl for all @ € II. Alternatively, U,
is defined to be the C(v)-subalgebra generated by the elements K,, K;!, Es, F, (a € II), with
relations (51)—(53) and

(54) K.K;' = KJ'K, =1,
(55) KpEy = vPYE, Ky, KgFy =v PYE,Kg
for «, 8 € 11.

The algebra U, inherits a Hopf algebra structure from Uy[h~!], where
A(K,) =Ko ® Ko, €Ky) =1 S(K,) =K,
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Similarly, the simply-connected version fIq is the C(v)-subalgebra of Uj[h~!] generated by
E., F,, and f(ojfl for all a € II. Again qu is a C(v)-Hopf algebra, which contains U, as a Hopf
subalgebra. Let ﬁg be the C(v)-algebra generated by K +1 o € TI. Then

(56) U, = UlU,.

The simply-connected version Ijq has been studied in [DKP, Gav, Cal] in connection with quan-

tum adjoint action and various duality results. We need the simply connected version Ijq(g) for a
duality result, and also for the description of the R-matrix.

3.2. Automorphisms. There are unique h-adically continuous C-algebra automorphisms tpar, @, w
of Uy, defined by

Lbar(h) = _h7 Lbar(Ha) = Hou Lbar(Eoz) = Eou Lbar(Fa) = Iy
w(h) = hv W(Hoc) = _Hou W(Eoz) = Fou W(Fa) =L,
@(h) = —h, ¢(Ha) = —Ha, o(Ea) = —FoKa, o(Fa) = _K;IEOH

and a unique h-adically continuous C-algebra anti-automorphism 7 defined by
T(h) = h, T(Ha) = —H,, T(Ea) = Ea, T(Fa) = Fa.

The map i,y is the bar operator of [Lul], and 7,w are the same 7,w in [Ja]. All three are

involutive, i.e. 72 = L%ar = w? =id. The restrictions of tpar, @, 7,w to Up N U, naturally extend to

maps from U, to Ug, and we have

T(U) = w(v) =, T(Koc) = W<Ka) = K0717
Lbar(v) - U717 Lbar(KOc) = K;17
p(v) =v, o(K,) = K.

Unlike tpar, 7, w, the map ¢ is a C-Hopf algebra homomorphism:

Proposition 3.2. The C-algebra automorphism o commutes with S and A, i.e.
pS =Sp, (pop)A = Ap.

Besides p = tparTwS = StparTw, and

(57) ©*(z) = S*(2) = K_g,x K3,

Proof. All the statements can be easily checked on generators h, Hy, Fq, Fy. U
3.3. Gradings by root lattice.

3.3.1. Y-grading. There are Y-gradings on Uy, and U, defined by
|Eal =, [Fo|=—a, |Ha|l=|Ka|=0.
For a subset A C Uy, denote by A, € Y, the set of all elements of Y-grading p in A.
We frequently use the following simple fact: If x is Y-homogeneous and § € Y, then
(58) Kgx = vPlzK,,

In the language of representation theory, x € Uy has Y-grading 5 € Y if and only if it is an element
of weight £ in the adjoint representation of Uyp,.
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3.3.2. (Y/2Y)-grading and the even part of U,.

Proposition 3.3. There is a unique (Y/2Y)-grading on the C(v)-algebra U, satisfying
deg(Ky) =, deg(Ey) =0, deg(F,) =a (mod2Y)

for a € 11

Proof. Using the defining relations (51)-(55) for Uy, one checks that the (Y/2Y')-grading is well
defined. 0

The degree 0 part of U, in the (Y/2Y)-grading, which is generated by K2, E, and F,K, for
a € 11, is called the even part of U, and denoted by Ug". Elements of Ug" are said to be even.

For each o € Y, the degree (a mod 2Y’) part of U, is K,Ug".
Lemma 3.4. (a) Suppose p € Y. Let (UyY), be the grading pu part of UgY. Then
S((U),) € K, U,

A((U)a) € D K (UF)mr © (U,
€Y
In particular, A(Ug") C U, ® UgY.
(b) The adjoint action preserves the even part, i.e. Ug> Ug' C Uy
(¢) Each of tpar, T, and ¢ leaves UgY stable, i.e. f(UF") C UL for f = tpar, T, -

Proof. (a) Suppose x € (Ug"),. We have to show that
S(z) € K, U,
A() € @ Kn (U),r @ (US),.
ey

If the statements hold for z = x; € (UyY),, and z = z2 € (UgY),,, then they holds for z =
2172 € (USY)py4pp- Since UL is generated as an algebra by Ki? € (U)o, Eq € (UZ)q, and
F, K, € (UZV),Q, it is enough to prove the statements when z is one of KX? E,, or F,K,. For
these special values of x, the explicit formulas of S(z) and A(x) are given in subsection 3.1.4, from
which the statements follow immediately.

(b) For z € U, we have the following explicit formula for the adjoint actions
Kovx=Kyo K, !
(59) E,vx=FEyx— K,2K,' E,
Fyvo = (For—aF,) K,.
If = is even, then all the right hand sides of the above are even. Since U, is generated by K, Fn, Fa,
we have U, >Ug" C Ug".

(c) One can check directly that each of tp,y, 7, and ¢ maps any of the generators K| 52, E,, F, K,
of Ug¥ to an element of Ug". O

Remark 3.5. In Section 6, we refine the Y/2Y -grading of the C(v)-algebra U, to a grading of the
C(v)-algebra U, by a noncommutative Z/2Z-extension of Y/2Y.
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By (56), Ijq = ﬁqu, where ﬁg = (C(v)[f%fd, .. ,R’gﬂ]. Here we set K; = Iu(ai fori=1,... ¢
Let Us"™" = C(v)[K,. .., K% and
rrev . 1T1ev,0 TTEV
Uy =0 Uy

Lemma 3.6. One has U, > fJg" - IVJZ" and U, > U C U
Proof. The proof is similar to that of Lemma 3.4(b). O

3.4. Triangular decompositions and their even versions. Let U; (resp. U, UY) be the
h-adically closed C|[[h]]-subalgebra of Uy, topologically generated by E, (resp. Fy, H,) for a € II.

Let Uf (resp. U, Ug) denote the C(v)-subalgebra of U, generated by E,, (resp. F,, KI'!) for
a € Il

It is known that the multiplication map
U, ® Ug ® U; — U, z@2' @2" — zaa”

is an isomorphism of C(v)-vector spaces. This fact is called the triangular decomposition of Uj,.
Similarly,

U;@U%@U}J{ — Uy, zo2 2" za'a",

is an isomorphism of C[[h]]-modules. These triangular decompositions descend to various subalge-
bras of U, and Uy, which we will introduce later.

We need also an even version of triangular decomposition for Ug¥. Although Uq+ C UyY, the
negative part U is not even.

Let Uy"™ := ¢(U]), which is the C(v)-subalgebra of Ug" generated by Fio, Ko = —p(E,), o € 11
Then Ug"™™ C UY. Let U be the even part of Uy, ie.

U = U NUp = C) (K2, K]

Using (58), we obtain the following isomorphisms of vector spaces

(60) Uy e Ug ® U; = U,, z2®y®z— zyz.

(61) Uy e UEV’O ® U;‘ =, Uy, z0y®z- xyz.

(62) U oUW eoU S U, 10y0z- ayz.

where we set U}~ = ¢(U}), which is the h-adically closed C[[h]]-subalgebra of U topologi-

cally generated by F,K,, a € II. We call (60), (61), and (62) respectively the even triangular
decomposition of Ug, Ug¥, and Up,.

3.5. Braid group action.
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3.5.1. Braid group and Weyl group. The braid group for the root system ® has the presentation
with generators T, for a € Il and with relations

T Tg =TpT, for a,p €1l, (o, B) =0,
T TpT =TT T for o, B €10, (o, B) = —1,
ToTsToTs = TsToTsT, for o, B €11, (o, B) = —2,
ToTsToTsTaTs = TsTaTsTaTsTy for o, B €11, (a, B) = —3.

The Weyl group 2J of ® is the quotient of braid group by the relations 7> = 1 for a € II. We
denote the generator in 2U corresponding to T, by so. We set T; =T,,,, 5; = 54, for i =1,... L.

Suppose i = (i1,...,1;) with 4; € {1,2,...,0}. Let w(i) = s;,84,---5;, € W. If there is no
shorter sequence j such that w(i) = w(j), then we say that the sequence i is reduced, and w(i) has
length k. Tt is known that the length of any reduced sequence is less than or equal to t := |®, |, the
number of positive roots of g. A sequence i is called longest reduced if i is reduced and has length ¢.
There is a unique element wy € 20 such that for any longest reduced sequence i one has w(i) = wy.

3.5.2. Braid group action. As described in [Ja, Chapter 8], there is an action of the braid group on
the C(v)-algebra U,. For a € II, T, : U, — Uy is C(v)-algebra automorphism defined by

Ta(K'y) = Ksa(7)7 Ta(Ea) = _FaKou Toz(Fa) = _Koleaa

ToEp) = S B EGED, with r = (5,0
i=0
To(Fg) =Y (-, FOFFY,  with r = —(8,0)/da,
=0
where v € Y, 8 € IT\ {a}. The restriction of T, to U, NUy, extends to a continuous C[[h]]-algebra
automorphism T, of Uy by setting

To(Hy) = Hg foryeY.

7)

Remark 3.7. Our Ty, is the same as Ty, of [Ja]. Our T; = Ty, is T}y of [Lul], or T, of [Lu3).

One can easily check that
(63) TN (KpUY) C Ky (50
for « € I, B € Y. In particular, the even part Ug" is stable under T, C-Jfl. Thus, we have

Proposition 3.8. The even part UgY is stable under the action of the braid group.

3.6. PBW type bases.

3.6.1. Root vectors. Suppose i = (i1,...,1;) is a longest reduced sequence. For j € {1,...,t}, set
Vi = Vj(i) =S80y Sip Sy (aij)'
It is known that ~1, ..., are distinct positive roots and {71,...,7%} = ®4+. The elements
Ey, (i) := To; Tas, - 'Taij, (Eaij ), By (i) = Toy, Ty - Ty, (Fai,)

1 j—1 J
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are called root vectors corresponding to i. The Y-grading of the root vectors are |E,,(i)| = v; =
—|F,;(i)]. Tt is known that E, (i) € U and F,,(i) € U, .

In general, F, (i) and F,, (i) depend on i, but if ~; is a simple root, i.e. 7; = a € II, then we
have E. (i) = Eq, Iy, (i) = Fa.
3.6.2. PBW type bases. Fix a longest reduced sequence i. In what follows, we often suppress i and
write E, = E, (i), F;, = F, (i) for all v € ..
The divided powers Egn), Fw(n) for v € &4, n > 0 are defined by:
EM = EZ/[n]y), FM = F}/[nl,.

Recall that N is the set of non-negative integers. For n € N, define

m _TT () m _TT (ns)
n) __ nj n) __ )
= H7j€‘1’+ 257 BT = H%'G‘I’Jr By

Here l | €0, Means to take the product in the reverse order of (y1,72,...,7). For example,
() | | (15) (nt) p(ni—1) (n1)
n) __ _ n nt— n
F N v;€P4 F’Yj "= F’Yt ' F’Yz—tl P F’Yl e

The set {E™ | n € N'} is a basis of the C(v)-vector space U;, and a topological basis of Uy,.

Similarly, the set {F(™ | n € N*} is a basis of U, and a topological basis of U, .

On the other hand, {K, | v € Y} is a C(v)-basis of U) and {H* | k € N}, where H* = H§:1 H;-cj
for k = (k1,...,ke), is a topological basis of U?l.

Combining these bases and using the even triangular decompositions (60)—(62), we get the fol-
lowing proposition, which describes the Poincaré-Birkhoff-Witt bases of Uy, Ug¥, Up:

Proposition 3.9. For any longest reduced sequence i,

{F(m)KvaE(“) |m,n €N v €Y} is a C(v)-basis for Uy

{F(m)KngE(n) |m,n e N,y €Y} is a C(v)-basis for Ug

{F(m)KmHkE(") |m,n € N k ¢ Nf} is a topological basis for Up,.
where
t
(64) Ky ::HK%] =K_|pm) forn=(ni,...,m) e N-.
j=1

3.7. R-matrix.

3.7.1. Quasi-R-matriz. Fix a longest reduced sequence i. Recall that {k}, = v% — v *.

The quasi-R-matriz © € U%Q is defined by (see [Ja, Lul])

(65) O= ) Fu®En,
neN?
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where for n = (nq,...,n;) € N,
¢ — "
. (n) ) _ -1 J
(66) En:=FE jl_Il{”J}w! = H'yje<1>+ ((Uw Uy )EVJ) ;
t (n-1)/2 _ T (nj=1)/2 ()
(67) By = F H(_l)njvw Y - Hwec1>+(_1)njvw Y By
j=1

It is known that © does not depend on i, and

(68> 6_1 = (Lbar ® Lbar)(@) = Z Frll ® Ell.l
neN?

where
Flfl = Lbar(Fn)a Eil = Lbar(En)-

3.7.2. Universal R-matriz and ribbon element. Define an inner product on hg = Spang{H, | o €

I} by (Ha,Hg) = (a,B). Recall that &’s are the fundamental weights. Let H, = Hs. Then
{Ho/dw,a € T} is dual to {Hy, a € I} with respect to the inner product, i.e. (Hea, Hg/dg) = 044
for «, B € II. Define the diagonal part, or the Cartan part, of the R-matrix by

(69) D = exp (;‘ S (Hae FIa/da)) € (Uh)E2,

a€ll

We have D = Dy, where Doy € (U%)®2 is obtained from D by permuting the first and the second
tensorands.

A simple calculation shows that, for Y-homogeneous x,y € Uy, we have
(70) Dx®y)D =2 Ky ® K31 y.

The universal R-matrix and its inverse are given by
(71) R=DO"' R '=6D7,
Note that our R-matrix is the inverse of the R-matrix in [Ja].

The quasitriangular Hopf algebra (Uj, R) has a ribbon element r whose corresponding balanced
element (see Section 2.2) is given by g = K_5,. For Y-homogeneous x € U}, we have

(72) S?(z) = K_9,7K>, = g~ Pl g,
With R = Y Ri ® Ra, the ribbon element and its inverse are given by
r = Z S(Rl)K_QpRQ, I‘_1 = ZRlKngg = ZRQK_QpRl.

One has r = Jp and r~' = Jgv, where T and 7" are the bottom tangles in Figure 13.
Using (65) and (71), we obtain

(73) r= Y FaKaroEn, r'=) FK,'rj'E,
neN? neNt
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\ /

Figure 13. Tangles T (left) and 7" determining the ribbon element r and its inverse

where K, is given by (64) and

h M
ro:=K 9, u(D7Y) = K 5, exp(—; > HyHu/do).
a€ll

We also have

(74) S(r)=S(r) =r.

3.8. Mirror homomorphism ¢. We defined the C-algebra homomorphism ¢ in Section 3.2.

Proposition 3.10. The C-automorphism ¢ is a mirror homomorphism for Uy, i.e.

(75) SO(KQ/J) = K2p
(76) (p@¢)(R) = (RN
(77) (p@¢)*(R) = R.

Consequently, if T' is the mirror image of an n-component bottom tangle T, then Jpr = cp®”(JT).

Proof. Identity (75) is part of the definition of ¢. One could prove the other two (76) and (77) by
direct calculations. Here is an alternative proof using known identities.

By Proposition 3.2, ¢ = ipa,7wS. Hence (76) follows from the following four known identities:
(S®S)(R) =R by property of R-matrix, Equ. (10)
(T&T)R = (r&7)(DO™1) =07 D by [Ja, 7.1(2)]
(wEW)(O7ID) = 05D by [Ja, 7.1(3)]
(05

(Lbar®Lbar) D) - @21’1)_1 = Rg_ll by (68)

Identity (77) follows from (57) and (10):
(P*@p*)(R) = (5? @ S*)(R) = R.
This shows ¢ is a mirror homomorphism. By Proposition 2.6, Jp = ¢®”(JT). O

Because the negative twist is the mirror image of the positive one, we have the following.

Corollary 3.11. One has p(r) =r L.
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3.9. Clasp element and quasi-clasp element. Here we calculate explicitly the value of the
clasp element ¢ = J-+ € U,®Ujy, which is the universal invariant of the clasp tangle C* of Figure
5. Recall that we have defined E,,, F}, and D in Section 3.7. We call

(78) I :=cD?

the quasi-clasp element. Like the quasi-R-matrix, the quasi-clasp element enjoy better integrality
than the clasp element itself.

Lemma 3.12. Fiz a longest reduced sequence i. We have

(79) c= Z q—(p,lEn\)(Fme @ FuKy) (D72) (B ® Frm)
m,neN?

(80) P= 3 g @IBD-BallB) (Fy Kl By © FuKy Fun)
m,neNt

(81) c=(p®51p)(c).

Proof. Let D72 =3 (D72); @ (D" %)3, and R~ =Y R1 ® R2 = Y. R} ® R}. By (21), we obtain
c=) S(R1)S(Rh) @ RiRy
= Ri1S?*(R) ® RiRa.
We have
R1=0D7"'= Y FuD ™)1 @ En(P 2= Y FuKm(D ™)1 @ (D)2Em.

meN? meN?
Using this and (72), we obtain

c= Y FuKm(D ?)15%(Eq) ® FaKn(D ?)2Em,

m,neN?
which is (79). Identity (80) follows from (79), via (70).
Since C'~ is the mirror image of CT, by Proposition 3.10, ¢~ = (¢ ® ¢)(c), which, together with
(22), gives (81). O

From [Maj2, Proposition 2.1.14], one has
(82) (id ®5?)(c) = ca1.
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4. CORE SUBALGEBRA OF U\/E AND QUANTUM KILLING FORM

In this section we construct a core subalgebra X}, of the ribbon Hopf algebra
U 7 = Up&c ClIVA,

which is the extension of Uy, when the ground ring is C[[v/h]]. We will use the Drinfel’d dual V, of
Uy, to construct Xj,. To show that X}, is a Hopf algebra we use a stability principle established in
Section 4.3, which also finds applications later. We then discuss the clasp form of X; which turns
out to coincide with the well-known quantum Killing form (or Rosso form) when restricted to U,.
Thus, we get a geometric interpretation of the quantum Killing form.

4.1. A dual of U,. Fix a longest reduced sequence i. For n = (nq,...,n;) € N¥ let
k
Inj = n;.
j=1

Let us recall the topological basis of Uy, described in Proposition 3.9. For n = (nj,ng, n3) €

Nt x Nf x N, let
ep(n) = FMI K, HP2 p®s)
where F(™1) Ky, H™2, E™3) are defined in Section 3.6.2. By Proposition 3.9,
{eh(n) ‘ ne Nt-i—f-i—t}

is a topological basis of Uy,.

Let V}, be closure (in the h-adic topology of Uy) of the C[[h]]-span of the set
(83) {nIPle, (n) | n e NtFHY,

Then Vy, is a formal series C|[[h]]-module, having the above set (83) as a formal basis. (See Exam-
ple 2.2 of Section 2.1.) Every x € V), has a unique presentation of the form

x = Z Tn (h”“”eh(n)>

neNt++t

where x, € C[[h]]. The map = — (2n)ner is a C[[h]]-module isomorphism between V;, and C[[h]]?,
with I = NFH6H

In the terminology of Drinfel’d [Dr], V}, is a “quantized formal series Hopf algebra” (QFSH-
algebra), see also [CP]. As part of his duality principle, Drinfel’d associates a QFSH-algebra to
every so-called “quantum universal enveloping algebra” (QUE-algebra). Gavarini [Gav]| gave a
detailed treatment of this duality, and showed that the above defined V}, is the QFSH-algebra
associated to Uy, which is a QUE-algebra.

For n > 0 let V%" be the topological closure of V%" in U?”. Then V;?" is the n-th tensor power
of V}, in the category of QFSH-algebras, see [Gav, Section 3.5]. The result of Drinfel’d, proved in
details by Gavarini [Gav], says that V}, is a Hopf algebra in the category of QFSH-algebras, where
the Hopf algebra structure of Vy, is the restriction of the Hopf algebra structure of Uj. Thus, we
have the following.

Proposition 4.1. One has
(VP2 C Vi, A(Vy) C VP2 S(Vy) C V.
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For completeness, we give an independent proof of Proposition 4.1 in Appendix A. Yet another
proof can be obtained from Proposition 5.10.

Proposition 4.2. Fiz a longest reduced sequence i. Then Vy, is the topological closure (in the
h-adic topology of Uy,) of the C[[h]]-algebra generated by hHy, hFy (i), hE, (i) with a € II,y € ..

Proof. Let V} be the topological closure (in the h-adic topology of Uy) of the C[[h]]-algebra gen-
erated by hHy, hF,y, hE, with o € II,y € ®;. One can easily check K, € V) for v € Y. The set
{nlnley,(n) | n € NF+HHY s a formal basis of V.

When n = (n1,...,n404¢) € N is such that all n; = 0 except for one which is equal to 1,
then the basis element h/™lle,(n) is one of hH,, hF K., hE,. 1t follows that hH, hFy, hE, € Vy,
and hence V) C V.

From the definition of ey (n), for any n = (m, k,u) € N* x Nf x N,

<_
R0  SCNER ) (0 ) (0 1

7 €P+
where m = (mq,...,m¢), k= (ki1,...,k¢),u= (ul,...,ut) and
1
H§:1 ([mj]w! [uj]w!)
is a unit in C[[h]]. Since the right hand side of (84) is in V},, we have V;, C V}. Thus, V), =V;. O

a =

4.2. Ad-stability and ¢-stability of V. Recall that we defined the left image of an element
z € U,&Uy in Section 2.4.

Proposition 4.3. The module Vy, is the left image of the clasp element ¢ in Up@Uy. Moreover,
V,, is ad-stable, i.e. Up >V, C Vy,.
Proof. For n = (ny,nz,ng) € N et
ef(n) = F™) K, g7 gy
where for k = (ki,..., ke) € N', B = [T'_, Ha!.
Then {e}(n) | n € N'*¥*'} is a topological basis of Uj. From (79),

(85) c= Z up(n) hMle,(n) @ e (n),

neNt+e+t

where uy(n) is a unit C[[h]] for each n € N!**+t The exact value of uy(n) is as follows: For

n = (ny,ny,n3) € N,
(86) up(n, n2,n3) = g~ P1EsD ) (ny) u)y (n2) u) (n3)
where for k = (k1,...,k;) € N and m = (my,...,m;) € N,
¢ ¢ M
B N Vry; (Q’Y'aQ’Y')m
_Hkld anm) = [ = I
Jj=1 O‘J Jj=1

By definition, the left image of c is the topological closure of the C[[h]]-span of {uy,(n) hl™ley(n)},
which is the same as Vj, since the uy(n) are units in C[[h]].
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Since c is ad-invariant, by Proposition 2.5, we have Uy > V), C Vy,. O

Remark 4.4. Proposition 4.3 shows that Vj, does not depend on the choice of the longest reduced
sequence 1i.

Proposition 4.5. One has ¢(V},) C Vy, i.e. 'V is @-stable.

Proof. By Lemma 3.12, ¢ = (¢ ® S~ 1p)(c). Note that S~ is an C[[h]]-linear automorphism of
Uy,. By Proposition 2.5(b), ¢ leaves stable the left image of ¢, i.e. (V)= V. O

4.3. Extension of ground ring and stability principle. Let v/h be an intermediate such that
h = (v/h)%. Then C[[h]] C C[[V/h]]. For a C[[h]]-module homomorphism f : V — V', we often use
the same symbol f to denote f&id : V®C[[hHC[[\/E]] — V’®C[[h]](C[[\/E]].

Suppose the following data are given
(i) a topologically free C[[h]]-module V' equipped with a topological base {e(i) | i € I}, and
(ii) a function @ : I — C[[h]] such that a(i) # 0 and {a(i),7 € I} is 0-convergent.

Let V( /a) be the topologically free C[[v/h]]-module with topological basis {\/a(i) e(i) | i € I},
and V(a) C V be the closure (in the h-adic topology of V') of the C[[h]]-span of {a(i)e(i) | i € I}.
We call (V,V(y/a),V(a)) a topological dilatation triple defined by the data given in (i) and (ii).

Proposition 4.6 (Stability principle). Suppose (V,V (v/a),V (a)) and (V',V'(V/d'),V'(a")) are two
topological dilatation triples and f : V' — V' is a C[[h]]-module homomorphism such that f(V (a)) C

V'(a'). Then f(V(y/a)) Cc V'(Vd).

Proof. Claim 1. Tf z1, x9, 23 € C[[h]], x3 # 0, such that z125/23 € C[[R]] then x1\/x2/23 € C[[V/A]].
Proof of Claim 1. Let x; = h¥iy', where y; is invertible in C[[h]]. Assumption z129/x3 € C[[h]]
means ki + ko > k3. Then ki + ko/2 > (k1 + k2)/2 > ks/2, which implies the claim.

Let us now prove the proposition. The C[[h]]-module V' (a) is a formal series C[[h]]-module with
formal basis {a(i)e(i) | i € I}, see Example 2.2. Every z € V(a) has a unique presentation as an
h-adically convergent sum

xr = sz (a(i)e(i)), where (z;);e; € C[[R]).

il
Using the topological bases {e(i) | i € I} of V and {e(¢") | i’ € I'} of V', we have

Fle@) =" fle(h),

Jer

where f/ € C[[h]], and for a fixed i, { fij | 7 € I'} is O-convergent. Multiplying by appropriate

powers of \/a(i), we get
fali)e@) = 32 77 (a()e() where fi = 2) p

T
Pt a'(5)

() S ae) = Y7 (VaGrew) where ! = V4D g1

2 )
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The assumption f(V(a)) C V'(a’) implies that f/ € C[[h]], which, together with f/ € C[[h]] and

Claim 1, shows that :fg € C[[V/h]]. Equation (87) shows that f(V(y/a)) C V'(v/a’). This proves
the proposition. O

4.4. Definition of X;. Fix a longest reduced sequence i. Recall that {e,(n) | n € Niti+t}
is a topological basis of Uy, see Section 4.1. Let a : N+t — C[[h]] be the function defined
by a(n) = APl and consider the topological dilatation triple (Uy, Up(v/a), Up(a)). Denote the
middle one by X}, Up(y/a) = X},. Later we show that X, does not depend on i.

By definition, Uy, (a) is the closure (in the h-adic topology of Uy,) of the C[[h]]-span of {hl*lley,(n) |
n € NH+) . Thus, Uy(a) = V.

Also by definition, X}, is the topologically free C[[v/h]]-module with the topological basis
(88) {nInl/2¢; (n) | n € NtHH+Y,
Note that X}, is a submodule of U ;5 = Uh®@[[h”(C[[\/E]].

The topological closure X, of Xj, in U,/ is a formal series C[[v/h]]-module with (88) as a formal
basis.

Theorem 4.7. The C[[v/h]]-module X}, is a topological Hopf subalgebra of U ;. Moreover U /v
Xy C Xy, i.e. Xy, is ad-stable, and o(X}) C Xp.

Proof. We will show that X, is closed under all the Hopf algebra operations of U_;.

Let us first show that X}, is closed under the co-product. Both (Uj, Xy, V) and (U%Q, X%Z, V§2)
are topological dilatation triples, and A(Uj) € UF? and A(V)y,) C VP2 (see Proposition 4.1).
Hence, by the stability principle (Proposition 4.6), A(Xj) C X%Q.

Similarly, applying stability principle to all the operations of a Hopf algebra, namely pu,n, A €, S
(using Proposition 4.1), as well as the adjoint actions (using Proposition 4.3) and the map ¢ (using
Proposition 4.5) we get the results. ([l

Corollary 4.8. Fiz a longest reduced sequence i. The C[[v/h]]-algebra X}, is the topologically
complete subalgebra of U, s generated by VhH,, \/EEV(i), \/EFy(i), with o € I,y € .
Proof. Using the fact that X} is an algebra, the proof is the same as that of Proposition 4.2. [
4.5. Xy, is a core subalgebra of U /. Recall that the definition of a core subalgebra is given in
Section 2.14.
Theorem 4.9. The subalgebra X}, is a core subalgebra of the topological ribbon Hopf algebra U ;.
Proof. For the convenience of the reader, we recall the definition of a core subalgebra: X is a
core subalgebra of U 5 means that Xy is a topological Hopf subalgebra of U and the following
(i)—(iii) holds.

(i) Xp is U, j5-stable,

(i) R € X}, ® X, and Ko, € X}, and
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(iii) The clasp element ¢ has a presentation
c= Zc’(i) ® c" (i),
i€l
where each of {c/(i)} and {c”(i)} is 0 convergent in U and is a topological basis of X,.

Let us look at all three statements.

(i) By Theorem 4.7, X, is a topological Hopf subalgebra of U s, and (i) holds.
(ii) Since VhH, € X}, (see Corollary 4.8), K19, = exp(+ Yoo, M) € X, C X},
By (71), R~! = ©D~ !, where
h o
O=)Y FL®E, and D '=exp(—= Y H,® H,/dy).
ne%t p(—5 ;1 /da)

As VhH,,VhH, € X}, one has D! € X, @ X,,.
Using the definition (66), (67) of Ey, Fy, and Corollary 4.8, we have

H
Fn ® En ~ Hwe<1>+(th ® Ey)" € X @ Xy,

where a ~ b means a = ub, where u is a unit in C[[h]]. Hence © = Y F, ® E, € X}, ® Xp,. It
follows that R ! = @D~ € X}, ® Xj,. Since R = (id ®S)(R~!), we also have R € X}, ® Xj,. Thus
(ii) holds.

(iii) Let I = N+t and for n € I,
(89) c/(n) = lP12¢,(m), " (n) = up(n)hIPI/2¢] (n),
where uj(n) is the unit of C[[h]] in (86). By (85)

c= Zc’(n) ® c’(n).

n
By definition, {c/(n)} is a topological basis of X,. Since {H, | a € I} is a basis of b, {¢”(n)} is
also a topological basis of Xj,. The factors hl*l/2 in (89) shows that each set {c/(n)} and {c¢”(n)}
is 0-convergent. Hence (iii) holds. This completes the proof of the theorem. O

By Theorem 2.22, the core subalgebra X, gives rise to an invariant Jy; € C[[v/h]] of integral
homology 3-spheres M, via the twists 71 which we will study in the next subsections.

4.6. Quantum Killing form. Since X, is a core subalgebra of U/, according to Section 2.13,
one has a clasp form, which is a U, ;-module homomorphism

(90) £ Xp&X), — C[[Vh]],
defined by
(91) Z(c"(n) ® c/(m)) = 6pm, for n,m e N

where ¢”(n) and ¢/(m) are given by (89). We also denote .£(z ® y) by (z,y).

Let us calculate explicitly the form .. Recall that F},, E, € U, were defined by (66) and (67),
which depend on a longest reduced sequence.
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Proposition 4.10. Fiz a longest reduced sequence i. For m,n,n’,m’ € Nt k. k' € N/, a,83 €
Y, k,l €N, one has

(92) (FnKm h"2HE B, Fo K 12 HY Buy) = 0110mmeOnm ¢P150D (<1)F & (o, B)F
(93) (FmKmK, Eq, Fy Ky K,y Epy) = 5m,m/5n,n/q(P"Eﬂ‘)v‘(“’#’)/Z
Proof. Formula (92) is obtained from (91) by a simple calculation, using the definition (89) of

c/(n) and ¢”(n). Formula (93) is obtained from (92) using the expansion K, = exp(hH,/2)
> hFHE/(2FKY).

Ol

Suppose z,y € U,. There are non-zero a,b € C[v*!] such that ax,by € Xj,. By (93), (az,by) €
C[v*1/?]. Hence we can define (z,y) = % € C(v'/?). Thus, we have a C(v)-bilinear form

(94) (,.):U,®U, - C(u'?).

Remark 4.11. The form we construct is not new. On U, the form .Z is exactly the quantum
Killing form (or the Rosso form) [Ros, Ta| (see [Ja]), which was constructed via an elaborate
process. For example, if one defines the quantum Killing form by (93), then it not easy to check the
ad-invariance of the quantum Killing form. Essentially here we give a geometric characterization of
the quantum Killing form: it is the dual of the clasp element c¢. The ad-invariance of the quantum
Killing form then follows right away from the ad-invariance of c. We also determine the space
X}, which in a sense is the biggest space for which the quantum Killing form can be defined (with
values in C[[h]]).

4.7. Properties of quantum Killing form. We again emphasize that the form .Z is ad-invariant,
i.e. the map ¢ in (90) is a U /;-module homomorphism, see Lemma 2.19. It follows that the form
(94) is Ug-ad-invariant.

Since each of {c/(n)} and {c”(n)} is a topological basis of X; and they are dual to each other,
the bilinear form (.,.) is non-degenerate.

From (92), we see that the quantum Killing form is ¢riangular in the following sense. Let
z,2' € X, NU"", y,y € X, NUY, and 2,2’ € X, N U}, then

(95) (zyz,a'y'2") = (2, 2")(y, y')(z,2).

The quantum Killing form is uniquely determined up to a scalar by the ad-invariant, non-
degenerate, and triangular properties, see [JL3, Theorem 4.8].

The quantum Killing form is not symmetric. In fact, for z,y € Xp, we have

(y,x) = (z,5%(y)) = (S *(x), ),

which follows from the identity (id ®S?)(c) = c21. If y is central, then S%(y) = K_2,yK2, = y.
Hence

(96) (r,y) = (y,x) if y is central.

The quantum Killing form extends to a multilinear form

() s XP"@XEm — Cl[Vh]),
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where X%n is the topological closure of X%”, by
n
(11 ®...0Tp, Y1 Q... QYp) = H(xj,yj>.
j=1

Lemma 4.12. Suppose x,y, z are element of X9 = X}, N U(\)/E' Then
(97) (zy,2z) = (x @y, A(2))
Proof. This follows from (92), with n = m = 0. O

Note that (97) does not hold for general x,y, z € Xj,.

4.8. Twist system associated to X; and invariant of integral homology 3-spheres.
According to the result of Section 2.13, the core subalgebra X, gives rise to a twist system
T+ : X — C[[V/h]], defined by

Ta(z) = (' )

and an invariant Jy; € C[[v/h]] of integral homology 3-spheres M. Recall that Jy is defined as
follows. Suppose T is an n-component bottom tangle with 0 linking matrix and ¢; € {—1,1} and M
is obtained from S by surgery along the closure link cl(7T) with the framing of the i-th component
switched to ¢;. Then

Ju = (Te,® ... @T:,) (Jr).
In the next few sections we will show that Jys € Z[E]
Let us calculate the values of 71 on basis elements. Recall that
ro=K_o, exp(—% Z Haﬁa/da).
a€cll
Proposition 4.13. (a) Fiz a longest reduced sequence i. For m,n € Nty € Y,z € X9, one has
(98) Ti(Fn K @ Ey) = n ¢P1ED (rg, 2)

(99) <r0’ K’Y) — ’U(%P)—%(%W) c Z[’Uil/2],

(b) For every x € X}, one has
(100) T (2) = T ().

Proof. (a) By (73),

r= Z FuKnroEy.
neNt
Identity (98) follows from the triangular property of the quantum Killing form. Identities in (99)
follow from a calculation using (92) and the explicit expression of ry.

(b) By (81), ¢ = (¢®S~1p)(c). By Proposition 2.20, for y € X}, and x € X, one has
(101) () = (S o(y), p(x)).

By Corollary 3.11 and (74), S~! o(r~!) = r. Using (101) with y = r~!, we get (100). O
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4.9. Twist forms on U,. By construction we have twist forms 7% : X;, — C[[v/h]], with domain
X}, and codomain C[[v/]]. We can change the domain to get a better image space.

By Proposition 4.13, for m,n € N and y € Y,
(102) T (FiKmK2y En) = dmn ¢ 1Enl) 200~ e 7™ ¢ Z[v™.

Because { FinKm Koy En | m,n € Nf,y € Y} is a C(v)-basis of UZ', we have

T (U N X4) € Cv) N VA,

Using 7-(z) = T+ (¢(x)) (see Proposition 4.13), and the fact both UgY and X, are p-stable, we
also have

T (U NXy,) € Cv) NC[[VA]].

Because Ug¥ N Xy, spans Ug¥ over C(v), we can extend the restriction of 71 on Ug¥ N Xy, to
C(v)-linear maps, also denoted by 7.:
T+ : U — C(v).
The values of 7 on the basis elements are given by (102). It is clear that
(103) T (Ug) € Qo).
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5. INTEGRAL CORE SUBALGEBRA

In Section 4 we constructed a core subalgebra X of U /i Which gives rise to an invariant Jy of

integral homology 3-spheres with values in C[[v/h]]. To show that Jy; takes values in Z[\q] we need
an integral version of the core algebra. This section is devoted to an integral form Xz of the core
algebra Xj,.

In order to construct Xz we first introduce Lusztig’s integral form Uy and De Concini-Procesi’s
integral form Vz. Then we construct Xyz so that (Ugz, Xz, Vz) form an integral dilatation triple
corresponding to the topological dilatation triple (Up, Xy, V).

Lusztig introduced Uz in connection with his discovery (independently with Kashiwara) of canon-
ical bases. De Concini and Procesi introduced V7 in connection with their study of geometric
aspects of quantized enveloping algebras. For the study of the integrality of quantum invariants,
Lusztig’s integral form Uy is too big: it does not have necessary integrality properties. For ex-
ample, the quantum Killing form (z,y) with z,y € Uz belongs to Q(v'/?) but not to Z[v*/?] in
general. On the other hand De Concini-Procesi’s form Vz is too small in the sense that completed
tensor powers of Vz do not contain the universal invariant of general bottom tangles. (Recently,
however, Suzuki [Sul, Su2] proved that, for g = slo, the universal invariant of ribbon and boundary
bottom tangles is contained in completed tensor powers of Vyz.) Our integral form Xz is the perfect
middle ground since it is big enough to contain quantum link invariants and small enough to have
the necessary integrality. We believe that Xz is the right integral form for the study of quantum
invariants of links and 3-manifolds.

We will show that De Concini-Procesi’s Vz is “almost” dual to Lusztig’s Uz under the quantum
Killing form, see the precise statement in Proposition 5.15. This fact can be interpreted as an
integral version of the duality of Drinfel’d and Gavarini [Dr, Gav]. Using the duality we then show
that the even part of Vg is invariant under the adjoint action of Uz, an important result which
will be used frequently later. We then show that the twist forms have nice integrality on Xz.

5.1. Dilatation of based free modules. Let A be the extension ring of A = Z[v*!] obtained by
adjoining all \/¢,(q), n=1,2,..., to A. Here ¢,(q) is the n-th cyclotomic polynomial and ¢ = v2.
One reason why working over A is not too much a sacrifice is the following.

Lemma 5.1. One has ANQ(q) = Z[g*'].
Proof. Since \/¢r(q) is integral over Z[¢*'], A is integral over Z[¢g*']. Hence ANQ(q) = Z[¢*']. O

Suppose V' is based free A-module, i.e. a free A-module equipped with a preferred base {e(i) |
i € I}. Assume a : I — A is a function such that for every i € I, a(7) is a product of cyclotomic
polynomials in ¢. In particular, a(i) # 0 and \/a(i) € A. The based free A-module V(a) C V, with
preferred base {a(i)e(i) | ¢ € I}, is called a dilatation of V', with dilatation factors a(7). Let V(\/a)
be the based free A-module with preferred base {\/a(i)e(i) | i € I}. We call (V,V(y/a),V(a)) a
dilatation triple determined by the based free A-module V' and the function a.

We will introduce the Lusztig integral form Uz, the integral core algebra Xz, and the De Concini-
Procesi integral form Vz so that (Uz, Xz, Vz) is a dilatation triple.

5.2. Lusztig’s integral form Uy. Let Uy be the A-subalgebra of U, generated by all E,gn), Fén), KFY
with o € Il and n € N. Set Uz = Uz N Uy for x = —,0,+.
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Let us collect some well-known facts about Uz. Recall that E™ and F(™, defined for n € N
in Section 3.6.2, depend on the choice of a longest reduced sequence.

Proposition 5.2. Fix a longest reduced sequence i.

(a) The A-algebra Uz is a Hopf subalgebra of U,, and satisfies the triangular decomposition
Ui@U%@U%r i>UZ, TRYR 2> TYZ.

Moreover, Uy, is stable under the action of Tojfl,oz e II.
(b) The set {F™ | n € N'} is a free A-basis of the A-module Uy . Similarly, {E™ | n € N} is
a free A-basis of UZ.

(¢) The Cartan part U% is the A-subalgebra of Ug generated by Kx* ((K‘%M, a€ll,n eN.

’ CIOAQQ)n

(d) The algebra Ugz is stable under tyar, 7, and @. Moreover Uy, is stable under tpay and 7.

Proof. Parts (a)-(c) are proved in [Lu2] and [Lul, Proposition 41.1.3]. Part (d) can be proved by
noticing that each of tp,r, 7, 0 maps each of the generators E((ln), Fo(én), K 351 of Uy into Uy, and each
of tpay and 7 maps each of the generators Fo(én) of U, into U,. U

We will consider U, UZ as based free A-modules with preferred bases described in Proposi-
tion 5.2(b). Later we will find a preferred base for the Cartan part U%.

Let U7" = UzNUY" be the even part of Uz. From the triangulation of Uz we have the following
even triangulation of Uz and Uy':

(104) U @ULeUL = Uz 10y®z— zyz

(105) Uy ® U%V’O ® UL = U7, rzQy®z+— wyz.

Here US™? = Uy nUSYY, with U) =C(v)[KE? aell],and Uy"” =UY NUS" = ¢(Uy}).
From Proposition 5.2(b) and U~ = ¢(U}), we have the following.

Proposition 5.3. The set {F(W K, | n € N*} is a free A-basis of the A-module U3"~.

We will consider U%V’_ as a based free A-module with the above preferred basis.

5.3. De Concini-Procesi integral form V. Let V7 be the smallest A-subalgebra of Uy which
is invariant under the action of the braid group and contains (1 — q,)FEq, (1 — ¢o)Fy and K1 for
a €1l For x=0,+,—, set V; =VzNUL.

Remark 5.4. In the original definition, De Concini and Procesi [DP, Section 12] used the ground
ring Q[u*!] instead of A = Z[v!]. Our Vg is denoted by A in [DP]

Fix a longest reduced sequence i. For n = (ny,...,n;) € Nt, let
t

(106) (@ 0)n = [ (a3, )n,-

j=1

Note that (g; ¢)n depends on i since v; = 7;(i) depends on i.
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Proposition 5.5. Fix a longest reduced sequence i.
(a) The A-algebra Vy is a Hopf subalgebra of Uy.
(b) We have V9, = A[K{, ...  Ki'] and the triangular decomposition

V,0VieV, SV, 10y®ze— ayz.

(c) The set {(q;q)n F™ | n € N*} is a free A-basis of the A-module V. Similarly, {(g; ¢)n E™ |
n € N'} is a free A-basis of V.

Proof. The proofs for the case when A = Z[v*!] is replaced by Q[v*!], were given in [DP, Section
12]. The proofs there remain valid for A. Note that in [DP], our Vz is denoted by A. O

The even part V3’ := Vz N U is an A-subalgebra of Vz. From the triangular decomposition
of V7, we have the following even triangular decompositions

(107) VT oVIle Vi S VY, zoye 2o ayz,

(108) VT RVIoVE SV, 10y®ze—ayz,

where V5" .= V;n U = A[KE?, ... K and V5"~ := VN U™ = o(V]).
From Proposition 5.2(b) and Uy"~ = ¢(U["), we have the following.

Proposition 5.6. The set {(q; @)nF™ Ky | n € N'} is a free A-basis of the A-module V3"~ .
We will consider V%V’_ as a based free A-module with the above preferred basis. Then V%V’_

is a dilatation of U%V’f. Similarly, we consider V% as a based free A-module with preferred base
given in Proposition 5.5. Then Vg is a dilatation of UE.

5.4. Preferred bases for UOZ and V%. We will equip U% and V% with preferred A-bases such
that V% is a dilatation of U%. Recall that Kj = Ko, ¢j = qa,-

For n = (n1,...,ny) € N and & = (6y,...,0,) € {0,1}¢ let

2% [ 1%
K (qj ’ KJZ?%’)

(109) Qev(n) = ]1:[1 (qj; qj)nj i
l
(110) Qn, ) =QV(m) ][] Kjf
=1
, J
(111) (@ @)n = [ [(4:0))n;-
j=1

Proposition 5.7. (a) The sets {Q%(n) | n € N’} and {(¢;¢)nQ(n) | n € N’} are respectively
A-bases of UeZV’0 and V%V’O.

(b) The sets {Q(n,8) | n € N°§ € {0,1}*} and {(¢;¢)nQ(n,d) | n € N¢,§ € {0,1}} are
respectively A-bases of U3 and V3.
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Since U%,V% are A-subalgebras of the commutative algebra Q(v)[Klﬂ, e Kgﬂ}, the proof is
not difficult though involves some calculation. We give a proof of Proposition 5.7 in Appendix B.

Remark 5.8. In [Lu3], Lusztig gave a similar, but different, basis of UOZ. Our basis can be obtained
from Lusztig by an upper triangular matrix, and hence a proof of the proposition can be obtained
this way. We chose the basis in Proposition 5.7 instead of Lusztig’s one for orthogonality reason.

5.5. Preferred bases of Uz and V7. Recall that we have defined (¢; ¢)n in two cases depending
on the length of n, see (106) and (111): either n = (n4,...,n;) € N, in which case,

t
H Q’ijq'yj n;o
7=1

orn= (ny,...,ng) € N’ then

4
H Qa] ) Qaj

The first one depends on a longest reduced sequence since 7; does, while the second one does not.

Introduce another (g; q)n, with length of n equal 2t + £. For n = (ny,ny,n3) € N where
n;,n3 € N and ny € N, define

(112) (5 @)n = (¢ O)ny (& D)y (G @)y
Further if § € {0, 1}, let
(113) e (n) = F K, Q% (na) E®),  e(n, 8) = FOW K, Q(ng, 6)E®).
Proposition 5.9. (a) The set
{e(n,d) | n e N 6 € {0,1}"}
and its dilated set
{(zz0)ne(n, 8) |ne NTH, 5 € {0,1}}
are respectively A-bases of Uz and V.
(b) The set
{eev(n) ‘ ne Nt+€+t}
and its dilated set
{(g;@)ne™ (n) | n e N}

are respectively A-bases of U3 and V.

Proof. The proposition follows from the even triangular decompositions of Uz and Vy, together
with the bases of Uy"", UY, U} and V5", V), V2 in Propositions 5.2, 5.5, and 5.7. O

We will consider Uz, U5, Vz, V3" as based free A-modules with the preferred bases described
in the above proposition. Then V7 is a dilatation of Uz, and V7' is a dilatation of Ug'.
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5.6. Relation between V; and Vj,.

Proposition 5.10. (a) One has V5’ C Vz C V.

(b) Moreover, Vy, is the topological closure (in the h-adic topology of Uy) of the Cl[h]]-span of
V5. Consequently, Vy, is also the topological closure (in the h-adic topology of Uy) of V.

Proof. (a) It is clear that V5 C V7. Let us prove Vz C V.

Fix a longest reduced sequence i. By Proposition 4.2, V, is the topological closure of the C[[h]]-
subalgebra generated by hH,,hF,, hE,, with o € II,v € ®.

For every v € @, there is a unit w in C[[h]] such that 1 — ¢, = hu, and
(114) (1—-gqy)F, =u(hFy) € Vy,
Similarly, (1—g,)E, € V. We already have KX! € V.. Since (1—g¢,)F,, (1 —q,)E,, KI! generate
V7 as A-algebra and Vy, is an A-algebra, we have Vz C V.

(b) Let V7, be the topological closure of the C[[h]]-span of V§'. We have to show that V) = V.
From part (a) we now have that V) C V. It remains to show Vj C V}. It is easy to see that V},
is a C[[h]]-algebra.

Since K2 € V' and

— (1— K2)"
hHazlog(Kg):_Zi( na),
n=1

we have hH, € V) for any « € IL. It follows that K=! = exp(+hH,/2) € V}.
From (114),
hFy=u"'(1—q)(F, KK €V, hE,=u"'(1-¢,)E, € V).
Thus, hHq, hF,, hE, are in V} for any a € II,y € ®,. Since Vj, is the topological closure of

the C[[h]]-algebra generated by hHy, hF,, hE,, we have Vj, C V). This completes the proof of the
proposition. ]

Corollary 5.11. The algebra V7, is stable under the braid group action, i.e. T (V}y,) C Vy, for
any o € 11
Proof. Since V7 is invariant under the braid group actions, and V}, is the topological closure of

the C[[h]]-span of V7, V}, is also invariant under the braid group actions. O

Remark 5.12. Using Corollary 5.11 one can easily prove that Vj, is the smallest C[[h]]-subalgebra
of Uh which

(i) contains hEy, hF,, hH,, o € 11,
(ii) is stable under the action of the braid group.
(iii) is closed in the h-adic topology of Uy,.
5.7. Stability of Vz under t,,, 7, 9. By Proposition 5.2, Uy is stable under tp,,, 7, and .

Proposition 5.13. The algebra Vyz is stable under each of T, ¢, and tpay-
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Proof. Recall that Vg is the smallest A-subalgebra of Uz containing (1 — go)Fa, (1 — ¢a)Fa, Ka
for a € II, and is stable under the action of the braid group. Let f be one of 7, ¢, thar-

Claim 1. f(Vy) is stable under the braid group action.

Proof of Claim 1. (i) The case f = 7. By [Ja, Formula 8.14.10], 7T, = T, ' for every a € IL
Since T, generate the braid group, we conclude that, like Vz, 7(V7z) is also stable under the braid
group.

(ii) The case f = ¢. Recall that S is the antipode. By Proposition 3.2, ¢ = Sk = kS, where
K = lparTw is a C-anti-automorphism of Uj. Our k is the same x in [DP], where it was observed
that k commutes with the action of the braid group, i.e. kT, = Tyk for a € II. It follows that
%(Vz) is stable under the braid group. Since ¢(Vz) = kS(Vz) = k(Vz), ¢(Vz) is stable under
the braid group.

(iii) The case f = tpar. Checking on the generators, one has tp, = KTw.

By Formula 8.14.9 of [Ja], if z € Uy is Y-homogeneous, then Ti,(w(z)) ~ wTy(z), where z ~ y
means x = uy for some unit u € A. As Vyz has an A-basis consisting of Y-homogeneous elements
(see Proposition 5.9), we conclude that w(Vz) is stable under the braid group. The results of (i)
and (ii) show that tpa(Vz) = k7w(Vz) is stable under the braid group.

This completes the proof of Claim 1.
Claim 2. One has Vz C f(Vy).

Proof of Claim 2. Using explicit formulas of f~! in Section 3.2, one sees that each of f=1((1 —
G0)Es), FH(1 — qa)Fa), f1(Ky) is in V. Tt follows that each of (1 — go)FEa, (1 — qa)Fa, Ko is
in f(Vz). Together with Claim 1, this implies f(Vy) is an algebra stable under the braid group
and contains (1 — qa)Ea), 71 ((1 — go)Fa), f 1 (K,). Hence f(Vz) D Vz. This completes the
proof of Claim 2.

Since T and tp,, are involutions and ¢?(z) = K_,2K2, (by Proposition 3.2), we have f%(Vz) =
Vy. Applying f to Vz C f(Vz), we get f(Vz) C f2(Vz) = Vz. Hence, V7 = f(Vz). O

5.8. Simply-connected version of Ugz. Recall that the simply connected version Ijq is ob-
tained from U, by replacing the Cartan part U) = Cv)[KTY,. .. ,Kgﬂ] with the bigger fJg =
C)[KE,. .. ,IV(EH]. We introduce an analog of Lusztig’s integral form for U, here.

The C(v)-algebra homomorphism ¢ : Ug — Ijg, defined by (K, ) = K,, a € II, is a Hopf algebra
homomorphism. Let

UY = i(UY), U0 = uuUy").
Then UY, IjeZV’O are A-Hopf-subalgebra of U, Define
sz = IjOZUz, ﬁezv = ﬁ%V’OU%V.
For m € N*,§ = (61,...,6¢) € {0,1}¢, define

Q% (m) == {(Q"(m)), Q(m,d):=Q(n,d))
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and furthermore for n = (ny, ny, n3) € Nt define

¢
(115) &%(n) := F) Ky, Q% (n2) EM, 8(n, 8) := & (n) [] K2/
j=1
Proposition 5.14. (a) Uy, is an A-Hopf-subalgebra of Ijq, and fJeZV is an A-subalgebra of Uy,
We also have the following even triangular decompositions
(116) U Ul eUl S Uy, 20y®z— 1z

(117) U%V’_@JIVJ%@U%' U, 2Ry 2 ayz,

(b) The sets {é(n,6) |n € N+ § € {0,1}} and {6V (n) | n € N+HH1) are respectively A-bases
of Uy, and Uev

(¢) One has Uz > [VIGZV C IUJ%V. Consequently, Uz > Ijezv C IVJ%V.

Proof. (a) As an A-module, UY is spanned by
Ki'(q K2, o)k

(¢asi ga)k
with a € II, m,n, € Z and k € N. Hence UY = Z(UOZ) is A-spanned by famnk = Z(f%m,n,k)- If
x € Ug is Y-homogeneous, then, using (58) which describes the commutation between K, and vy,
(118) fommmp =00 fo ok,

where n’ = n + (|y|,a)/dy € Z. Hence, Uy commutes with IjOZ in the sense that UzUY = IjOZUZ.
Since both Uz and IjOZ are A-Hopf-subalgebras of U, and they commute in the above sense,
Uy = Ij%UZ is an A-Hopf-subalgebra of Ijq.

Identity (118) also shows that each of US"?, U% commutes with each of U, U+, UY%. Hence
y Z 7 /R AR/ )
IjeZV = ﬁ%V’OUeZV is an A-subalgebra of Uy. The triangular decompositions for Ijezv and Uy, follows
from those of and U5’ and Uz.

(b) Combining the base {F™) K, } of U5~ (see Proposition 5.3), {Q°(n2)} of ﬁ%v’o (by
Proposition 5.9 and isomorphism 7), { £} of U} (see Proposition 5.2), and the even triangular

fa,m,n,k =

decompositions of Uz and IjeZV, we get the bases of Uz and IjeZV as described.
(c) Since IjZ contains E&n),F (n) , K ﬂ, which generate UZ, we have Uy C UZ Let us prove

Uy > Ije" Uev From the trlangular decomposition of Uy, UZ ,Uq, we see that U‘J/ZV =UzN Uev
Since Uy is a Hopf algebra, we have Uz > U%" c Us. By Lemma 3.6,
Uz> U7 Cc Uy UZ" C Ug".
Hence Uy > IjeZV cUzn IVJZV = IjeZV. This finishes the proof of the proposition. ]
5.9. Integral duality with respect to quantum Killing form. Recall that {e®(n) | n €
N+ is an A-basis of V§' (Proposition 5.9), and {6®(n) | n € N‘++} is an A-basis of V'

(Proposition 5.14). We will show that these two bases are orthogonal with each other with respect
to the quantum Killing form.
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Recall that we defined (¢; ¢)n = (¢; @)n, (¢; @)ny (¢; @)ng, See Section 5.5.

Proposition 5.15. (a) For n,m € Nt there exists a unit u(n) € A such that

(e (n), &% (m)) = 0nm

(b) The A-modules V% is the A-dual of IjeZV in UgY with respect to the quantum Killing form,
1.€.

S = (2 e U | {ey) € Ay € UF').
Proof. Define the following units in A. For m = (myq,...,m;) € Nt and k = (ky,...,k;) € N¢ let
T, T2
ul(m):HU%Y, u2(k):anj ! .
j=1 j=1
For n = (ny,ny, n3) € NFHHT et
u(n) = q(p’|E“3Dul(nl)ug(ng)ul(ng).

(a) We will use the following lemma whose proof will be given in Appendix B.

Lemma 5.16. For k, k' € N, one has

(119) (Q° (), Q% (K')) = Sicarua(k)/ (45 9.
For p € N, using the definition of Ep, F}, in Section 3.7.1, we have
PO g pe) = P gy
(q’ q)p ( P P)

Suppose n = (ny, ny, n3) and m = (my, my, m3) are in N'¥+*. Using the definition of €®(n) and

€% (n) from (113) and (115), the triangular property of the quantum Killing form, and Formulas

(93) and (119),
(e (1), & (m)) = (K, B0 (Q (n5), G (1ma) (B0, Fm) I, )
- Ony,m; U1(1N1) Onyymy U2(N2) Ong,my g1 Ensl) uy (n) - On,m (1)
(¢; Dn, (¢ @)ny (¢; Dns (¢ @)n
(b) By Proposition 5.9, {(¢; ¢)n e (n) | n € N"™*} is an A-basis of V§" and a C(v)-basis of UZ,

and by Proposition 5.14, {€*¥(n) | n € N**1} is an A-basis of Ug. Part (b) follows from the
orthogonality of part (a). O

Remark 5.17. From the orthogonality of Proposition 5.15, we can show that

(120) c— Z (Q; Q)n éev(n) ® eeV(n)'

neNt+e+t u(n)
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5.10. Invariance of V7' under adjoint action of Uyz. The adjoint action makes Uz a Ug-
module. The following result, showing that V7" is a Uz-submodule of Uz, is important for us and
will be used frequently.

Theorem 5.18. We have IVJZDV%V C V3. In particular, Uz>V5 C V5¥ i.e. V5V is Ugz-ad-stable.

Proof. By Proposition 5.14, Uy > Ijezv C fJeZV, and by Proposition 5.15, V73" is the A-dual of fJeZV
with respect to the quantum Killing form. Besides, the quantum Killing form is ad-invariant.
Hence, one also has fJZDVeZV C V7', as the following argument shows. Recall that we already have
Uy > UgY C Uy (see Lemma 3.6). Suppose a € Uy, z € V5. We will show a>a € V5. We have

a>zr e VY < (avz,yy e A Vye ﬁ%" by duality, Proposition 5.15
& (z,S(a)>y) e A VyeUY by ad-invariance, Proposition (2.4)(b).

Since S(a)>y € f]eZV, the last statement (z,S(a)>y) € A holds true by Proposition 5.15. Thus we
have proved that Uz > V7' C V7', O

Remark 5.19. We do not have Uz > Vz C Vg in general. For example, when g = As and
a#pell,

Ea I>K5 = (U — 1)K5Ea §f Vz.

However, when g = A, we do have Uz > Vyz C Vy, as it easily follows from [Sul, Proposition
3.2], where a more refined statement is given.

5.11. Extension from A to A: Stability principle. Recall that A is obtained from A by
adjoining all square roots \/¢r(q),k = 1,2, ... of cyclotomic polynomials ¢(q).

Suppose V is a based free A-module with preferred base {e(i) | i € I} and a : I — A is a function
such that for every i € I, a(i) is a product of cyclotomic polynomials in g. We already defined the
dilatation triple (V,V(y/a),V(a)) in Section 5.1. Recall that V'(a) is the free A-module with base
{a(i)e(i) | i € T}, and V(y/a) is the free A-module with base {\/a(i)e(i) | i € I}.

For any A-module homomorphism f : V3 — V2 we also use the same notation f to denote the
linear extension f ®id: Vi ®4 A — Vo ® 4 A, which is an A-module homomorphism.

Proposition 5.20 (Stability principle). Let (Vi, Vi(y/a1), Vi(a1)) and (Va, Va(y/az), Va(az)) be two
dilatation triples, and f : Vi — Va be an A-module homomorphism. If f(Vi(a1)) C Va(ag), then

f(yar)) C Va(y/az)).

Proof. First we prove the following.

Claim. Suppose a,b,c € A, where b, ¢ are products of cyclotomic polynomials ¢i(q). If ab/c € A
then a\/b/ic € A

Proof of Claim. Since A is a unique factorization domain, one can assume that b and ¢ are co-prime.
Then a must be divisible by ¢, a = a’c with o’ € A. Then a+/b/c = a'Vbc' € A, which proves the
claim.
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The proof of the proposition is now parallel to that in the topological case (Proposition 4.6).
Using the bases {e1(i) | i € I1} and {e2(i) | i € I2} of V7 and Va, we can write

Fler(@) = 3 fEealk)
kels

where fF = 0 except for a finite number of k (when i is fixed) and fF € A.
Multiplying by a1 (i) and \/a1(i), we get

(121) Flarea®) = 3 7 9D (o (kyes(h)
kels a2(k)
) 0
(122) fwwmw—%ﬁa%ﬂaMMM-

Since f(Vi(a1)) C Va(az), (121) implies that fF s;((,?) € A, which, together with f¥ € A and the
Claim, implies that

ki)
fi ag(k‘)

Now (122) shows that f(Vi(y/a1)) C Va(y/a2). O

e A

5.12. The integral core subalgebra Xz. By Proposition 5.7, we can consider Uy as a based
free A-module with the preferred base {e(n,d) | n € N+ § € {0,1}¢}.

Let a : N7+ % {0, 1} — A be the function defined by a(n, §) = (¢; ¢)n, where (g; q)n is defined
by (112). We will consider the dilatation triple (Uz, Uz(1/a), Uz(a)). By Proposition 5.7, Uz(a)
is Vz.

Let Xz be Uz(y/a), which by definition is the free A-module with basis

(123) {(V(@;)ne®,d) |ne N*H 6 € 0,13}
The even part X7" of Xz is defined to be the A-submodule spanned by
(124) {V(g:¢)n e (n) [n e N*H,

Then X5 = Xz N (UY @4 A), and (U5, X5, V5Y) is a dilatation triple.
Theorem 5.21. (a) The A-module Xy, is an A-Hopf-subalgebra of Uz & 4 A.
(b) The A-module X5 is an A-subalgebra of UZ @4 A. Besides, X5V is

(i) Ug-ad-stable,
(ii) stable under the action of the braid groups, and
(iii) stable under tpha and ¢.

(¢) The core algebra Xy, is the V'h-adic completion of the C[[V/h]]-span of X&' (or Xz) in U ;-

Proof. (a) Let us show that A(Xz) C Xz ® Xz. Since (Ugz, Xz, Vz) is a dilatation triple, (Uz ®
Uz, Xz @ Xz, Vz ® Vyz) is also a dilatation triple. We have A(Uyz) C Uz ® Uz and A(Vg) C
V7 ® Vz. By the stability principle (Proposition 5.20), we have A(Xyz) C Xz ® Xz, i.e. Xz is an
fl—coalgebra.
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Similarly, applying the stability principle to all the operations of a Hopf algebra, we conclude
that Xz is an A-Hopf-subalgebra of Uz ® 4 A.

(b) Because V¥ is an A-subalgebra of Uf, the stability principle for the dilatation triple
(U5, X5, V5') shows that X5 is an A-algebra.

By Theorem 5.18, V7V is Ugz-ad-stable; and by Proposition 5.13, V7" is stable under tpar, ¢.
Since UY’ is Ugz-ad-stable is stable under t,,, and ¢ (by Proposition 5.2), the stability principle
proves that X5 is (i) Uz-ad-stable, (ii) stable under the action of the braid groups, and (iii) stable
under tp,r and .

(c) Each element of the basis (123) of Xz is in Xj. Hence Xz C Xj. On the other hand, the
A-basis (124) of X' is also a topological basis of X;,. Hence Xy, is the v/h-adic completion of the
C[[V/h]]-span of X%’ in U ;. O
Corollary 5.22. (a) The core algebra Xy, is stable under the actions of the braid group.

(b) The core algebra Xy, is a smallest \/h-adically completed topological C[[v/h]]-subalgebra of
U which (i) is closed in the V'h-adic topology, (ii) contains /hEwy, VhFy,VhH, for each o € 11,
and (iit) is invariant under the action of the braid groups.

Proof. (a) Since X, is the v/h-adic completion of the C[[v/h]]-span of X', which is stable under
the action of the braid group, Xj, is also stable under the action of the braid group.

(b) Let X}, be the smallest completed subalgebra of U/ satisfying (i), (ii), and (iii). Since Xp,
satisfies (i), (ii), and (iii), we have X} C Xj.

For each v € ®,, E, and F, are obtained from E,, F,,a € II by actions of the braid group.

Thus X}, contains all \/EEV, \/EFV, v € &, and VhH,, a € 11, which generate X, as an algebra
(after h-adic completion). It follows that X; C X}. Hence X; = Xj,. O

Remark 5.23. The disadvantage of X is its ground ring is A, not A. Let us define
X4 =XzNUjy.
Then X 4 is an A-algebra. However, X 4 is not an A-Hopf algebra in the usual sense, since

AX4) & Xag®a4XA.

Let us define a new tensor product
(125) (X" = XZ"NUZ", (X = (XE)¥" N (Ug)*".
Then we have
AX4)=AXzNUz) C(Xz®Xz)N(Uz@Uz) =X, KX 4.

Hence X 4, with this new tensor power, is a Hopf algebra, which is a Hopf subalgebra of both Xz
and Ugy.

What we will prove later implies that if T' is an n-component bottom tangle with 0 linking
matrix, then

Jr € Jm(X)™" /(45 9)r).
k

However, we will not use X 4 in this paper.
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5.13. Integrality of twist forms 7. on X§'. Recall that we have twist forms 7= : X;, — C[[V/A]].
By Theorem 5.21, Xz C Xj,.

The embedding A < C[[h]] by v = exp(h/2) extends to an embedding A — C[[v/h]]. Although
there are many extensions, it is easy to see that the image of the extended embedding does not
depend on the extension, because the two roots of ¢x(q) are inverse (with respect to addition) of
each other.

Proposition 5.24. One has Te(Xg') C A.

The proof of this proposition will occupy the rest of this section (subsections 5.13.1-5.13.4.)

5.13.1. Integrality on the Cartan part.
Lemma 5.25. (a) The Cartan part X%V’O of X8 is a A-Hopf-subalgebra of Xz,.
(b) Suppose x,y € X3° and A € X. Then (z,y) € A and (x, Kyy) € A.

Proof. (a) Since X%V’O is an A-subalgebra of the commutative co-commutative Hopf algebra X%,
we need to check that A(X%V’O) C XeZV’0 ® X%V’O. This follows from the fact that X9 is an A-Hopf
algebra, and A(K2) = K2 @ K2.

(b) Recall that : UJ — Ijg is the algebra homomorphism defined by i(K,) = K. Recall that
(}JQZV’O, X0 vEl) s a dilatation triple. We have U0 = ¢(US™Y). Define X5 = Z(X%V’O) and
V%V’ONZ (V). Then (U0, X570 V) is also a dilatation triple. Then X5 and X5 are
free A-modules with respectively bases

(126) {(V(@G@aQm) IneN}, {V(g9)a@m)|neND.

Since the inclusion U%V’O — ﬁ%v’o maps V%V’O into V%V’O, the stability principle (Proposition 5.20)
shows that XBZV’0 C XeZV’O. In particular y € Xezv,o‘

The orthogonality (119) and bases (126) show that if z € X5 and y € X3 then (z,y) € A.
Since Ky € XEZV’O, we also have (x, Kyy) € A. O

5.13.2. Diagonal part of the ribbon element. The diagonal part rg of the ribbon element (see Section
3.7) is given by

ro=K g,exp(~h Y  HoHo/da).
acll

For a € 11 let the a-part of X5 be X" := X5 n A[K+?).
Lemma 5.26. (a) Each X" is an A-Hopf-subalgebra of X5° and X5 = ®,cr X570
(b) For any o € 1, (rg, X5""%) € A.

Proof. By definition, XeZV’O has A-basis {\/(¢; ¢)n Q¥ (n) | n € N}, where Q" (n) = ngl Q(ay;ny),
with

—|(n—1)/2
Qa;n) = K22 (02" JK‘?‘;%‘)”.
(93 Ga)n



66 KAZUO HABIRO AND THANG T. Q. LE

It follows that X5"* is the A-module spanned by v/(¢a; ga)n@(e; 1), and X5 = @ oy X5
Because XeZV’0 is an A-Hopf-algebra (Lemma 5.25), XeZV’O’a is an A-Hopf-subalgebra of X%V’O.

(b) We need to show that for every n € N, (rg, \/(¢a; ¢a)nQ(c;n)) € A. Fix such an n.

Let Z be the ideal of Z[gt!, K=?] generated by elements of the form (¢™K2;q4)n, m € N. Then
(4o ga)n@(a;n) € Z. By (98)

(ro, Kbo) = a2

With z = Ka,, the Z[gT!]-linear map L, : Z[¢t!, KZ?] — Z[¢] given by L.(KL,) = (ro, K5 ) is
equal to the map £_,2, : Z[gtt, 251 — Z[gF!] of [BCL]. By [BCL, Theorem 2.2], for any f € Z,

(qo; Qo )n .
Li(f) e —————7Z|q,, "]
( ) (QQ;QQ)\_n/QJ [ ]

As (a3 ¢a)n@Q(c;n) € Z, one has

(127) (0, (dai G )n Q05 1)) = L4((gas do)n Qlaim)) € —deiedn_ 7 1y
(qow qa){n/2j

2
(.Qa;QOz)n _ < . (Q(Mqo&)il > c Z[(]EXH],
(903 9a) |n/2) (903 9a) |n/2) (903 9a) |n/2)

where the last inclusion follows from the integrality of the quantum binomial coefficients. Hence,
from (127),

We have

(x5 /(o go)n Qi) € Y \aidadn ey o g

(90 Qo) n/2]
This completes the proof of the lemma. O

Remark 5.27. Theorem [BCL, 2.2], used in the proof of the above lemma, is one of the main
technical results of [BCL| and is difficult to prove. Its proof uses Andrews’ generalization of the
Rogers-Ramanujan identity. Actually, only a special case of Theorem [BCL, 2.2] is used here. This
special case can be proved using other methods.

5.13.3. Integrality of rg.

Lemma 5.28. Suppose & € X5'°, then (ro,z) € A.

Proof. We first prove the following claim.

Claim. If (ro,z) € A for all z € 4 and for all x € %, where A, /% are A-Hopf-subalgebras
of X%V’O, then (rg,z) € A for all x € 54 5.

Proof of Claim. Suppose x € 4,y € 4. Using the Hopf dual property of the quantum Killing
on the Cartan part (97), we have

(ro, zy) = (A(ro),z © y).
A simple calculation shows that A(rg) = (ro®rg)D~2, where D is the diagonal part of the R-matrix,

D2 = exp(—hz H, ® Hy/dy).
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Writing D=2 = 3 81 ® 62, we have
(ro, zy) = > _(rody, z)(rods, y)
= (ro, (1)) (01, 2(2)) (r0, Y1)} (02, Y(2))

(128) = (o, z(1)) (X0, Y (T 2): Y2))»

where in the last identity we use the fact that > (61, z)(d2,y) = (x,y), which is easy to prove. (Note
that on the Cartan part X?L, the quantum Killing form is the dual of D=2, which is the Cartan part
of the clasp element c.)

Since z(1y € 74 and y(;) € H#3, we have (ro, (1)) (ro, y(1)) € A. By Lemma 5.25(b), (T(2),Y(2)) €
A. Hence, (128) shows that (rg,zy) € A. This proves the claim.

_ By Lemma 5.26, X5 = @ pen X5, each szv’o’a is a Hopf-subalgebra of X", and (r, X5"") c
A. Hence from the claim we have (ro, X5")  A. O

5.13.4. Proof of Proposition 5.24.

Proof. We have to show that for every z € X3, T1.(z) € A. First we will show T, (z) € A.

It is enough to consider the case when 2 = 1/(¢; ¢)n €®"(n), where n = (ny, k, n3) € N+ since
X" is A-spanned by elements of this form. By the triangular property (95) of the quantum Killing
form and (98),

Ti(z) = 5n17n3q(p,|En1|) (ro, \/MQ(k» S

Here the last inclusion follows from Lemma 5.28. This proves the statement for 7;.

By Theorem 5.21, X§" is p-stable. By (100), we have 7_(z) = T (p(z)) € A. O
5.14. More on integrality of rg.
Lemma 5.29. Suppose y € XeZV’O. Then <r6—Ll, Ks,y) € vPP) A,

Proof. Since X%V’O is a Hopf-algebra (Lemma 5.25), we have A(y) = > y1) ® y(2) With ya),ye) €
X%V’O. Using (128) then (99), we have

(ro, Kopy) = Z<I‘0, Kap)(ro, y1)) (K2p, Y(2)) = v(PP) Z(ro,y(1)> (K2p,Y(2))5

where we use (rg, Kop) = v(PP) which follows from an easy calculation. The second factor (rg, Ya))
is in A by Lemma 5.28. The last factor (Ko, Y(2)) is in A. Thus, we have (rg, Ko,y) € v(»?) A.

Using (100), the fact that X%V’O is ¢-stable, and the above case for ro, we have

(v, Kapy) = (v, (Kazpy)) = (vo, Kapp(y)) € vPP) A.
This completes the proof of the lemma. O
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6. GRADINGS

In Section 3.3, we defined the Y-grading and the Y/2Y-grading on U,. In this section we define
a grading of U, by a group G, which is a (possibly noncommutative) central Z/2Z-extension of
Y x (Y/2Y), thus refining both the two gradings by Y and Y/2Y. This grading is extended to the
tensor powers of Uy,.

The reason for the introduction of the G-grading is the following. The integral core Xz will be
enough for us to show that the invariant Jj; of integral homology 3-spheres, a priori belonging to
(C[[\/EH, is in

Lim Z[o ™/ (5 0))-
k

—_—

But we want to show that Jys belongs to a smaller ring, namely Z[q] = @k Z[q™']/((g; q)x), and the
G-grading will be helpful in the proof. In the section 7 we will show that quantum link invariants
of algebraically split bottom tangles belong to a certain homogeneous part of this G-grading.

6.1. The groups G and G®'. Let GG denote the group generated by the elements v, K, éo (a €1D)
with the relations

0 central, %= Ki =1, KaKg = KBKO“
Koég = 0P eégKy,  éaés = 0P ege,.
Let GV be the subgroup of G' generated by 0, é, (a € II).

Remark 6.1. The groups G and GV are abelian if and only if g is of type A; or B,, (n > 2).

Define a homomorphism G — Y, g — |g|, by
0] = |[Ka| =0, |éal = (a€lI).

For v =), mjo; €Y, set
Ky=1[K0, e =]]ew =ép---em.
i i
Note that ¢, depends on the order of the simple roots aq,...,a; € IL.
One can easily verify the following commutation rules:
(129) gKy =09V Kg forge G, AeY,
(130) g = olbI Ny g for g, ¢ € G

Let IV be the subgroup of G generated by ©. Then N has order 2 and is a subgroup of the center
of G. Note that G/N =Y x (Y/2Y) and GV/N =Y.

6.1.1. Tensor products of G and G*¥. By G ® G = G ®y G, we mean the “tensor product over N”
of two copies of G, i.e.,

G®G:=(GxG)/((vx,y) ~ (z,0y)).

Similarly, we can define G ® GV, GV ® GV, etc., which are subgroups of G ® G. Denote by x ® y
the element in G ® G represented by (x,y). Thus we have vz ® y = x ® vy.
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Similarly, we can also define the tensor powers G¥" = G® -G, (GV)®" =GV ®--- @G C
G®" (each with n tensorands). Define a homomorphism ¢,,: N — G®™ by

m(F) = oF 190D g =0,1.
We have
G®" 1 (N) =2 Y™ x (Y/2Y)", (G®)®"/1,(N) =2 Y™,
For n = 0, we set

G = (G™)* = N.

6.2. G-grading of U,. By a G-grading of U, we mean a direct sum decomposition of C(g)-vector
spaces

U, = (U]
geG
such that 1 € [Ugly and [Ug], [Ugl, C [Ugl,, for g,¢" € G. If z € [Uy] , we write degg(z) = g.

g

Proposition 6.2. There is a unique G-grading on Uy such that

deg(v) =0, degn(Kio) = Ko, degg(Eq) =10%¢,, dega(F,) =é; ' Ky,

Proof. Since v*!, Ky, Ey, F,, generates the C(q)-algebra Uy, the uniqueness is clear. Let us prove
the existence of the G-grading.

Let I~Jq denote the free C(q)-algebra generated by the elements o, 971, Ko, K51, E,, Fy. We
can define a G-grading of U, by

degG(f}il) = 1'}, degG(f(izl) = Ka, degG(Ea) = @daéa’ degG(Fa) = GC_YIKO(

The kernel of the obvious homomorphism INJ'q — U, is the two-sided ideal in qu generated by the
defining relations of the C(g)-algebra Uy:

wl=0"to=1, 0*=gq, o central,
KoK,' = K,'Ko, =1, K,Kz=KzK,,
KoEsKt =0 P By, K FaKyt = o= @A) Fy,
EoFp — F3E, = 60.5(¢% — 1) 1% (K, — K1),

1- aalg
[ “ﬂ B " BBy =0 (a#P),

1_““5] Fa " RRES =0 (a#B).

Here, for n,s > 0, {Z} is obtained from [ﬂ € Z[va, vy by replacing vl by %9, Since the
[0

(0%
above relations are homogeneous in the G-grading of Uq, the assertion holds. U
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From the definition, we have

Uy = p U,

geGev

We say that « € Uy is G-homogeneous if x € [Ugy|, for some g € G. Similarly, we say x € Uy is
G®V-homogeneous if x € [U,], for some g € GV.

6.2.1. The G®™-grading of UJ™. For m > 1, U™ is G¥™-graded:
U?m = @ [Uég)m]g;
geG®M
where, for g =g1 ® - -+ ® g € G (g; € G), we set
[U§m]g = [Uq]gl ®C(v) ®<C(v) [Uq]gm - U?m-
Note that C(v) = US? is N (= G*")-graded: [C(v)]sx = v*C(q), k = 0,1. We extend the N-grading
of C(v) to a G-grading by setting

[C(v)], = {Q(C(q) ifg=1lorg=v

0 otherwise .

6.2.2. Total G-grading of U?m and G-grading preserving map. For g € G and a > 0, set

[U(;@m]g = Z [U;@a]m@---@gm'
91,---7gm€G; 91-"gm=g
This gives a G-grading of the C(g)-module US™ for each a > 0. (If a = 0, we have [US%]x =
[C(v)]4r = vFC(v) for k = 0,1, and [U;@O]g =0forge G\ {1,0}.)
A C[[h]]-module map f : U;Lé’” — U?m is said to preserve the G-grading if for every g € G,
F([UZ"g) € [UZ™]g. Here
[UZ"]y = [UF"], N UZ"

6.3. Multiplication, unit, and counit. From the definition of the G-grading, we have the fol-
lowing.
Proposition 6.3. Fach of p,1n, € preserves the G-grading, i.e.

H([U?2]g) C [Uglg, m(C(w)lg) C[Uglg, €([Uglg) C [C(v)]y.

6.4. Bar involution tp,, and mirror automorphism ¢. From the definition one has immedi-
ately the following.

Lemma 6.4. The bar involution iy, : Up — Uy, preserves the G-grading.
Let ¢ : G — G be the automorphism given by ¢(0) = 0, p(Ka) = Ka, ¢(éa) = v¥é; . From
the definition of ¢ one has the following.

Lemma 6.5. g € G, we have ¢([Ugly) C [Ugly(g)-
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6.5. Antipode. Define a function S: G — G by
S(gk,) = K“H—\g\g - O(‘g|’7)gl'(7+|g|
for g € G, € Y. One can easily verify that S is an involutive anti-automorphism.

Lemma 6.6. For g € G, we have S([Uyly) C [Uq]S(g)' In particular, if y = S(z) where z is
G®-homogeneous, then

(131) §=aKy = K.

Here y = deg(y) and & = degg(x).

Proof. Tt is easy to check that if & = v, Ky, By, Fy, then S(z) is homogeneous of degree S(g). If
z,y € U, are homogeneous of degrees &,y € G, respectively, then S(zy) = S(y)S(z) is homogeneous

of degree S(y)S(#) = S(&y). Hence, by induction, we deduce that, for each monomial z in the
generators, S(z) is homogeneous of degree S(&). This completes the proof. O

6.6. Braid group action. Define a function T,,: G — G by

To(gksy) = 58" Ve, ) where r = —(|gl,)/da.
for g € G*Y, v € Y. Note that T,, is an involutive automorphism of G, satisfying Ta(GeV) C G*.
Lemma 6.7. If g € G, then we have

To([Ugly) C [Uglg, (-

Proof. It suffices to check that for each generator z of Uy we have To(z) € [Ugly,, (deg,,(x)): Which
follows from the definitions. O

6.7. Quasi-R-matrix. For A € Y, set

9.>\ = é;lf()\ ®eéy € G®?.
We have 6y = 1 ® 1. Note that 65 does not depend on the order of the simple roots ar, ..., ay.
Lemma 6.8. For \,u €Y, we have

00, = Oryp-
Proof.
éxéu = (éleﬁ ® éA)(éQIKu ® )
=6, Kné, 'K, @ éxéy

-1
i

= (exén)  Knip ® éxéy,

. U . .o
=e, ¢, KhK,®eéexe,

TS .
= 6/\+;LK/\+H X 6)\4_“

= Ortp
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The automorphism 7,: G — G induces an automorphism
T2 G** = G, g1 ® g2 — Talgr) ® Tulga)-

Lemma 6.9. If a €1l and A € Y, then we have

TE2(0) = Os,(0)-
Proof. We have

T22(0y) =T (e Ky ® €))

=T () Ta(K)) @ Ta(én)

=Tw(éx) " Ky, ) @ Talér).
Hence it suffices to show that
(132) Ta(é)) ™' @ Taléx) = €1 ® €su(n)s
which can be verified by using the fact that there is k € {0,1} such that T, (éy) = @késa(A). O

Recall that © is the quasi-R-matrix and its definition is given in Section 3.7.1. For v € Y, let
O, € U;@z denote the weight (—v,~)-part of ©, so that we have © = ) ©,. Similarly, let ©,

denote the weight (—v,y)-part of © = ©~1,
Lemma 6.10. For v € Y., we have ©,,0,, € [U?z]é .

v

YEYY

Proof. Suppose i = (i1,...,14) is a longest reduced sequence. Note that
o= Y el
m=(mi,...,m¢)€Z, |Em(i)|="
where we set
R -1 -1 n
Ol = (T, - Tuy, )P (~1)0a?" " VEW 0 B7 ).

Ji
For each o € I, we have

n, —3n(n=1) (n n
(—1)"vq 2 F" ® E! € (U2,

By Lemma 6.9, we deduce that @E} € U?Q is homogeneous of degree
. . 22/ o
(Tajl ce Tajifl) (Qnaji) = Hnsajl “Sag (ej;)
Hence it follows that ©, is homogeneous of degree 9.7. The case of év follows from O~ = (1o ®
thar)(©) and Lemma 6.4 which says u,,, preserves the G-grading. O
Corollary 6.11. Fiz a longest reduced sequence i. Form € N',y €Y,
(133) Em ® KmFm, Ep, ® Ky, € [U7 @ U7 o C U7 @ UZL.
(134) Fm Km Koy B, € [Uz); .
Here A = |Em| = |EL,|-

é)\m®é

Proof. We have © = " Fy, @ By, and ©71 =3 F/ ® E. . Hence, (133) follows from Lemma
6.10. In turn, (134) follows from (133), because Ko, = 1. O
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6.8. Twist forms. Recall that we have defined 7+ : Uj" — Q(v), see Section 4.9.

Proposition 6.12. Both maps T+ : U’ — Q(v) preserve the G-grading, i.e. T+ ([U%’]y) C [Q(v)]g-

Proof. (a) First we consider the case of 7;.. The set

{Fin Km Koy Ey | n,m € Nt~ e Y}
is a Q(v)-basis of U}’ ®4 Q(v). Hence,

{v° Fp K Ko, En | n,m € N', v € Y,6 € {0,1}}
is a Q(q)-basis of U5 ®4 Q(v). Each element of this basis is G-homogeneous. By (103),
T+ () Fin Ken Koo En) = 0nm g =0M2 ¢ WZ[¢H = [Alys.
By Corollary 6.11, the G-grading of v’ Fyy K Ko By, is ©°. Hence, we have
(135) T+ ([UZ" @4 Qv)ly) C [Q(v)ly-
(b) Now consider 7_. Using (100), Lemma 6.5, and (135), we have
T- (U7 @4 Q(v)]g) = T+ (¢([UZ" ®4 Q)ly)) € T+ ([UZ" ®4 Q)ly(g)) € [Q(W)]g(g) = [Q(W)]g,

where the last identity follows from the fact that for the involution ¢, we have ¢(1) = 1 and
$(v) = v, and for any g ¢ {1,v}, we have [Q(v)], = 0. O

6.9. Coproduct.

Lemma 6.13. Suppose x € U, is G*V-homogeneous. There exists a presentation

Alz) = Y 2 @
such that each for each x(1) ® x(y),
(i) (1) is G-homogeneous

(i1) 3y and x(l)K‘x(z)‘ are G*Y-homogeneous, and
(136) (1) Kjapy) | L(2) = T = 2(2) Kjay) 1)

Remark 6.14. A presentation of A(x) as in Proposition Lemma 6.13 is called a G-good presenta-
tion. When z is G*V-homogeneous, we always use a G-good presentation for A(x).

Proof. Suppose z,y are G*'-homogeneous. If A(z) = >, 7; ® 2 and A(y) = >, y; ® yj are G-
good presentation of x and y respectively, then it is easy to check that 3, ; zjy; ® xy} is a G-good
presentation of A(xy). Hence, one needs only to check the statement for x equal to generators
Koo, Eo, Fo Ko of UgY. For each of these generators, the defining formulas of A show that the

statement holds. 0O
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6.10. Adjoint action. Define a map
ad: G ® G — G
by
ad(gK) @ g') = M9V gg’
for A€ Y, g,g € G®. Note that for g, ¢ € G we have ad(g ® ¢') = g¢'.
Lemma 6.15. For g,¢' € G and v € Y, we have
ad([U, ® Ugv]gm@)g,) C [Ugv]aa(gm@g/)'
In particular, if z = x>y where both x,y are GV -homogeneous, then z is G¥-homogeneous with

i =iy

Proof. Suppose z,y are G°V-homogeneous, and 7 € Y. Choose a G-good presentation A(z) =
> T(1) ® T (2) (see Section 6.9). By definition,

(xKy) >y = Zw VELyS (20 K) Z:c Ky yKS LS(x T(9)) = Zv(%‘yl) 1)y S(z(2))-
A term of the last sum is in [Ug],, where
w = oy i1y 5(33(2))
= oD Gy g Ky, d2) by Lemma 6.6
= 00 d0) Koy 22) 9
=W ig by (136).

Hence we have the assertion. O



UNIFIED QUANTUM INVARIANTS 75
7. INTEGRAL VALUES OF J);

By Theorem 2.22, the core subalgebra Xj,, constructed in Section 4, gives rise to an invariant
Jur of integral homology 3-spheres. A priori, Jy; € C[[v/A]]. The main result of this section is to

show that Jy; € Z[q] for any integral homology 3-sphere M. To prove this fact we will construct a
famlly of A-submodules K,, C X®” satisfying Conditions (AL1) and (AL2) of Theorem 2.29, with
Ko = [ |. Then by Theorem 2.29, Jy; € Ko = [q]

7.1. Module K,,. For n > 0 let [(Ug')®"], denote the G-grading 1 part of (Ug')®". Define
(137) Ko = (XE)" 0 [(UF)%], © (XFmnupn).
In the notation of (125), K,, = [X%"];. For example, Ky = Z[¢*']. Define filtrations on K, by
Fi(Kyn) == (q;9)Kn C (th;lén N hkUgn) .

Let /C,, be the completion of K;, by the filtrations F(KC,) in U%”, ie.

’En = {:C = ixk ‘ T € fk(ICn)} C (X%n ﬂU%n> .
k=0

—

Since Ko = Z[¢*!], we have Ko = Z[q]. Each K, has the structure of a complete m—module.

Proposition 7.1. The family (lzn) satisfies Condition (AL2) of Theorem 2.29. Namely, ifeq, ... en
{£1} and z € KC;, then

—

(Te,® ... &T:,)(z) € Ko = Z[q.

Proof. By definition, x has a presentation x =Y ;2 ,(¢; ¢)kxx, where z; € K, C Xj,. Since T4 are
continuous on the h-adic topology of X®", we have

(o)

(138) (Te®... 0T ) (@) = Y (@ @)k (T, ® ... Oz, (z1) € C[VA].
k=0
Since zj, € K,, C (X)®™, by Proposition 5.24, (T:,®...&T:,)(zx) C

Since zj, € [(UY)®"],, by Proposition 6.12, (7,®...®7z,)(zx) C [Q ( )]1 = Q(q). Hence,
(T6,®...OT, ) () € ANQ(g) = [ 1,
where the last identity is Lemma 5.1. From (138) we have (7;,®...®T:,)(x) € Z[q). O

7.2. Finer version of /En We will show that for an n-component bottom tangle T with 0 linking

matrix, Jr € K,. Then Proposition 7.1 will show that Jy; € Z[q] for any integral homology
3-spheres.

For the purpose of proving that Jjs recovers the Witten-Reshetikhin-Turaev invariant, we want
Jr to belong to smaller subsets of C,;, which we will describe here.

Suppose U is an A-Hopf-subalgebra of Uz. Define (with convention U*° = A)
o) := K NUP",  Fr(KnUh)) := Fiu(lp) NUS™.
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Let K,,(U) be completion of K, (i) with respect to the filtration (Fj(KC,)) in Uy, i.e.

KnUl) := {x = x|z € ]-"k(ICn(Z/{))} .

k=0

—

Since Fi(Kn(U)) C Fi(Kn) we have K,(U) Cc K, C X;Lé". We always have Ko(U) = Ko = Z[q].

7.3. Values of universal invariant of algebraically split bottom tangle. Throughout we fix
a longest reduced sequence i.

Recall that I' = ¢D? is the quasi-clasp element, see Section 3.9. By Lemma 3.12,
I'= Y Ti(n)®TIy(n),
neN2t
where for n = (ny,ng) € Nt x N,
(139) Fl(n) - q_(pHEnl"lEnQDFmKr:llEnw FQ(H) - FH2K1:21E111'

Proposition 7.2. Suppose U is an A-Hopf-subalgebra of Uy such that K, € U for all o € 11, and
Fin ® Em, FL,®@ El, eU®U for all m € N'.

Then the family (KK, (U)) satisfies Condition (AL1) of Theorem 2.29. Namely, the followings
hold.

(i) lcyn) € Ko(U), ly, € KiUh), and @ y € Knim(U) whenever z € Kn(U) and y € Ko (U).
(ii) Each of w, ¥**, A, S is (K,(U))-admissible.
(iii) The Borromean element b belongs to Ks(U).

Note that under the assumption of Proposition 7.2, we have I';(n) ® T'2(n) € U @ U for all
n € N%.

Before embarking on the proof of the proposition, let us record some consequences.

Theorem 7.3. Suppose U is an A-Hopf-subalgebra of Uz satisfying the assumption of Proposition
7.2. Then (a) For any n-component bottom tangle T with 0 linking matriz, Jp € K,(U). In
particular, Jr € K,,.

—

(b) For any integral homology 3-sphere M, Jys € Zlq].

Proof. (a) By Proposition 2.14, (i)~(iii) of Proposition 7.2 imply that Jp € K, (U) C K.

(b) By Propositions 7.2 and 7.1, (IC,,(i/)) satisfies both conditions (AL1) and (AL2) of Theo-
rem 2.29. By Theorem 2.29, Jy; € Ko(U) = Z[q). O

The remaining part of the section is devoted to the proof of Proposition 7.2. Statement (i) of
Proposition 7.2 follows trivially from the definitions. We will prove (ii) and (iii) in this section. We
fix U satisfying the assumptions of Proposition 7.2.

Remark 7.4. (a) One can relax the assumption of the Proposition 7.2, requiring only that K, € U
for all @ € I and both © are in the topological closure of i ®@U (in the h-adic topology of U,&Uy,).
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(b) Almost identical proof shows that Theorem 7.3 holds true if ¢ is an A-Hopf-subalgebra of
Xy instead of U C Uy,

7.4. Quasi-R-matrix. Recall that © = ) Fn ® Ey, see Section 3.7. For a multiindex n =
(ni,...,nx) € NF let max(n) = max;(n;) and

(140) o(n) = (q; q) [max(n)/2) € Zl¢™"].
Lemma 7.5. For each n € Nt, we have

(141) En, E, € o(n)UY

(142) KnFn® Ey, KnF,®E, € on)(Xy @UY).

Proof. We write  ~ y if + = uy with v a unit in A. From the definition of E,, (see Section 3.7),
En ~ (@:0)nE™ € (¢;9)nUg’ C o)UY

Recall that E], = thar(Fn), Fiy = thar(Fn). Since tpa preserves the even part (Proposition 3.4), and
tbar leaves both Uy and Xz stable (Proposition 5.2 and Theorem 5.21), tpy, leaves both U%Y and
X7 stable. Hence, we have

By = thar(En) C 0(n)tpar(U7) = o(n)U7,
which proves (141). Let us now prove (142). We have
K Fa® Bn ~ (¢;0)n F® K @ B® ~ /(g 0) (VA(@:0)n F™ En) @ B

€ V(g 9n Xz' ® Uz’ C o(m) X7 © Uz

Applying tpar, we get
K ' Fa® E, € on)(Xy @ UY).
Since K2 € X%, we also have Ky F), ® El, € o(n)(X$ @ UY). O

7.5. On ]-'k(lCn)

Lemma 7.6. For any k,n € N, one has
(143) Fr(Kn) = (¢ )x(XZ)®" 0 [(UZ)®"]} = (@: 0)x(XZ)®" N [(U2)"]
(144) (@ O)r(Xz)®" N ((UF)*" @4 A) = (g; 9)r(X5)*".

Proof. The preferred basis (123) of X7z is a dilatation of the preferred basis of Uy (described in
Proposition 5.9). The basis of Uy, gives rise in a natural way to an A-basis {e(i) | i € I} of U3". By
construction, there is a function a : I — A such that {a(i)e(i) | I} is an A-basis of X7". Besides,
there is subset I®V C I such that {e(i) | i € I°'} is an A-basis of (U$)®" and {a(i)e(i) | I} is an
A-basis of (X§¥)¥".
Using the A-basis {e(i) | i € I}, every x € (U%" Q4 A) has unique presentation
x = Zajie(i), z; € A
Iel
Then

(a) z € UZ™ if and only if 2; € Afor all i € 1.
(b) x € (UY)®" if and only if 2; € Afor all i € I and x; =0 for i & I.
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(c) = € (Ug)®" @4 A) if and only if ; = 0 for i ¢ I°V.

(d) z € (q;q)p(Xz)®" if and only if z; € (¢; ¢)ra(i)A for all i € I.

(e) = € (q;)x(Xg)®™ if and only if 2; € (q; ¢)xa(i)A for all i € I and z; = 0 for i & I°".
Proof of (144). By (c) and (d), = € (¢; Q)x(Xz)®" N ((UL)®" @4 A) if and only if ; € (¢; q)xa(i).A
for all i € I and x; = 0 for ¢ ¢ I°¥, which, by (e), is equivalent to z € (g; q)x(X5)®™. Hence we
have (144).

Proof of (143). Since Fr(Kpn) = (¢; )k ((XGZV)@’” N [(U%V)@m]l), we have

Fr(Kn) € (@;0)x(X5N)®" N [(UZ)E"], C (¢;9)x(X5)®" N [(Uz)?"] .
It remains to prove the last term is a subset of the first, i.e. if y € (¢;¢)x(X5)®" N [(Uz)®"];, then
x :=1y/(q; q)r belongs to (X5)®™ N [(U$)®"],. By definition,
1
(4 9k

and we need to show z € [(U5)®"],. Since both y and (g; q)x have G-grading 1, x = y/(¢; q)x is
an element of (Uy)®" has G-grading 1. It remains to show that z € (U§")®".

x € (Xg)®" N

[(UZ)QML )

Because z € (X$)®", (e) implies #; € A and x; = 0 if i & I°. Because = € m(UZ)@)”, (a)
implies 2; € Q(v). Tt follows that 2; € ANQ(v) = Aand z; = 0if i ¢ I*". By (b), z € (U)®". O

7.6. Admissibility decomposition. Suppose f: (Up)®* — (U,)® is a C[[h]]-module homo-

morphism. We also use f to denote its natural extension f: (U \/E)®“ — (U \/E)®b, where U =
U ®cypClIVA])-
Recall that f preserves the G*V-grading if for every g € GV,
ue ®a c (U ®b 7

7 ([wg)e,) < ||
and f is (K, (U))-admissible if for every i,j € N,

f(i,j)(lzi—&-a—l—j(u)) C Kivoij(U),
where fi; ;) = id% & f&id®.

The following definition is useful in showing a map is (K, (/))-admissible.
Definition 4. Suppose f: (U,)®% — (Up)®? is a C[[h]]-module homomorphism. An admissibility
decomposition for f is a decompo(fition f= Zpepf fp as an h-adically converging sum of Cl[[h]]-
module homomorphisms f,: (Up)®* — (Up)®° over a set Py, satisfying the following conditions

(A)~(C).

(A) Forp € Py, f, preserves the GV -gradings.
(B) Forp € Py, f, (UZ*) C UZP.
(C) There are my € N for p € Py such that limpep, mp = 00 and for each p € Py we have

F((XE)2Y) C (g5 Q)m, (X5

Here, limyep, mp = oo means if n > 0, then m;, > n for all but a finite number of p € Py. By
definition, if Py is finite, then we always have lim,ep, k), = oo.
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Lemma 7.7. If f: (U,)®* — (UL)®" has an admissibility decomposition then f is (Kn(U))-
admissible.

Proof. Recall that Fy(K,,(U)) = Fr(K,) NU™. From (143),

(145) Fr(Kn W) = (q: 9)u(XZ)®" 0 [(UZ)7"], nU™

Let f = Zpe p fp be an admissibility decomposition of f. Suppose x € I€i+a+j (U) with presen-
tation

T = Zxk, T € fk(/Ci+a+j(U)).
Then, with the h-adic topology, we have

T (@) =Y (fp) i (20)-

k.p
We look at each term of the right hand side. Since ) € [(U$Y)®"T%+7] | (A) implies that

(146) ()i (we) € [(Ug)0+]
Since x3, € U¥+2H Condition (B) implies that
(147) (fp)i.g)(zx) € UDTHHT,

) .

We have zj, = (¢; )k yx with yi, € (Xg)® Tt By Condition (C),

(o) (@) = (6 Dr(Fp) (i) (k) € (65 D)@ Dmy (XE)ZHH C (g5 @) (XE) S,
where m(k, p) = max(k, m,). Together with (146), (147), and (145), this implies

(fp)(i,j)(xk) € Frn(kp) (Kisvt)-

Condition (C) implies that

I k,p) = oc.
(i), "B P) = 00

Hence, f( j)(2) = > ) ,(fp)(i.j) (zk) belongs to l€i+b+j. O

Remark 7.8. It is not difficult to show that the set of (KC,,)-admissible maps are closed under
composition and tensor product. Thus there is a monoidal category whose objects are nonnegative
integers and whose morphisms from m to n are (KC,,)-admissible C[[h]]-module homomorphisms

from U%m to U%”. According to Lemma 7.10, this category is braided with 1 ; = 1, and contains
a braided Hopf algebra structure.

7.7. Admissibility of u.

Lemma 7.9. The multiplication p : Up,&Uy, — Uy, is (K,)- admissible.
Proof. We show that the trivial decomposition, P, = {0} and py = p, is an admissibility decom-
position for pu.

(A) The fact that p preserves the G*V-grading is part of Proposition 6.3.

(B) Since U is a subalgebra of Uy, u(U @U) C U.

(C) Since Xg is an A-algebra, we have p(X$' ® X)) € X8, which proves (C).
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By Lemma 7.7, p is (K,)- admissible. O

7.8. Admissibility of .
Lemma 7.10. Each of ¥ is (K,)-admissible.

Proof. First consider 1. Using (71) and (68), we obtain ¢ = ) Y m, where Py, = N* and

meP,
(148) P (@ @ y) = oW (EL o) @ (Ff, > ),
with Ay = |EL,|- We will show this is an admissibility decomposition of ).
(A) Suppose z,y € U3’ are G°-homogeneous. By Lemma 6.10,
Ep, ® Fy, € [Uz ® Ug)

From (148) and Lemma 6.15, we have ¢, (z ® y) € [(US)%?],, where

u = WA lE=Am) 4 ey @) ad(éy] Ko, ® @)
— A e O fel) g, 1

m

T

(Iy\+>\m,\x|*)\m)+(>\m7\1|)+(/\m7|y'|)+(|ff\7|y\)j;y

=0
= 1Y.
This shows that ),,, preserves the G*V-grading.

(B) By assumptions on U, E, ® F}, € U @ U and U is a Hopf algebra. Now (148) shows that
Y, (U RU) CURU. This proves (B).

(C) By (141), E, ® F], € o(m)Uz ® Uz. Hence, from (148),
Y (X7 @ X7') C o(m)(Uz > X7') @ (Uz > X7') C o(m)X7" @ X7,

where for the last inclusion we use Theorem 5.21(a), which in particular says X% is Ug-stable.
This establishes (C) of Lemma 7.7.

By Lemma 7.7, % is (K, (U))-admissible.
Now consider the case ¥~ !. By computation, we obtain ¢! = Y ment (™" )m, where
(% m(z ©y) = o” WD (Fyby) © (B> ),
for homogeneous z,y € Uj. The proof is similar to the case of 1. O
Remark 7.11. One can check that ¥ ~1 = (p&p)(p~'&p~!). Hence, the admissibility of 4~

can also be derived from that of 2.

7.9. Admissibility of A.

Lemma 7.12. The braided co-product A is (K, (U))-admissible.

Proof. Suppose x € U3’ is G*V-homogeneous. By a simple calculation, we have

(149) A=Y A,

meNt
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where, with Ay, := |EL,|,
(150) A (x) =Y vl him) (E;n > 33(2)) ® (Km F,’n) (K|m(2)| 1:(1)).

(A) By Corollary 6.11, Ep, ® Km Iy, € [U7Y ® UgY], o.—1. We will use a G-good presentation
A(z) = Y x(1) ® 7(9) (see Section 6.9). From Lemma 6.15, each summand of the right hand side
of (150) is in [(UY)®?],, where

u=o- @ Am) ey i) el Ky )
= (@) Kjayy | (1) = -
Here the last identity is (136). Thus, A,,, preserves the G®V-grading.
(B) Since K, € U and E}, @ K F),, € U @ U, (150) shows that A (U) CURU.
(C) Let € X5, By an argument similar to the proof of Lemma 6.13, we see that
T(2) @ K|m(2)|x(1) € X7 @ X7,
By (142),
E, ® KmF,, € o(m) Uy @ X5
Hence, from (150),
Ap(r) € o(m) (Uz'>X7") X7' C o(m) X7,

where for the last inclusion we again use the fact the X%" is Uz-stable (Theorem 5.21). This shows

(C) of Lemma 7.7 holds. By Lemma 7.7, A is (K, (U))-admissible. O

7.10. Admissibility of S.
Lemma 7.13. The braided antipode S is (K,(U))-admissible.

Proof. By computation, we obtain S = > - Sy,, where
(151) Sm(@) = S (Em b 2)FmK_
for Y-homogeneous x € Up. We will assume z is G°V-homogeneous.
(A) By Lemma 6.6, we have S, (z) € [Uz]g, where
g="95""(ad(ér, ® ) 63 Kn K13 = S (exn®)éy Kn, Kz
= K|3i K\ éaméy Ko K|z = .
(B) Since Ky € U and By ® Fry € U @ U, (151) shows that S, (U) C U.
(C) We rewrite (151) as
(152) Sp(@) = v~ FHED SV (B b ) K 5 o) Kon Fin.
By (142), B ® KmFm € o(m) (Uz ® X5Y). Since X5 is Uz-stable,
Emp> 2 ® KmFm € o(m) (Uz> X7 @ X7') C o(m) (X7 @ X7").
Hence, from (152) we have

Sim(®) € o(m) X7,
which proves property (C).
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By Lemma 7.7, S is (K, (U))-admissible. O

Thus, statement (ii) of Proposition 7.2 holds.

7.11. Borromean tangle. The goal now is to establish (iii) of Proposition 7.2. Namely, we will
show that b € K3, where b is the universal invariant of the Borromean bottom tangle.

First we recall Formula (39) which expresses b through the clasp element ¢ using braided com-
mutator. With ¢ =Y, .y [I'1(n) ® I'2(n)]D~2, Formula (39) says

b= ) bum,

n,meN2t

where for n,m € N2t
(153) bom i= (i &) ([0 (n) @ Ty (m) @ Ta(m) @ Da(n)] DIZD2).
Hereif 2 =Y 2/ ®a” then 1y =), 2/ @1@1@2", 295 =Y. 102 @z" @ 1.

Lemma 7.14. For n,m € N2 one has by m € o(n, m)Ks(U). Consequently, b € Ks(U).
(Recall that o(n, m) = (¢; ¢) |max(n,m)/2]-)

The remaining part of this section is devoted to the proof of Lemma 7.14.

7.11.1. Quasi-clasp element. Recall that T'1(n),s(n) are given by (139), for n € N%.
Lemma 7.15. Suppose n = (ny,ny) € N x Nt. Then

(154) 1(n) ® Ia(n) € K = (X§)¥2 N [(UF) %)
(155) I'(n) ® '2(n) € o(n)X5 ® UY'.

Proof. We write x ~ y if £ = uy with v a unit in 4. Note that \/(¢; ¢)n, Fo), V(5 9)ny E®m2) gre
in X9V, as they are among the preferred basis elements. Using the definition (139) of I'; (n), I'2(n),
we have

(156)  Ti(n) @ Ta(n) ~ (¢; @)ny (¢ @I, PV KL BN @ FIKTEM) € (X57)92,
From Corollary 6.11, I';(n) ® I'2(n) , which is in (UeZV)®2, has G-grading equal to
(émy énz) (€ng €ny) = 1.
This shows I'i (n) ® I'y(n) € (X$)®2 N [(UY)®?]; = K. This proves (154).
Because /(¢; q)n, (¢; q)HQF(nl)K;fE(“?) € X7 and F(“2)K;21E(n1) € UY’, from (156), we have
[1(n) ® Fa(n) € v/ (¢ 9y (65 9)n, (XZ) @ Uz C o(n)(X7) @ U7

This proves (155). O
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7.11.2. Decomposition of by m. Recall that D = exp(% Yacn Ha ® I:Ia/da) is the diagonal part of
the R-matrix. We will freely use the following well-known properties of D:

(A®1)(D) = Di13Dy3, (e®1)(D)=1, (S®1)(D)=D"!,

where D13 => D1 ®1® Dy, D3 =1®D € U%’S. In the sequel we set

=) s @0 =) 0 ®d%.
Recall (153)
bam = (id*2 @) (['1(n) @ T3 (m) @ Ta(m) & a(0)] D} 2D57 ).
By (40), T is the composition of four maps:
T=po(ad®id) o (id®S ®id) o (id ®A).
Using the above decomposition, one gets
(157) bam = f" o i o f€o fA(T1(n) ® Da(n)),

where

(158) f2: U2 - U, fAx) = [([d®A)(«D?)] DD,

(159) f5: UL 5 UL, f5(2) = [([d®S®id)(+D;)] Dy
(160) f24: U - U, f24(2) = (id®? Gaddid) <[3:1 ® Ty (m) @ Ta(m) ® 22 ® xg]D2_32Df4)D1_32
(161) f*: U = U, f*(x) = (id*? @p) (+DDLY).

Similarly, using (41) instead of (40), we have
(162) bam = [0 falo fEo f2(T(m) @ Ty(m)),
where f2, fS are as above, and
(163) f24.UP - U, fad(g) = [(id®3 ®ad") ([Fl(n) ® 11 ® 12 ® 73 ® rg(n)]pz—fpl—;)} D2,
(164)  fr: U 5 USS, fh(x) = (1d®2 &) (2D Dy 2).

We will prove that each of f&,fS, f# is (lzn)—admissible, while each of f2d, fﬂd maps Ks to
o(n)K4. From here Lemma 7.14 will follow easily.

7.11.3. Eztended adjoint action. To study the maps f2, f5, fad, ad , we need the following extended
adjoint action. For a € U 5 = Un®cpn HC[[\/E]] and Y- homogeneous z,y € U 5 define

> (y @)= [(id®ad,) ((y ® a:)DZ)] D2
(165) = yKsja | @ a@yzS(agz)).

It is easy to check that (a ® z @ y) — a » (z ® y) gives rise to an action of U/ on U\/E®U\/E'
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Lemma 7.16. (a) Suppose a,x,y € U3’ are G*Y-homogeneous, then

(166) a » (y ® x) S [ %v &® U%v]y(g)dg'c
(167) Staw (y@ ) € [UY @ UYyoia

(b) One hasU » (URU) CURU.
(¢) One has
Uz » (X5 @ X5) C X' @ X5'.

Proof. (a) The right hand side of (165) shows that a » (y ® x) has G®?-grading equal to
§ @ a@S(ae) = § © a)tae) K| = § © )i Ky, @ = 9@ at,
where we use d(l)d(z)K lagy| = a from (136). This shows the first identity. The second one is proved
similarly.
(b) By assumptions on U, KX € U and U is a Hopf algebra. Hence, (b) follows from (165).

(b) Suppose a € Uz, z,y € X5, we need to show that a » (y ® z) € X5 ® X5'. Because
(ab) » (y@x)=aw (b» (y®@x)), it is sufficient to consider the case when a is one of the generator

EC(Y"), Fén), Kojfl of Uy, where a € Il and n € N. The cases a = K(fl are trivial.

For a = EC(Y"), a calculation by induction on n shows that

n

. n+1 . .
B0 e (yon) =3 (1) y (K20, @ BY) (BY o)

§=0
® [\/ (9 Go)n—j E&”_j)] [E&j) > fv}

2.
. 2jn+ (1) [ (K3 o),
The right hand side belongs to X5" ® X5", since each factor in square brackets is in X7".

= (—1)"vq
j=0 (QOU Qa)n—j

The case a = F(Sﬁ) can be handled by a similar calculation, or can be derived from the already
proved case a = ¢(Fy) = K;'E,, using

(p@p)(aw (y@z)) =pa) > (p(y) @ p(r)),

which follows from the fact that ¢ commutes with S, A and ¢(K,) = K,. O

7.11.4. The map f2.

Lemma 7.17. The map f2 : U%w — Ug@?’ is (Kn(U))-admissible.

Proof. Using the definition (158) and the decomposition (149) of A we have f& =" f&, where

fely®a) =Y yo ® Ay (262)] DL D,
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We will show that f& = > uent fl% is an admissible decomposition. Using definitions, we have

D yh @ Ay(w62) =Y y61 @ By > (2(2)(02)(2)) @ Kyt Fat () (02) 1)
=Y Y618, ® B> (2(2)02) @ Kyt ooy Fa(1)0%
=Y 6181 ® (B 1)z 2025 (BL) ) © Kyt o) Fut )0
= yKo(5),0101 © (By) ()72 S(By) 2))02 ® Kyt Futt(1) 0
= (Z YKo|(51) 0 @ (B 1)Z(2)S(Ey)(2)) © KAU+\x(2)|F$fU(1)) Dy, Dy

= Z (U(Ix@)\,)\u)E{l > (y @ 1(9) ® (KuFl/l)K|x(2)|x(1)) DDy
This shows that
(168) fu YR x) Z pF@lAa) (E/ (y ® :E(Q))) & (KuFl,1> <K|x(2)‘x(1))

(A) Suppose z,y € U3’ are G°'-homogeneous. By G-good presentation (see Section 6.9) and
Lemma 7.16, all the factors in parentheses on the right hand side of (168) are in U%'.

From (168) and Lemma 7.16, f&(y ® z) € [(U9)®3],, where
g=olF@b g\ do e VK, iy = 9io K. &) = Ui
wl(2)€), Moy T(1) = YT(2) N 2oy T (1) = YT,
with the last equality obtained from (136). This shows fué preserves the G®V-grading.
(B) Suppose x,y € U. By assumptions on U, K, € U and E/, @ Ky F), € UQU. Now Lemma 7.16
shows that the right hand side of (168) is in 4®3. Thus, f(U®2) C U®3.
(C) By (142), E|, ® KuF}, € o(u)(UyY ® X%¥). Lemma 7.16 and (168) show that

& ((X2)%?) € o(u) (X5)**

By Lemma 7.7, f2 is (K, )-admissible. 0

7.11.5. The map f=.

Lemma 7.18. The map f5 : U;’?g — U%B’ is (Kn(U))-admissible.

Proof. Using the definition (159) and the decomposition (151) of S, we have f2 =3 f3, where

fllyor®2) = Y y0 0 8,(0) @ 2| D = (@19 2)(Y 01 © Sy(ade) © VD37
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Using the definitions, we have
1®S)0 01 ®@z8) = 61 @ Sy(xdr)

=3 5 © 5 (Bub (202) FuK
= 01 ® S (Bu) 1) (@62)S((Bu) 2))) FuK_ s
= 0 ® (Bu)@)S ' (62)S 1 (2)S ™ (Bu) @) FuK s
=D Ko(alt(Ba) oyl +Fa) 01 @ (Bu) ()5~ (@) S (Bu) (1)) Fak 12" (62)
= <Z Ko(|al+1(Bu) oy |+ Ful) © (Eu)(z)s_l($)5_1((Eu)(1))FuK—|x\> D?
=Y [1®K_Fy) (S7'®@S™") (Bu » (K_g @ x)) | D2

It follows that

(169) fily®@z®z) = Z(y R1® 1)([(1 RK_ | Fu) (ST @ ST (Bu » (Ko ®2)) ] ® z)

Assume that z,y, z € U5’ are G°V-homogeneous. By Lemma 6.10,
Fu® E, €U} ® Uezv]éiikxu(@éxu'

Hence from Lemma 7.16(a), fg(y ®z® z) € [(UY)®3],, where
9= 9@ Kiaéx Kn S (ead) @2 = § 0 ® 2,

where the last equality follows from a simple calculation. Thus,

(170) faly®az®2) € [(UF)*]jein:

(A) From (170), 2 preserves the G°¥-grading.

(B) Assume that z,y,z € U. Since K, € U, Fy ® By, € U @ U, Lemma 7.16(b) shows that the
right hand side of (169) is in U®3.

(C) By (142), Fy ® Ey € o(u)Xz ® Uz. Lemma 7.16 and (169) show that
FR((XZ)%?) € o(u)(Xz)®.
On the other hand, (170) shows that
FRXEN®?) € (UF)** @4 A).
Because
o(u)(Xz)?* N ((UZ)?* @4 A) = o(u)(XZ)*
by (144), we have fa((X5)®3) C o(u)(X5)®3, O

7.11.6. The maps f24 and fad.
Lemma 7.19. For f = 2 or f = f24_ one has f(Ks(U)) C Flmaxm/2) (Ka(U)).



UNIFIED QUANTUM INVARIANTS 87

Proof. Assume 1 ®@y®z € Ks(U) = (XZ)3N[(UL)®3]; NUP3. First assume f = f&!. Recall that

f;?(xl X xo X 1’3) = [Z(id®2 ®ad ® id) ($1S(51) X Fl(m)é’l & I‘Q(m)éé ® X909 ® .7}3)1| D1_32

= (219 T1(m) ® 1 ® z3) [Z(id@ ®ad) (S(61) ® & @ Ta(m)dh ® 2202) ® 1} D2,

We have
(id ®id ®ad) (Z S(61) ® 8, @ 28, ® y(52> =" 5(61) ® 8, @ (a8h) v (yo)
= 8(61) ® 81 @ w1)(85) (1) y025((85)(2)) S (x(2))
=) S(1) ® K_gy @ 21yy025(x(2))
=> K|35 (01) ® K_gpy @ x(1)yS (7 (2))d2
= [Z Kojg )] @ K_gjy ® $(1)y5($(2))} Dl
= [(z » y)13(1 @ K ), ® 1)] Dis.
It follows that
(171) a1 @2y @as) = [(v1 @ T1(m) @ 1) (Ta(m) > 22)15 (10 K g5, @ 1)] © a3.
Since I'1(m) ® I'y(m) € [(US)®?];, Lemma 7.16(a) shows that
m (11 ® 12 ® 23) € [(UF)*"],,
where g = @111 (m)Ty(m)iois = &14943 = 1. Thus, the right hand side of (171) is in [(U$)®4];.
Since z @ y ® z € U®3, Lemma (7.16)(b) shows that the right hand side of (171) is in %4
Since I't(m) ® I'y(m) € o(m) X5 ® U5 by (155), Lemma (7.16)(c) shows that
ad (1) @ 29 @ 23) € o(m)(X)®4
Hence
m (11 ® 22 @ 23) € o(m)(XF)¥ N [(UF)*]s NU = Flrnasmyz) (KaU)),
which proves the statement for f = fad.

The proof for f = fg;i is similar: Using the definition and Formula (42) for ad”, one gets

(172) fal(a1 @ @3 @25) = (T1(m) © 21025 0 1) (Kopay 120 @ (99 1) (S (To(m) b 23)))_ .

By Lemma 7.16(a), the right hand side of (172) is in (UY")®* having G-grading equal to
I‘l(m) .fli’girgfg(m) = Fl(m)Fg(m) =1.

Again, Lemma (7.16)(b) shows that the right hand side of (172) is in U®*, and Lemma (7.16)(c)
shows that it is in o(m)(X§")®*. Hence fi(z1 ® 22 ® 23) € Flmaxm/2)Ka(U). O
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7.11.7. The maps f* and f“.
Lemma 7.20. Both f* and f* are (K,(U))-admissible.

Proof. By definition
o ®@ 12 @ 23 @ 24) = (1d®? ®“)(Z 11615(0])) ® 19 @ T35 @ 1402)
— (21 @12 ® 1) [(id®2 o) 615(8) © 1® 238h @ wada)] .
We have
(dew) (D 615(8)) @ 26y @ yda) = > 615(8)) ® 285yd
= Z 515(55)K2|y| ® Yydyds
= Kyjy| ® 2.
It follows that f* has a very simple expression

[Hr1 @2 @23 @ 74) = (71 @ 22 @ 1)(Kyjz, @ 1 ® 7374)
= $1K2\x4\ X x9 X T3L4.

The trivial decomposition for f# is admissible. Hence, f* is (K, (U))-admissible.
Similarly, a simple computation shows that
f“(xl R TR x3Rxy) =21 ® o Koz, @ T324.

The trivial decomposition for f# is admissible. Hence, f* is (K, (U))-admissible. O

7.11.8. Proof of Lemma 7.14.

Proof. First suppose max(m) > max(n). By (157)
bam = [0 fal o f5o fA(i(n) @ Ta(n) ),

By (154), I'i(n) ® I'y(n) € Ky. Lemmas 7.17, 7.18, 7.19, and 7.20 show that by m € o(m)KCs.
Suppose max(n) > max(m). Using (162) instead of (157), we have by m € o(n)Ks.

Hence by m € o(n, m)l€3. As a consequence, b =) by m € KCs. 0

7.12. Proof of Proposition 7.2. As noted, statement (i) follows trivially from the definition of
K(U). Statement (ii) follows from Lemmas 7.9, 7.10, 7.12, 7.13. Finally, statement (iii) is Lemma
7.14. O

7.13. Integrality of the quantum link invariant. In [Le2], the second author proved that,
for a framed link L = L; U---U L, in S3, the quantum g link invariant J(Vy,,...,Vy,), up to
multiplication by a fractional power of ¢, is contained in Z[q, ¢~!]. Here we sketch an alternative
proof using Theorem 7.3 of the following special case for algebraically split framed links.
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Theorem 7.21 ([Le2]). Let L = Ly U---U Ly, be an algebraically split 0-framed link in S3. Let
ALy .oy An € X4 be dominant integral weights. Then we have

JLWVays- - Va,) € ¢ Zlg,q7 1.
where p = (2p,\1 + -+ + An).

It is much easier to prove
(173) JL(Vag, s Va,) € ¢PZ[v, v,

and the difficult part of the proof is to show that the normalized invariant ¢ PJ(Vy,,..., V), ) €
Z[v,v1] is contained in Z[g,¢~1]. In [Le2], a result of Andersen [An] on quantum groups at roots
of unity is involved in the proof. The main idea of the proof below is implicitly the use of the
G-grading of the quantum group U, as C(¢)-module described in Section 6.

Sketch proof of Theorem 7.21. Let T be an algebraically split O-framed bottom tangle such that
the closure link of 7" is L. Recall that the quantum invariant Jp(Vy,,...,V),) can be defined by
using quantum traces

(174) T (Vs VA = (t1g @ ... @t ) ().
It is not difficult to prove that for 1 <i <mn, A € X, we have

(175) (1d¥ ! @t @1d®" ) (K,) € ¢V,

Using (175), one can prove that

(176) (tr " @ ... @t ) (Kn) C ¢"Ko = ¢PZ[q).

Hence, using (174), (176) and Theorem 7.3(a), we have
T (Vag, o V) € (trg M @ ... @ tre ) (Ka) C ¢PZ[d],

—

which, combined with (173), yields Ji,(Va,, ..., Vy,) € ¢?Z[q, ¢~ ] since we have Z[v,v=1] N Z]q]
Z[qv qil]'

Ol
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8. RECOVERING THE WITTEN-RESHETIKHIN-TURAEV INVARIANT

—

In Section 7 we showed that Jys € Z[q], where Jys is the invariant (associated to a simple Lie
algebra g) of an integral homology 3-sphere M. Hence we can evaluate Jy; at any root of unity.
Here we show that by evaluating of Js at a root of unity we recover the Witten-Reshetikhin-Turaev
invariant. We also prove Theorem 1.1 and Proposition 1.6 of Introduction.

8.1. Introduction. Recall that g is a simple Lie algebra and Z is the set of all roots of unity.
Suppose ¢ € Z and M is closed oriented 3-manifold. Traditionally the Witten-Reshetikhin-Turaev
(WRT) invariant (cf. [RT2, BK]) 73,(&;¢) € C is defined when ( is a root of unity of order 2Ddk
with k& > hY, where h" is the dual Coxeter number, d € {1,2,3} is defined as in Section 3.1, and
D = |X/Y|. Here ¢ = ¢?P. In this case, k — h" is called the level of the theory. The definition of
7'1%4(5 ;) can be extended to a bigger set Zé which is more than all roots of unity of order divisible
by 2dD, see subsection 8.4. For values of d, D, h" of simple Lie algebras, see Table 1 in Section 3.1.

This section is devoted to the proofs of the following theorem and its generalizations.

Theorem 8.1. Suppose M is an integral homology 3-sphere and ¢ € Zé. Then
m3(&:¢) = JM‘FE-

Remark 8.2. (a) Although £ is determined by ¢, we use the notation 77(&; ) since in many cases,
731(&;¢) depends only on &, but not a 2D-th root ¢ of £&. In that case, we write 7p/(€) instead of
(€ ¢). The set Zg in Section 1 is defined by Z4 = {¢*” | ¢ € Z[}.

(b) The theorem implies that for an integral homology 3-sphere, 73(&; ¢) depends only on &, but
not a 2D-th root ¢ of £&. This does not hold true for general 3-manifolds.

In subsections 8.3 and 8.4 we recall the definition of the WRT invariant and define the set Zg/;‘
Subsection 8.6 contains the proof of a stronger version of Theorem 8.1, based on results proved
in later subsections. To prove the main results we introduce an integral form U/ of U, which is
sandwiched between Lusztig’s integral form Uz and De Concini-Procesi’s integral form V. For
g = slo, the algebra U was considered by the first author [Hab, Ha7]. A large part of the proof
is devoted to the determination of the center of a certain completion of /. For this part we use,
among other things, integral bases of Uz-modules, the quantum Harish-Chandra isomorphism, and
Chevalley’s theorem in invariant theory. In Section 8.13, we give a geometric interpretation of
Drinfel’d’s construction of central elements.

8.2. Finite-rank Ujp-modules. Suppose V is a topologically free Up-module. For g € X the
weight p subspace of V' is defined by

Vig=1{e €V |Hale) = (a,p)e Vaell},
and p € X is called a weight of V' if V|,; # 0. We call V' a highest weight module if V' is generated

by a non-zero element 1,, € V|, for some p € X such that E,1, = 0 for @ € II. Then 1, is called
a highest weight vector of V', and p the highest weight.

By a finite-rank Up-module, we mean a Up-module which is (topologically) free of finite rank
as a C][[h]]-module. The theory of finite-rank Uj-modules is well-known and is parallel to that of
finite-dimensional g-modules, see e.g. [CP, Ja, Lul]: Every finite-rank Uj-module is the direct sum
of irreducible finite-rank Uj-modules. For every dominant integral weight A € X := {3y kadt |
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ko € N}, there exists a unique finite-rank irreducible Up-module with highest weight A, and every
finite-rank irreducible Ujp-module is one of V). The Grothendieck ring of finite-rank Uj-modules
is naturally isomorphic to that of finite-dimensional g-modules.

8.3. Link invariants and symmetries at roots of unity.

8.3.1. Inwariants of colored links. Suppose L is the closure link of a framed bottom tangle T', with
m components. Let Vi,...,V,, be finite-rank Uj-modules. Recall that the quantum link invariant
[RT1] can be defined by

JL(Vi, ... Vi) = (tr)' @ -+ @ try™)(Jr) € C[[A]].

Actually, Jr,(Vi, ..., Vy,) belongs to a subring Z[v*'/P] of C[[h]], where D = |X/Y|, see [Le2]. (D
is also equal to the determinant of the Cartan matrix.) We say that Vj is the color of the j-th
component, and consider Jr(Vi,...,V,,) as an invariant of colored links, which is a generalization
of the famous Jones polynomial [Jo].

Let U be the trivial knot with 0 framing. For a finite-rank Uj-modules V', dimy (V) := Jy (V) is
called as the quantum dimension of V. It is known that for A € X,
> wean sgn(w)v~CA+r)w(p) o) H
ZwGQU Sgn(w)v_(Q(P)vw(p)) -4

acd

|

(177) dimy(Vy) = glee) —1 7

Here 20 is the Weyl group and sgn(w) is the sign of w as a linear transformation.

One has max,ea, (p,a) = d(h” — 1), where h" is the dual Coxeter number of g. Hence, if £ is
root of unity with
(178) ord(¢) > d(hY — 1),

then the denominator of the right hand side of (177) is not 0 under the evaluation ¢ = £. For this
reason we often make the assumption (178).

8.3.2. Fwvaluation at a root of unity. Throughout we fix a root of unity ¢ € C. Let ¢ = ¢?P and
r = ord(¢?P).

For f € ClvFY/P] let GVU1/D:<(f) be the value of f at v'/P = ¢. Note that if v'/2P = ¢, then
q= ¢ If f € Clgt!], then evqu:C(f) is the value of f at ¢ = &.

Suppose f,g € Clv*/P]. If evi/p_c(f) = ev,p_c(g), then we say f =g at ( and write

©
f=g
We say that € X is a (-period if for every link L, evvl/DZC(JL) does not change when the color
of a component changes from V) to Vi, for arbitrary A € X such that A+ € X (the colors of
other components remain unchanged).

The set of all ¢-periods is a subgroup of X. It turns out that if ord(§) > d(h" — 1), then the
group of ¢-periods has finite index in X: in [Le2] it was proved that the group of (-periods contains
2rY’, which, in turn, contains (2rD)X (because DX C Y).

When ord(§) < d(h" — 1), the behavior of ev,1/p_¢(Jr) is quite different. For example, when
¢ =1, from (177) and the Weyl dimension formula, one can see that dimg(V)) is the dimension of
the classical g-module of highest weight \. When ( = 1, the action of the ribbon element on any
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V is the identity, and the braiding action 1) is trivial on any pair of Ugz-modules. Hence, we have
the following.

Proposition 8.3. For any framed oriented link L with m ordered components and i1, ..., um € X4,
m
evvl/D:I(JL(Vula R VHm)) = H dim(vltj)'
j=1

Here dim(V},;) is the dimension of the irreducible g-module with highest weight p;.

8.4. The WRT invariant of 3-manifolds. Here we recall the definition of the WRT invariant.

8.4.1. 3-manifolds and Kirby moves. Suppose L is a framed link in the standard 3-sphere S3.
Surgery along L yields an oriented 3-manifold M = M (L). Surgeries along two framed links L
and L’ give the same 3-manifold if and only L and L’ are related by a finite sequence of Kirby
moves: handle slide move and stabilization move, see e.g. [Ki, KM]. If one can find an invariant
of unoriented framed links which is invariant under the two Kirby moves, then the link invariant
descends to an invariant of 3-manifolds.

8.4.2. Kirby color. Let B := A ®z C = Clv*!]. We call any B-linear combination of Vy, A € X, a
color. By linear extension we can define Jp,(V4,. .., Vi) € Clv*/P] when each Vj is a color.

A color Q is called a handle-slide color at level v¥/P = ¢ if

(1) evyyp_¢ (JL(9,...,Q)) is an invariant of non-oriented links, and

(ii) evyp_¢ (Jp(§2 ..., Q)) is invariant under the handle slide move.

Let Uy be the unknot with framing +1. A handle-slide color is called a Kirby color (at level
ot/P = () if it satisfies the non-degeneracy condition

(©)

(179) Jua(9) 7 0.

Suppose © is a Kirby color at level v'/P = ¢, and M = M (L) is the 3-manifold obtained by surgery
on S3 along a framed link L. Then
Jr(Q,...,Q) )

(180) m () = eve ((JUi(Q))‘” (Jui (92))7-

is invariant under both Kirby moves, and hence defines an invariant of M. Here o (resp. o_) is
the number of positive (resp. negative) eigenvalues of the linking matrix of L.

8.4.3. Strong Kirby color. All the known Kirby colors satisfy a stronger condition on the invariance
under the handle slide move as described below.

A root color is any B-linear combinations of V) with A € YN X . A handle-slide color (2 at level
vY/P = ( is a strong handle-slide color if it satisfies the following: Suppose the first component of
Ly is colored by €2 and other components are colored by arbitrary root colors Vi,..., V. Then
a handle slide of any other component over the first component does not change the value of the
quantum link invariant, evaluated at v'/P = ¢, i.e. if Ly is the resulting link after the handle slide,
then

(181) I (@, V1, Vi) <

= I, (VAL Vi),
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A non-degenerate strong handle-slide color is called a strong Kirby color.

8.4.4. Strong Kirby color exists. Let P¢ be the following half-open parallelepiped, which is a domain
of translations of X by elements of the lattice (2rD)X,

L

P = {)\—Zki&ieX+0§ki<2rD}.
i=1

Let

00(¢) == dimg(Va) Va, Q%)= D dimy(Va) V.
AEP; AEPNY

In [Led], it was proved that both Q9(¢) and QF9(¢) are handle-slide colors at level v!/P = ¢ if
ord(¢?P) > d(hV —1). Actually, the proof there shows that Q8(¢) and Q79(¢) are strong handle-slide
colors at level v'/P = ¢. Hence, assuming ord(¢?P) > d(hY — 1), Q9(¢) (resp. QF8(¢)) is a strong
Kirby color at v'/P = ¢ if and only Q9(¢) (resp. QF9(¢)) is non-degenerate at v*/? = ¢. There
are many cases of v'/P = ¢ when both ord(¢?P) and Q9(¢) are strong Kirby colors, and there are
many cases when one of them is not. Let Zé (resp. Z}g) be the set of all roots of unity ¢ such that

Q9(¢) (resp. 2P9(¢)) is a strong Kirby color.
For ¢ € Zé the g WRT invariant of an oriented closed 3-manifold M is defined by

(& Q) = T (2°(C))-
Similarly, for ¢ € Z}Dg the Pg WRT invariant of an oriented closed 3-manifold M is defined by

(& ) = T (Q7(Q)).
Proposition 8.4. Suppose ¢ is a root of unity with ord(¢*P) > d(hY —1). Then { € ZgU Z}g.
More specifically, if ord(¢?P) is odd then € Z}gg and if ord(¢?P) is even then ¢ € Z,.

We will give a proof of the proposition in Appendix C.3. Actually, in Appendix we will describe
precisely the sets Z; and Zp (for ord(¢?P) > d(hY —1)).

The proposition shows that Zé UZ};g is all Z except for a finite number of elements. This means,

73(&¢) or T]\]j[g(f ;¢) can always be defined except for a finite number of (.

Remark 8.5. (1) If ord(¢) is divisible by 2dD, the proposition had been well-known, since in
this case a modular category, and hence a Topological Quantum Field Theory (TQFT), can be
constructed, see e.g. [BK]. The rigorous construction of the WRT invariant and the corresponding
TQFT was first given by Reshetikhin and Turaev [RT2] for g = sla. The construction of TQFT for
higher rank Lie algebras (see e.g. [BK, Tur|) uses Andersen’s theory of tilting modules [AP]. In
[Led], the WRT invariant was constructed without TQFT (and no tilting modules theory). Here
we are interested only in the invariants of 3-manifolds, but not the stronger structure — TQFT. We
don’t know if a modular category — the basis ground of a TQFT — can be constructed for every
root ¢ of unity with ord(¢?P) > d(hY — 1). At least for g = sl,, if the order of ¢ is 2 (mod 4) and
n is even, then according to [Br], the corresponding pre-modular category is not modularizable.

(2) In general, different strong Kirby colors give different 3-manifold invariants. The invariant
corresponding to Q78 called the projective version of the WRT invariant, was first defined in [KM]
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for g = slo, then in [KT] for si,, and then in [Le4] for general Lie algebras. When both 99({) and
QF8((¢) are non-degenerate, the relation between the two invariants 77(Q9) and 73,(279) is simple
if ord(¢?P) is co-prime with dD, but in general the relation is more complicated, see [Led].

(3) It is clear that in the definition of Q#(¢) and QF9((), instead of P one can take any funda-
mental domain of any group of {-periods which has finite index in Y.

8.4.5. Dependence on & = (*P. When components of a framed link L are colored by Q9(¢), Jr,
takes values in C[g*!'] C C[¢*/?P], see [Le4]. Hence, the Pg WRT invariant T]\Pf(f; (), if defined,
depend only on & = ¢2P, but not on any choice of a 2D-th root ¢ of &.

The g WRT invariant 73,(£;¢) does depend on a choice of a 2D-th root ¢ of &, even in the
case g = slp. We will see that when M is an integral homology 3-sphere, the g WRT invariant
of M depends only on ¢ = (2P, but not on any choice of a 2D-th root ¢ of ¢&. However, there
are cases when (2P = ¢ = (¢')?P, but ¢ € Z; and (' ¢ Z;. For example, suppose g = sl and
& = exp(2pi/(2k + 1)), a root of unity of odd order. Then ¢ = exp(2pi/(8k + 4)) and ¢’ = i( are
both 4-th roots of ¢ (in this case 2D = 4). But ¢ € Z; and (' € Z.

8.4.6. Trivial color at ¢ =1 and the case when ord(¢) < d(h¥ —1).

Proposition 8.6. Let 2 = C[[h]] be the trivial Uy-module. Then Q is a strong Kirby color at level
¢=1and () = 1.

This follows immediately from Proposition 8.3 and the defining formula (180) of 73/(£2).

It is not true that the trivial color is a strong Kirby color for all ¢ with ord(¢?P) < d(hY — 1).
For example, if g = slg and ord(¢?P) = 4, then the trivial color is not a strong Kirby color. One
can prove that if n = 0,41 (mod r), then the trivial color is a strong Kirby color for si,, at level ¢
with r = ord(¢?P).

Remark 8.7. If ord(¢) = 2dDk, then the level of the corresponding TQFT is k — h". Hence, if
the level is non-negative as assumed by physics, we automatically have ord(¢??) > d(h"Y — 1).

8.5. Stronger version of Theorem 8.1. Proposition 8.4 shows that strong Kirby colors exist at
every level (, if the order of { is big enough. Although different Kirby colors at level ¢ might define
different 3-manifold invariants, we have the following result for integral homology 3-spheres, which
is more general than Theorem 8.1.

Theorem 8.8. Suppose Q is a strong Kirby color at level v'/P =

3-sphere. Then

¢ and M 1s an integral homology

TM(Q) = evvl/D:g“(‘]M) = quzg(JM).
Remark 8.9. There is no restriction on the order of ¢ on the right hand side of 8.8. We do not
know how to directly define the WRT invariant with ord(¢?”) < d(hY —1).

The remaining part of this section is devoted to a proof of this theorem. Throughout we fix a
root of unity ¢ and a strong Kirby color  at level ¢. Let & = ¢2P and r = ord(¢).

8.6. Reduction of Theorem 8.8 to Proposition 8.10. Here we reduce Theorem 8.8 to Propo-
sition 8.10, which will be proved later.
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8.6.1. Twisted colors Q4. Suppose the j-th component of a link L is colored by V = V), and L' is

obtained from L by increasing the framing of the j-th component by 1, then it is known that
trY (r~1)

182 (V) = LV h A e

(182) Jp( Vi) =fJo(..., Vi), where  fy=g¢q dim, V

For example, if Uy is the unknot with framing 41, then
Ju, (Va) = f dimg(Va) = Ju (51 V) -
By definition Q is a finite sum Q = 3" ¢, Vi, where ¢y € B = C[v*!]. Define the pair Q. by
+1
eVU1/D:< (C)\f/\ )
Qi = V)\a
Z eV,Ul/D:C (JUi (Q))

which are C-linear combinations of finite-rank irreducible Uj-modules.

Suppose a distinguished component of L has framing ¢ = +1 and color 2, and L’ is the same
link with the distinguished component having framing 0 and color €2.. Then from (182) and the
definition of 2. one has

(183) T ) Q@)

8.6.2. Reduction of Theorem 8.8. Here we reduce Theorem 8.8 to the following.

Proposition 8.10. Let Q be a strong Kirby color. Suppose T is an algebraically split 0-framed
bottom tangle T with m ordered components and (e1,...,&m) € {£1}™. Then

(trff“ ®---®tr§}fm> (Jr) © (T, ® - ®Ts,,) (Jr).

Proof of Theorem 8.8 assuming Proposition 8.10. Suppose T is an m-component bottom tangle,
€1y em € {£1}, and M = M(T,e1,...,&m). This means, if L is the closure link of 7" and L’
is the same L with framing of the i-th component switched to &;, then M is obtained from S by
surgery along L’. Every integral homology 3-sphere can be obtained in this way. By construction,

Jvu=(Te,®-9T.,,) (Jr).

From (183) and the definition (180) of 75,(2), we have
Qe

() = ev§< (trq '®---® tr%m) (JT)).

By Proposition 8.10, we have 7p/(§2) = ev,1/p_¢(Ja). This proves Theorem 8.8. O
The rest of this section is devoted to a proof of Proposition 8.10.

8.7. Integral form U of U,. Besides the integral form Uy (of Lusztig) and Vz (of De Concini-
Procesi), we need another integral form ¢ of Ug, with Vz C U C Ug. Let

U:=U,V;=U, VIV, =U;""V)V,
and

U™ =uUnug =0y VyOvE
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Theorem 8.11. (a) The A-module U is an A-Hopf-subalgebra of Uy.
(b) Each of U and U is stable under iy, and T.

(¢) There are even triangular decompositions
U™ oVioVi U, 10yoze oz
Uy ®V(ZZV’O®VZr iueV, TRYR 2z TYZ.

(d) For any longest reduced sequence, the sets
{FimKmK,Ey |n,m e N v €Y}
{FmKmK2Fn |n,me N €Y}
are respectively A-bases of U and U .

(e) The Hopf algebra U satisfies the assumptions of Theorem 7.3, i.e. KI' € U for a € I,
Fo®En, FLl@E, cU®U forn e N,

(f) One has T(U®) C A= Z[v,v"1].
(9) For any n >0, one has (U5)®" NUS™ = (UV)®".

Proof. (a) We have the following statement whose easy proof is dropped.

Claim. If 54, 7 are A-Hopf-subalgebras of a Hopf algebra 57 such that %56 C 5.5, then
4.9 is an A-Hopf-subalgebra of 7.

We will apply the claim to 54 = UiV% and 7% = Vyz. By checking the explicit formulas

of the co-products and the antipodes of Fc(yn),Ka, a € 11, n € N, which generates the A-algebra
0 = Uy, V%, we see that A is an A-Hopf-subalgebra of Uyz. Since % is also an A-Hopf-
subalgebra of Uz, it remains to show J6%.54 C 5A.565.

Given z,y in any Hopf algebra,we have zy = Zy(Q)(S_l(y(l)) > x). Hence, since .7 is a Hopf
algebra, and J# > V5’ C V5V (Theorem 5.18),

(184) VA C (A >V C VY.

Because Vg = V%"V% and V%%”l = V%UiV% = UiV% = 7, we have
Mo Q= VI = NIV = V¥ A C AV C A,

where we used (184). By the above claim, .7{.74 is an A-Hopf-subalgebra of Uy.

(b) Let f = tpar or f = 7. By Propositions 5.2 and 5.13, f(U,) = U, € U,Vz = U and
f(Vz) =VzCcU,Vz =U. Hence f(U) = f(U,Vz) CU.

By Proposition 3.4, f(UgY) C UgY. Hence

FUT)=fUNUY) C fU)NFUYT) cUNUY =UT.

(c¢) The even triangular decompositions of Uz (see Section 5.2) imply the even triangular de-

compositions of .

(d) Since Fyy ~ Fm) and B, ~ (q;q)nE(“), where a ~ b means a = ub with v a unit in A,
Propositions 5.3 and 5.5 show that {FmKm} and {En} are respectively A-bases of U7~ and V.
It is clear that {K, | v € Y} and {K2, | v € Y} are respectively A-bases of V9 and V%V’O.
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Combining these bases using the even triangular decompositions, we get the desired bases of & and
ue.

(e) Since KI!, F,, Ey are among the basis elements described in (d), we have KX € ¢/ and

Fn® Ey € U ®@U. Since U is stable under tp,y and F) = tpar(Fn), Ery = thar(Em), we also have
Fl@E,eU®U.

(f) Applying 7, to a basis element of U in (d), using (98) and (99),
(185) T (FnKmKoy En) = on, g PEnD g(rp)=(rm)/2 ¢ Zl¢t c A.
It follows that 74 (U®V) C A.
Let us now show 7_(U®) C A. By [Ja, Section 6.20], for any x,y € Uy, one has
(wS(z),wS(y)) = (y, z)
Because wS(r~!) = r~!, and by (96), (z,r~!) = (r~! z) = T_(x), we have
T-(z) = T-(wS(x)),
which is the same as 7_(z) = 7_ ((wS)~*(x)) . Hence,
T-(U™) = T- ((WS) " U™)) = Ta(po (wS) " (U™)) by (100)
= T4 (tharT(U®)) because ¢ = tpy,TwS by Proposition 3.2
CTHU™) C A,
where we have used part (b) which says tpa,7(U®Y) C U
(g) It is clear that (UV)®™ C (UZ)®" NU®™. Let us prove the converse inclusion.

The A-basis of U described in (d) is also a C(v)-basis of U,. This basis generates in a natural
way an A-basis {e(i) | i € I} of U®", which is also a C(v)-basis of U$"™. There is a subset I°V C I
such that {e(i) | i € IV} is an A-basis of (U*V)®™ and at the same time a C(v)-basis of (Ug")®".
Using these bases, one can easily show that (UV)®" = (Ug")®” NU®™. Hence,

(US)E" N U (UZV)@TZ AUE™ = (U)En
which is the converse inclusion. The proof is complete. O
Theorems 8.11(d) and 7.3 give the following.
Corollary 8.12. If T is an n-component bottom tangle with 0 linking matriz, then Jp € /En(U)
Remark 8.13. (a) For the case g = sl, the algebra U/ was considered by the first author [Ha5, Ha7].
(b) The algebra U is not balanced between E, and F,, and p(U) # U.

8.8. Complexification of Izm(lxl) To accommodate the complex coefficients appearing in the
definition of Q, we often extend the ground ring from A = Z[v*!] to B = C[v*!]. Let

Clo] := lim C[v*")/(q: )i = B Clo]/ (q:
k k
By (145),

Fr(Km @) = (g 0)u(XZ)®™ 0 [UZ™] nu®™
C (kX)) N UY)®™ by Theorem 8.11(g).
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Let
F(K) = <(q; ) (XS)E™ A (ueV)®m) ®.4 B C hF(X,,)®™ n hEUS™,

Define the completion

(186) K, = {33 = ap|a € —Fk(ldm)} C (Xp)¥™ 0 (Uy)S™,
k=0

Then K,,(U) C K/, and K, = (6[1)\] We will work with K, instead of iC,, ().

8.9. Integral basis of V). For A € X, recall that V) is the finite-rank Uj-module of highest
weight A\. Let 1) € V), be a highest weight element. It is known that the Uz-module Uz - 1) is a
free A-module of rank equal to the rank of V) over C][[h]]. Besides, there is an A-basis of Uz - 1)
consisting of weight elements, see e.g. [CP]. We call such a basis an integral basis of V. For
example, the canonical basis of Kashiwara and Lusztig [Kash, Lul] is such an integral basis. An
integral basis of V), is also a topological basis of V).

Recall that Uy = Ij%UZ and Ijq = Ingq are respectively the simply-connected versions of
Uz and Uy, see Section 5.8. For A € X we have the quantum trace map tr}> : U, — C[[A]].
This maps extends to try> : Up[h~!] — C[[r]][h""]. In particular, if = € U,, then one can define
try> (z) € C[[A]][h ]

Lemma 8.14. Suppose A is a dominant weight, A € X .

(a) If v € Uy then the tr}{A () € A.

(b) If z € Ijq then tr}{A (z) € QutY/P).
(¢c) Ifx €Uz and X €Y then try> (z) € A.
(d) If v € Xz then tr}>(z) € A.

Proof. Fix an integral basis of V). Using the basis, each x € Uy, acts on V), by a matrix with entries
in C[[h]], called the matrix of x.

(a) If x € Uy then its matrix has entries in A. It follows that tré/A (z) = tr" (2K _2,) € A.

(b) As a Q(v)-algebra, Iqu is generated by U, and K., o € II. Since U, = Uz ®4 C(v), the
matrix of z € Uy has entries in C(v). For an element e of weight u, we have K (e) = v(®#e. Note
that (¢, u) € 5Z. It follows that the matrix of K, (e) has entries in Q(v¥'/P). Hence the matrix
of every z € U, has entries in C(v*!/P), and try> (z) € C(vF1/D),

(c) As A-algebra, Uy, is generated by Uy, and f([v(a;n, k) := f(g(ﬁ?ﬁ, ne€Z,keNaell

When A € Y, all the weights of V) are in Y. From the orthogonality between simple roots and
fundamental weights we have (&, u) € doZ for every a € Il and y € Y. Hence

(60)/do
0@, gy = gt 0 00k
(QCM; QQ)k

Suppose e € V) has weight u € Y. Then
f(Ka;n, k)(e) = f(0'%";n k) e € Ae.
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Thus, the matrix of f (Iu(a;n,k) on V) has entries in A. We conclude that the matrix of every
x € Ug has entries in A, and tr}{k (x) € A.

(d) Because Xz C Uz ®4 A, by part (a) we have try>(z) € A. O

8.10. Quantum traces associated to 2. Define
T.:U, — C[[r]] by ﬁ(x) = trgi(x).

Note that 7%, being quantum traces, are ad-invariant. Since ()4 are C-linear combination of V),
Lemma 8.14 shows that 7% restricts to a B-linear map from Uz ®4 B to B = Clv*!].

Recall that (Ial)in" denotes the set of elements in I%;1 which are Uz-ad-invariants.

Proposition 8.15. Suppose f is one of Ta,T+. Then f is (KL )™ -admissible in the sense that
form>j2>1,
. . ~ inv ~ inv
(id® '@ f ©id®™7) ((/c;n) > c( ;,H) .

Proof. Recall that 7., 7: are ad-invariant. By Proposition 2.4(d) it is enough to prove
(1% @ f 2id® ) (K;,) € Koo,

which, in turn, will follow from
(187) (Id¥ '@ f @id®™ ) (Fr(Kh,)) € Fe(Kh_1).

Let us prove (187) for f = T1. By Proposition 5.24,

(a7 0 T2 1% ) ((:@)u(XE)™) (g5 @(XE)™™ "
By Proposition 8.11(f),
(10! @ 7o @id® ) (@=)®™) © @)=,
Because Fi(K,) = ((¢; ¢)x(X5)®™ N (UY)®™) ® 4 B, we have
(Id® ' @ To @1d®™ 7 ) Fi(KL,) © Fe(Khu_y).

Let us now prove ~(187) for f = T:. Because Q4 is a C-linear combination of Vi, by Lemma
8.14(d), T+(X5") C A®.4 B. Hence,
(188) (0¥ ' Te ©id®™ ) ((¢:@s(XF)®™) C (g5 0) (XF)*™ " @aB).
From Lemma 8.14(a), 72 (i) C B, and hence

(id®j_1 2T ® id®m_j) (U™)E™) ¢ UE™ L g 4 B,

which, together with (188), proves (187). O
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8.11. Actions of Weyl group on U?l and Chevalley theorem. The Weyl group acts on the
Cartan part UY by algebra automorphisms given by w(H,) = Hyyx)- Then w(Ky) = Ky(q), and
2 restricts and extends to actions on the Cartan parts UOZ, V%, and X?l.

We say an element z € UY is QW-invariant if w(z) = z for every w € 20, and z is 2-skew-

invariant if w(z) = sgn(w)x for every w € . As usual, if  acts on V we denote by V¥ the
subset of 2U-invariant elements.

By Chevalley’s theorem [Che], there are ¢ homogeneous polynomials ey, ... ey € Z[Hy, ..., Hy]
such that (C[Hy,...,H;)® = Cley,...,es, the polynomial ring freely generated by ¢ elements
€l,...,€y.

Suppose the degree of e; is k;. Since exp(hH,) = K2, we have

(189) &= exp (Wiei) € ZIKE, . KR < (V02
Proposition 8.16. (a) One has

(190) (UL =Clex, ..., e [[1]]

(191) (XD — C[hkzl/zel’ L hk:g/zez][[\/ﬁ]]

(192) (V)T = ClhFrey, ..., hFeel[[h]]

(193) =Cler,- . el[[]

Here the overline in (192) and (193) denotes the topological closure in the h-adic topology of Uy,.

Proof. We have
(UR)* = (C[Hy, ..., HA[[W]])® = (C[Hy,..., H)P[[R]] = Clex, ..., el][[]],

which proves (190). Similarly, using

(XR)¥ = (C[h'2Hy, ..., W 2 H)([B))™

(V)™ = (ClhHy, ..., hH{([R])™
we get (191) and (192). We have

& —1=hFie; + H(VHZ,
It follows that
Clét, ..., &l[[h]] = C[hFrey, ..., hFee,][[R]],

from which one has (193). O

8.12. The Harish-Chandra isomorphism, center of Uj. Let 3(Uj) be the center of Uy,
which is known to be U}, the ad-invariant subset of Uy,. For any subset V' C Uy, denote 3(V) =
V' N 3(Uyp), the set of central elements in V.

Let po : Up, — U?L be the projection corresponding to the triangular decomposition. This means,
if = z_xgx4, where z_ € U, ,z4 € U} and zg € UY, then py(z) = €(z_) €(z4) zo. Here € is
the co-unit.

For p € X, define the algebra homomorphism sh, : U) — UY by sh,(H,) = Ha + (o, 1). Then
sh,(K,) = v K,. Since v = (K_,, K,), we have
(194) shy,(Kq) = (K_ou, Ko) Ka.
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O] @

Figure 14. The open Hopf link (left) and the Hopf link

The Harish-Chandra map is the C[[h]]-module homomorphism

X =sh_,0py: Uy = U = C[Hy, ..., H[[h]].
The restriction of x to the Y-degree 0 part of Uy, denoted x by abuse of notation, is a C[[h]]-algebra
homomorphism, called the Harish-Chandra homomorphism.

One has the following description of the center (see e.g. [CP, Ros]).

Proposition 8.17. The restriction of x on the center 3(Uy) is an algebra isomorphism from 3(Up,)
to (U)¥ = C[H, ..., H¥[[h]].

Remark 8.18. Suppose % C Uy, is any subring satisfying the triangular decomposition (like Uy,
or V},). From definition

(195) X(3(2)) c (s°)F

For s# = Uy, we have equality in (195) by Proposition 8.17. But in general, the left hand side is
strictly smaller than the right hand side. For example, one can show that

X(3(Uz)) # (UZ)¥

Over the ground ring A, the determination of the image of the Harish-Chandra map is difficult.
Later we will determine x(3(7¢)) for two cases, .7 = V", which is defined over A, and J¢ = X},
which is defined over C[[v/h]]. In both cases, the duality with respect to the quantum Killing form
will play an important role.

8.13. From Ujp-modules to central elements. In the classical case, the center of the enveloping
algebra of g is isomorphic to the ring of g-modules via the character map. We will recall (and
modify) here the corresponding fact in the quantized case.

For a dominant weight A € X, recall that V) is the irreducible Up-module of highest weight
A. Since the map try> : U, — C[[A]] is ad-invariant and the clasp element ¢ is ad-invariant, by
Proposition 2.4(d) the element

Zy = (tr}f@id) (c)
is in (Uy)™ = 3(Uy,). This construction of central elements was sketched in [Dr], and studied in
details in [JL3, Bau|. Our approach gives a geometric meaning of z) as it shows that zy = Jp,
where T is the open Hopf link bottom tangle depicted in Figure 14, with the closed component
colored by V). Let us summarize some more or less well-known properties of zy, see [Bau, Cal, JL3].

Proposition 8.19. Suppose \, N € X .
(a) For every x € U,
(196) tr;/A (x) = (zx, ).
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(b) One has

Zweﬂﬂ Sgn(w) K—Qw(A—i—p)
ZwGQU Sgn(w) K72w(p)

(197) = dim(Va) (K -2u =
pneX

(c) If L is the Hopf link, see Figure 14, then
(198) JL(V,\,V)\/) = <Z)\,Z)\/> = tr}f‘(Z}\/),

(d) One has z) € Uev, and if N €Y, then z\ € Ug".

Proof. (a) Recall that the quantum Killing form is the dual to ¢ = ) ¢; ® g, and = > (co, )c;.

We have
(zn, T Z:trvA c1)c2, X
= Ztr}f (c1){ca,x) = Ztr}{*((cz,x)cl) = tr}l/A ().
(b) In [Ja, Chapter 6], it is proved that if A € X N %Y, then

(199) X(z2) =Y dim (V) K2,
pneXx

where dim ((V)\)[H]) is the rank of the weight p submodule. Actually, the simple proof in [Ja,
Chapter 6] works for all A € X ;. The second equality of (197) is the famous Weyl character
formula, see e.g. [Hum].

(c) Let T be the open Hopf link bottom tangle depicted in Figure 14, with the closed component
colored by V). Then Jr = z). We have

JL(Va, Viv) =t (Jr) = (zx, J1) = (2, 20) = (2, 200)-

(d) Joseph and Letzter [JL2, Section 6.10] (see [Bau, Proposition 5] for another proof) showed
that 2y € U > K _9). Since K_o) € U v, we have z) € U > Uev U’eV by Lemma 3.6. If A € Y,
then K o) € UpY, hence z) € Ug¥ again by Lemma 3.6. O

Note that the right hand side of (197) makes sense, and is in (Ug)w, for any A € X not necessarily
in Xy N3Y. For any A € X, define 2, € 3(U,) by

2\ = X_l Z dim(V)\)[u]K_Qu
pneX

If A+ p and X + p are in the same 2-orbit, then by (197), z) = z),. On the other hand, if A+ p
is fixed by a non-trivial element of the Weyl group, then z) = 0.

When A is in the root lattice, A € Y, the right hand side of (197) is in A[KZ?,... ,K;L-f]m

Actually, the theory of invariant polynomials says that the right hand side of (197), with A € Y,
gives all A[KZ2, ... K1V sce e.g. [Mac, Section 2.3]. Hence, we have the following statement.

o1 ?

Proposition 8.20. The Harish-Chandra homomorphism maps the A-span of {z, o € Y} isomor-
phically onto A[KF2,.. ,Kojf;]mj

aq 0



UNIFIED QUANTUM INVARIANTS 103

8.14. Center of V7.
Lemma 8.21. Suppose B €Y. Then zg € V3'.

Proof. By Proposition 5.15, V3" is the A-dual of IjeZV with respect to the quantum Killing form,
i.e.

VY ={z €U |(z,y) € A Vye U}
Since zg € Ug" by Proposition 8.19, it is sufficient to show that for any y € Uy, (28,y) € A.
We can assume that § is a dominant weight, 8 € X, NY. By Proposition 8.19
v,
(28,y) = trqﬁ(y) € A,
where the inclusion follows from Lemma 8.14. This shows z3 € V5'. O
Proposition 8.22. (a) One has
3(VY) =3(U) = A-span of {z, | « € Y}

b) The Harish-Chandra homomorphism maps 3(VS) isomorphically onto vl W oje.
Z Z
(200) XBVE) = (VZ ) = AIKG?, . K.

Proof. (a) Let us prove the following inclusions
(201) 3(Vy) C 3(U) C A-span of {z, |a € Y} C 3(VY),
which implies that all the terms are the same and proves part (a).

The first inclusion is obvious, since V5" C YV, while the third is Lemma 8.21.

Because the U0 = A[KZE2 ... KZ?], one has x(3(U)) C A[KZE%...,KZ*™. Hence, by

«q ?
Proposition 8.20 we have 3(U°") C A-span of {z, | @ € Y}, which is the second inclusion in (201).
This proves (a).

(b) follows from (a) and Proposition 8.20. O
Proposition 8.23. The Harish-Chandra map x is an isomorphism between 3(Vy) and (V).

Proof. Since x(3(Vy)) C (VO)¥, it remains to show (VI)¥ C x(3(Vy)). By (192)
(V)™ =Cley,.... &[[All.

By (189) and (200),
& € (Vi)™ =x(3(Vg) € x(3(Vh).
Hence (VO)¥ C x(3(V})). This completes the proof of the proposition. O

8.15. Center of X,.
Proposition 8.24. The Harish-Chandra map x is an isomorphism between 3(Xp) and (X9)¥.
Proof. By the definition, x(3(Xz)) € (X9)¥. We need to show that x~1((XN)¥) C 3(Xp).

0

h
Because x 1((X9)%) consists of central elements, one needs only to show y~1((X))¥) C X;,. We
will use the stability principle of dilatation triples.

From (190), (191), and (192), the triple (UY)¥®, (XN)¥ (V)P form a topological dilatation
triple (see Section 4.3).
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The triple Uy, X3, V), also form a topological dilatation triple (see Section 4.4). Since x* ((U))¥) C
Uy, and x~ ! ((V))¥) C V), by Proposition 8.23, one also has x~! ((X9)¥) C X, by the stability
principle (Proposition 4.6). O

8.16. Quantum Killing form and Harish-Chandra homomorphism. Since x(z), x(y) deter-
mine z,y for central z,y € Uz, one should be able to calculate (x,y) in terms of x(z), x(v).

Let D be the denominator of the right hand side of (197), i.e.
D:= Z sgn(w) K _yy(2p)-

weW
By the Weyl denominator formula,
(202) D= J] &,'-Ka) =Ko, ] (K,?-1) € Ky, VY.
acd acdy

Let us define
di= (K 5, D) = J] (v = va).

a€<I>+

From the formula for the quantum dimension (177), we have
(203) ddimg(Vy) = (K_2p-2x, D).

Here is a formula expressing (z,y) in terms of x(x), x(v).
Proposition 8.25. Suppose x € 3(X},), and y = 2x, A€ Y. Then
(204) |2W[d (z, y) = (D x(x),Dx(y))
Proof. As z is central, it acts on V) by ¢(\, z) id, where ¢(\,z) € C[[h]]. Recall that 1) is the
highest weight vector of Vy. We have K -1y = v(®N1y = (K,, K_53) 15. Hence for every z € UY,
(205) z- 1y = (z, K_9)) 1)
Since the highest weight vector 1, is killed by all E,, « € 11, we have
z -1y =po(z) - 1 = shy x(z) - 1,
= (shy, x(z), K_2x) 1x by (205)
Thus, c¢(\, ) = (sh, x(x), K_2)). Further, by (194),
e(0 ) = (s x(2), K 23 = (K2, x()) x(2), K 22
= (K_gp, x(7)) (x(2), K_2x) = (K_2p, x()) (K-2x, x(2)) = (K_2p-2x, x(2))

K DX(JZ)> _ (Kogpax,Dx(z))  (K_9p21, Dx(2))
—2p—2X\> D <K72p72/\7 ]D)> ddlmq(V)\)
- ST <wﬁlﬁi 2 I ) AL >
q weW
1
= ROladio, (V) (Dx(2x), Dx(2)) -

Here the last equality on line three follows from (203), and the equality on the line four follows
from the fact that Dx(z) is 20-skew-invariant and the quantum Killing form is 20-invariant on XJ.
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Using (196) and the fact that z = ¢(\, z)id on Vj,

(2, 2) = 1% () = c(A, ) dimg(V3) = ,Q,im (Dx(21), Dx(x))

where for the last equality we used the value of ¢(\, z) calculated above. O

Remark 8.26. It is not difficult to show that Proposition 8.25 holds for every y € 3(Xp).

8.17. Center of K. Recall that K} is the set of all elements of the form
T = Z:Ek, Ty € ]-'k(IC’l)

One might expect that every central element of /'6’1 has the same form with xj central. We don’t
know if this is true. We have here a weaker statement which is enough for our purpose. In our
presentation, xj is central, but might not be in Fj(K}). However, xj still has enough integrality.

Lemma 8.27. Suppose z € 3(K}). There are central elements xj, € 3(X},) such that
(a) one has |W|x = > (¢; @)k Tk,
(b) for every k >0, (¢; q)rxi belongs to 3(V5 @4 B),
(c) for every k >0, one has T (zy) € 2Clv*!], and

(d) for every k >0, one has Tx(xy) € LClv*].

Proof. (a) Recall that Fj(K)) = ((q; QX)) N (Uev)) ®4 B. Hence z has a presentation

(206) T =Y (69

k
where 2. € X5 ® 4 B and (¢; q),x), € U @4 B.

[e=]

Let yi = > e w(x(2})), which is 20-invariant. Then y; € (X})®. By Proposition 8.24,
xp := X !(y) is central and belongs to 3(Xp).

Using the 20-invariance of x(x) and (206), and using 20-invariance of x(z),

W[ x(2) = > wix(@) = (e Y wx(=h) = (60)k Yk
weW k=0 weW k=0

Applying x~! to the above, we get the form required in (a): [20]z = Y70 (q; @)k Tk-
(b) Since (q;q)k 7}, € U @4 B and UV = V%v’o, one has
(@G kvr = (G k Y wix(@}) € V' @4 B.
weW
By Proposition 8.22, (¢;q)r o = X' ((¢; )k yk) € 3(VE) ©4 B.
(c) Because V5 C U, we have T1.(V5') C A, by Theorem 8.11(f). From (b), we have
(¢; ) Tx(xr) € A®A B =B,

or

(207) Ti(zk) €
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A simple calculation shows that x(r) = v(»#) Ky,rq. Since X%v’o is an A-Hopf-algebra (Lemma 5.25),
we have

A(K2, X570 KQ,)XQV’“ ® Ko, X570

Since D € KngeZ we have Dy, € Kng . Hence A(Dyx) = > Kapy;, @ Kopyy, where v,y €
X%V’O ®.4 B. Since DKj:Qp € XGVO7 we have A(DK49,) = > a1 ® ax with aj,as € XeZV’O- Using
(204), we have

dTx(x1) = A ap) = (Dx(rth), Dx(ax)) = PP (DK 4o,rs!, Dyy)
= 0PN (DKo, Kopyp) (g, Kopypl) by (97)

— ru(p7p) Z<a1’ K:I:2p> <a27 y;€> <I'3:1’ K2P:U;€’> again by (97)

The first two factors (a1, K1o,) and (ag,y,) are in B by Lemma 5.25, where B = A®4 B. The
third factor <I‘(:)t1,K2py;€l> is in v(»?)B by Lemma 5.29. Hence d74(x;) € v2(»P)B = B. Together
with (207),

dT:t(iL‘k) S (C(U) NnB=B2B.
(d) By definition, Q4 = cf\EV)\, where the sum is finite and cf € C. We have

Z cdtr}? (z

Hence, to show that d 7% (z;) € B, it is enough to show that for any A € X, dtr">(x;) € B. Using
(196) and (204), we have

20| try> (z1) = |20]d (25, z1) = (Dx(22), Dx())

= <Z Sgn(w)KQw()\+p)uDyk> by (197)

weW
Z Sgn K 2w()\+p)aDyk>
weW
=) sgn(w)(K_su(nip) DY K _au(rp)s Yk)-
weW

The second factor (K _ay(atp)s ¥k) is in B by Lemma 5.25. As for the first factor, for any pu € X,

(Ko D) = (Ko [] (KoK = T (o o) (K Ka)) = [ (07 ®) ) € Co*).

acd acdy acd

Hence, dtr;/* (z1) € B.
On the other hand, since (g; q) xx € V5’ @4 B, we have (zy, (¢; ¢)x) € B. Hence

a:ltr};A (z) € BNC(v) = Clv*™.

This completes the proof of the lemma. (I
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Figure 15. Links L; (left) and Lo, which is obtained from L; by sliding. Here ¢ = —1

8.18. Comparing 7 and 7.

Proposition 8.28. Suppose Q is a strong Kirby color at level {, z € (l%;n)inv, and €; = £1 for
j=1,....,m. Then

Proof. We proceed in three steps.

Step 1: m =1 and z € (VY @4 B)™ = 3(VY @4 B). By Proposition 8.22, x is a B-linear
combination of z), A € Y. We can assume that x = z) for some A € X, NY.

Let L1 be the disjoint union of U_. and U, where the first is colored by V) and the second by
Q. Sliding the first component over the second, from L; we get a link Lo, which is the Hopf link
where the first component has framing 0 and the second has framing ¢, see Figure 15. From the
strong handle slide invariance (181) we get

(208) I, (V) € g (v, ).

Let us rewrite the left hand side and the right hand side of (208).
LHS of (208) = Ju_.(Va) Ju.(2) = tr,* (r*) Ju. ()
= (2x, 1) Ju.(Q) = (zA) Ju. ().
Let Ly be the Hopf link with 0 framing on both components. Then
RHS of (208) = Jr,(Vi,Q) = Ju.(Q) Jr,(Vi, Q) by (183)
= Ju(Qtg"(21) by (198)

Comparing the left hand side and the right hand side of (208) we get 7-(z)) © T2(22).

Step 2: m = 1, and z is an arbitrary element of (K})™ = Z(K}). Let = = Y reo(q; @)k xx be the
presentation of x as described in Lemma 8.27. Since x; € 3(Xy) and all 71, 71 are continuous in
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the h-adic topology of Xj,

Ta(2) =) (40 Tx(x)
k=0

Ta(z) = Z(qs @)k T ().

e
Il
o

— -

Both right hand sides are in 2C[v] because Ti(zy), Ta(zx) € LC[v*!] by Lemma 8.27. Since

@) Q0itk>rand a2 0, we have

1

r—1
To@) C S (@ Tate) € 7 <Z<q; qm)

<
|

~

k=0 k=0
r—1 r—1

To@) © S (@ auTale) C 7 (Z(q; q)mm)
k=0 k=0

By Lemma 8.27(b), the elements in the big parentheses are in 3(V ® 4 B). Hence, by the result
of Step 1, we have Ty (x) © Tx(2).

Step 3: general case. Define ay, (for K =0,1,...,m) and b (for k =1,...,m) as follows:

k m k-1 m
ar = ®7~;; ® ® T, | (x), b= 7~;j ®id® ® 7., | ().
=1 j=k+1 =1 j=kt1
Then

By Proposition 8.15, by, € (K})™¥. By Step 2,

—~
~

Ter (bk) = T, (be).-

Using (209), the above identity becomes a1 © ag. Since this holds true for k =1,2,...,m, we

have ag © a.m, which is the statement of the proposition. O

8.19. Proof of Proposition 8.10. By Theorem 7.3, if T' is an algebraically split m-component
bottom tangle, then Jr € K,,(U) C K),. Hence Proposition 8.10 follows from Proposition 8.28.
This also completes the proof of Theorems 8.8 and 8.1.

p—

8.20. Proof of Theorem 1.1. The existence of invariant Jy, = J3, € Z[g] is established by
Theorem 7.3. Theorem 8.8 shows that eve(J3,) = 73,(€). The uniqueness of Jy; follows from (i)

—

every element of Z[q| is determined by its values at infinitely many roots of 1 of prime power orders
(see Section 1.2), and (ii) Zp, contains infinitely many such roots of unity (by Proposition 8.4).
This completes the proof of Theorem 1.1.
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8.21. The case ¢ = 1, proof of Proposition 1.6. Let Q be the trivial Uyp-module C[[h]]. By
Proposition 8.6, 2 is a strong Kirby color, and 73/(2) = 1. By Theorem 8.8, we have evy(Jy) = 1.
This completes the proof of Proposition 1.6.

Proposition 1.6 can also be proved using the theory of finite type invariants of integral homology
3-spheres as follows. Note that evy(Jys) is the constant coefficient of the Taylor expansion of Jys
at ¢ = 1, which is a finite type invariant of order 0 (see for example [KLO]). Hence evy(Jys) is
constant on the set of integral homology 3-spheres. For M = S3 evy(Jy) = 1. Hence evy(Jy) = 1
for any integral homology 3-sphere M.
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APPENDIX A. ANOTHER PROOF OF PROPOSITION 4.1

In the main text we take Proposition 4.1 from work of Drinfel’d [Dr] and Gavarini [Gav]. Here
we give an independent proof.

Each of U,%O := (U%U,; )" and UEO := (UYU}"); where ()" denotes the h-adic completion, is a
Hopf subalgebra of Uy, and R € U%O®UEO. Let Ap C U,%O and Ap C U}%O are respectively the
left image (see Section 2.4) and the right image of R € U,SLO®U,%O. Here the right image is the

obvious counterpart of the left image and can be formally defined so that 21 (AR) is the left image
of 091 (R), where o9 : UEOQA{)U,%O — U,%O®U,?0 is the isomorphism given by o91(z ® y) = y ® .
Explicitly, Ay, and Ag are defined as follows. For n = (ny, ny) € Nt x N let
R/( ) — (nl)HHQ R//( ) _ E(nl)ﬁHQ.
Then {R/(n) | n € N**} is a topological basis of U , and {R"(n) | n € N**} is a topological
basis of U,% . From (71), there are units f(n) in C[[h]] such that

R= Y fm)r"R (n)oR" (n).

neNt+e

Then Aj, and Ap are respectively the topological closures (in Uy) of the C|[h]]-span of
(210) {WIPIR () | n € N*} and {rIPIR"(n) | n € NT+}.

For C[[h]]-submodules JA,.7#% C Uy, let JA ® 73, called the closed tensor product, be the
topological closure of s ® % in the h-adic topology of U,®Uy,.
Proposition A.1. For each of A= Ap, Ag one has

p(AA)C A, A(A)CA®RA, S(A) CA.

This means, each of Ar, Ar is a Hopf algebra in the category where the completed tensor product
1s replaced by the closed tensor product.
Remark A.2. When the ground ring is a field, the fact that both A;, Ar are Hopf subalgebras is
proved in [Rad]. Here we modify the proof in [Rad] for the case when the ground ring is C[[R]].
Proof. We prove the proposition for A = Ay, since the case A = Ap is quite analogous.

Let R'(n) = f(n) bR (n). Then R = 3 R'(n) ® R"(n). Using the defining relation (A ®
ld)(R) = R13R23, we have

(211) > A(R'(n)) ® R"(n ZR’ )@ R'(k) @ R"(m)R" (k).

Since {R”(n)} is a topological basis of U,%O, there are structure constants fj , € C[[h]] such
that

'RN R// Z fm kR”
and the right hand side converges. Using the above in (211), we have
=Y R (m) @ R (k),
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with the right hand side convergent in the h-adic topology of U,&U)j. This proves A(Ar) C
A ® Ar. Actually, we just proved that the co-product in Ay, is dual to the product in U%O.

Similarly, using (id ®A)(R) = R13R12, one can easily prove that the product in Ay, is dual to
the co-product in UZO, i.e.

R(m)R'(k) = ¥R/ (n), where A(R"(n)) =Y fi*R"(m) & R" (k).
n m,k

This proves that u(Ar, ® Ar) C Ar.

Next we consider the antipode. We have (S®id)(R) = (id @S~ 1)(R) = R™1. Let A} be the left
image of R

Since S~! is an C[[h]]-module automorphism of U%O, Identity (id ®S~1)(R) = R~! shows that
A =Ap.

Identity (S®id)(R) = R~! shows that A7 = S(AL). Thus, we have A, = S(AL). O

Proposition 4.1 follows immediately from the following.

Proposition A.3. (a) One has ArAp = ApAg. It follows that ApAg is a Hopf algebra with
closed tensor products.

(b) One has ArAr, = V.

Proof. We use the following identity in a ribbon Hopf algebra: for every y € Uy one has

(212) R(y®1) = (Z):(y(z) ®ya)R(1 @ S(y))
(213) (@R = Ey:(l ® S(y1)))R(ye) @ y(s)
(214) R(loy) = ;:(y(g) ® y2) RS (ypy @ 1))
(215) (1 eyR = %(Swym & DR @ )

(v)

which are Identities (6)—(9) in [Rad]. Suppose x € Ay, and y € Ar. We will show that zy € ArAL.
This will imply that ApArp C ArAr. We only need the fact that Ag is a co-algebra in the closed
category: A(AR) C Arp® Ar C UEO®UEO.

Since x € A, we have a presentation

x = Z nR'(n), xn € C[[h]] ¥n € N'F°,

neNt+e

Let p: U,%O — C][h]] be the unique C][[h]]-module homomorphism such that p(R”(n)) = 2. Then
=3, R (n)p(R"(n)). Hence

zy =Y R'(n)yp(R"(n))

= y(z)~ n)plya) n) o Y(s) RAL-
> R () ply) R (n) S(y)) € ApA
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Similarly, one can prove ArAr, C A AR, and conclude that A Agr = ARAL.

(b) The two sets {hI*IH™ | n € N’} and {rI™IH™ | n € N’} span the same C[[h]]-subspace of
UY. Using spanning sets (210), we see that A Ap is the topological closure of the C[[h]]-span of

{plmali+lmell+ sl p(oa) gz p(s) | ) ng e N* ny € NOL
Comparing this set with the formal basis (83) of Vj,, one can easily show that V;, = A Ag. O

APPENDIX B. INTEGRAL DUALITY

B.1. Decomposition of U7, 0. Recall that
U0 = Co)[KL% aell], Vi¥=AKF acll

a ) o

For simple root a € II, the even a-part of UY is defined to be Z,, := C(v)[KZ?] N UY. Note that
T, is an A-Hopf-subalgebra of Q(v)[KZ?]. From Proposition 5.2, Z, is A-spanned by

K2 (q"K2; o)k

(216) { TRYRR | m,n € Z,k € N},
CU e
and there is an isomorphism
(217) To — U5, R)aa — Haa
a€ell acll

Hence, if one can find A-bases for Z,, then one can combine them together using (217) to get an
A-basis for UeZV’O.

Similarly, let V" N C(v)[KF?] = A[KZ*?] be the even a-part of V50 = A[KF?, « € I]. The

o )

analog of (217) is much easier for Vev’0 since in this case it is
(218) ® A[KE =, Vo = AIKE? a eI, ® Ao — Haa
acll a€cll

B.2. Bases for Z, and A[z*!]. Fix a € II, and denote by # = K2, and y = K2. The even a-part
of V%V’O is A[z*!], and Z,, the even a-part of UeZV’O, is now an A-submodule of Q(v)[z*!]. The
quantum Killing form restricts to the Q(v)-bilinear form

(219) () Q)™ @ Q()[y™'] = Q(v) given by (a™,y") = ¢,
Let 7 : Q(v)[z*!] — Q(v)[y*'] be the Q(v)-algebra map defined by i(z) = y. For n € N, let
(220) Qain) =25 (@7 240, Q'(a,n) == Q' (a;n))
Qlasn) = L) Olasn) = HQ(a; ).

(QQ;Qa)n’
We will consider A[z*!] ¢ C[H,][[R]] by setting z = exp(hH,).

Proposition B.1. (a) The A-module I, is the A-dual of Aly*'] with respect to the form (219) in
the sense that

To = {f(2) € Q)[z™] | (f(2),9(y)) € A ¥ g(y) € Qv)[y™"]}.
(b) The set {Q'(a;n) | n € N} is an A-basis of Alx*1].
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(c) One has the following orthogonality
(221) (Q(om), Q' () = b g D2

(d) The set {Q(a;n) | n € N} is an A-basis of Z,.

Proof. (a) In Section B.1, Z, is the A-submodule of Q(v)[z*!] spanned by the set (216) with
K2 replaced by z. This set spans the module of polynomial with g-integral values: By [BCL,
Proposition 2.6], Z, is exactly the set of all Laurent polynomials f(z) € Q(v)[z*'] such that
f(g%) € A= Z[p*! for every k € Z.

For f(z) € Q(v)[z*!], 9(y) € Q(v)[y*?], and k € Z, from (219),
(222) (f(@),9%) = faa®),  (=",9() = 9(4a")-
Suppose now f(z) € Q(v)[z*!]. Since {y* | k € Z} is an A-basis of A[y*!],
f(x) is in A-dual of Ayt <= (f(x),y*) e AVkeZ
— f(GF) e AVkeZ = f(2) € I,.

This proves part (a).

(b) The bijective map j : N — Z given by j(n) = (—1)"*1|ZEL| defines an order on Z, by
7(0) < j5(1) < j(2) < .... This order looks as follows:

0<1<-1<2<-2<3<-3...

We define an order on the set of monomials {z" | n € Z} by 2" < ™ if n < m. Using this order,
one can define the leading term of a non-zero Laurent polynomial f(x) € Q(v)[z*!]. One can easily
calculate the leading term of Q'(«;n),

(223) Q'(a;n) = (—1)"27™ + lower order terms.
It follows that {Q'(a;n) | n € N} is an A-basis of A[z*!].
(c) Suppose m < n. By (222),

(Q(esn), /") = Q (asm)] _ —sem) =0,

since T = q;j (™) annihilates one of the factors of Q' (a;n) when m < n. By expanding Q' (a;m)
using (223), we have

(Q'(a;n), Q/(QQ m))y=0 ifm<n.

Similarly, one also has (Q'(a;n), Q' (a;m)) = 0 if m > n. It remains to consider the case m = n.
Using (223), we have

(@ (@n), Q') = (@ (@), (~1)"y'™) = (=1)" Q(asn)|,_ s = 42"V (qasga)n.

where the last identity follows from an easy calculation. This proves part (c).

(d) By part (b), {Q'(a;n) | n € N} is an A-basis of A[y*!]. Because Z, is the A-dual of Afy*!]
with respect to the form (219), the orthogonality (221) shows that {Q(a;n) | n € N} is an A-basis
of Z,. This proves part (d). O
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B.3. Proof of Proposition 5.7.

Proof. (a) The definition (109) means that, for n = (ny,...,ny) € Nt

L 4
(224) Qv (n) = [T Qaying)lomrzs  (G:0)n Q) = [ @' (asin))lamsee.

j=1 j=1
By Proposition B.1(d), {Q(«;; n)\z:K]z | n € N} is an A-basis of Z,,;. Hence the isomorphism (217)
shows that {Q(n) | n € N’} is an A-basis of U5"".
Similarly, Proposition B.1(b) and isomorphism (218) shows that {(¢;¢)n@Q°"(n) | n € N} is an
A-basis of V5'°.
(b) Let K% = I1; Kff] for & = (1,...,07). We have
V% — @ Ktsv%v,()’ UO — @ K(sU%V,O,
6e{0,1}¢ 6e{0,1}¢
where the first identity is obvious and the second follows from Proposition 5.2. Hence (b) follows
from (a). This completes the proof of Proposition 5.7. O
B.4. Proof of Lemma 5.16.

Proof. For o, 3 € 11, (K2, IV(E> = 04,8 4o Hence, with Q*V(n), Qe"(m) as in (224),

¢ ¢
v ) 9 —|(n;j+1)/2)?
<Q (Il),Q (1’1’1)> = H<Q(ij;nj>7Q(ogj;mj)> — 6n,m 4 L(n;+1)/2] ’
Jj=1 j=1
where the last identity follows from Proposition B.1(c). This proves Lemma 5.16. O

APPENDIX C. ON THE EXISTENCE OF THE WRT INVARIANT

Here we prove Proposition 8.4 on the existence of strong Kirby colors at every level ¢ such that
ord(¢*P) > d(hY —1). We also determine when ¢ € Z; and when ¢ € Zp, if ord(¢*P) > d(h" —1).

C.1. Criterion for non-vanishing of Gauss sums. Suppose 2 is a free abelian group of rank
£and ¢ : A x A — Z is a symmetric Z-bilinear form. Assume further ¢ is even in the sense that
¢(z,x) € 27 for every z € .

The quadratic Gauss sum associated to ¢ at level m € N is defined by

Go(m):= > exp (Wi(b(i;x)).

zeA/mA
Let 2[2 be the Z-dual of 2 with respect to ¢, and

kery(m) := {r € A | ¢(x,y) € mZ Yy € A} = m2AZL N A

We have the following well-known criterion for the vanishing of &,4(m), see [De, Lemma 1].

Lemma C.1. (a) If m is odd, then &4(m) # 0.
(b) B4(m) # 0 if and only for every x € kery(m) one has 5= ¢(z,z) € Z.
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Lemma C.2. For every x € kerg(m), o=¢(z,z) € 3Z.

Proof. Because x € m2(y, one has ¢(x,z) € mZ. Hence ﬁ(l)(x,:ﬁ) € %Z. g

C.2. Gauss sums on weight lattice. Recall that X,Y are respectively the weight lattice and
the root lattice in by, which is equipped with the invariant inner product. The Z-dual X* of X is
Z-spanned by a/d,,a € I1.

Lemma C.3. Fory € X*, we have (y,y) € Z) := {a/b|a,b € Z, b odd}.

Proof. Suppose y = > k;a;/d;. Then

Zkz az,az +2Z au% :Zk%Z;JFZWGle'

1<J 7 ¢ 1<j

Since d = 1,2 or 3, we see that (y,y) € Z(y)- O

Lemma C.4. Suppose ( is a root of 1 of order s. Let r = s/ gcd(s,2D) be the order &€ = (2P,
(a) Suppose r is odd. Then &T9(C) # 0, where

QSPQ Z CD (MA+2p) Z §(A,)\+2p)/2.

AEPNY AEPNY

(b) Suppose r is even. Then B9(() # 0, where

)= Z (DOA+20)

)\GP(

Proof. After a Galois transformation of the from ¢ — ¢* with ged(k,s) = 1 we can assume that
¢ = exp(2mi/s).
(a) The following is the well-known completing the square trick:

»P8(¢) = Z 5%()"/\+2p(7"+1)) since ord(§) = r

AEPNY
:f—@(pm) Z 5%()\+(T+l)p,)\+(r+l)p)
AEPNY
_ e o) T g0,
AEPNY

Here the last identity follows because 2p € Y and hence (r + 1)p € Y since r + 1 is even, and
because the shift A — A\ 4+ 8 does not change the Gauss sum for any g € Y.
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The expression & 3

Hence

,A €Y isinvariant under the translations by vectors in both rY and 2rX.

(r41)?
Q5P9(C) & (p:p) Z §(/\»>\)/2

)\EPCQY
_ 5_@( Vol 2rX) Z 5/\)\

Vol rY)
AEY/rY

By Lemma C.1(a) with A =Y, ¢(x,y) = (x,y), and m = r, the right hand side is non-zero.
(b) Again using the completing the square trick we get

_ +=D(pp) DN _ ~D(pyp) mi
B9(¢) = (P N (PON = ¢=Plen) N exp(szD@,A))

AEP; AEX/2rDX
2Dr\* T
22 — —D(p,p) - o .
(225) ¢ ( : ) 3 exp(swu,m)
AeX/sX
Note that m is even if and only if
s

Apply Lemma C.1(b) with 2 = X, ¢(x,y) = 2D(zx,y), and m = s. Then sAU = 55 X" Suppose
x € kerg(s) = sA; N2A C sA;. Then x = 57y with y € X*.

We have

%ab(w?w) = %(y,y) € Z),
where the last inclusion follows from (226) and Lemma C.3. From Lemma C.2 we have
1
2s
By Lemma C.1(b), the right hand side of (225) is non-zero. O

1

C.3. Proof of Proposition 8.4.

Proof of Proposition 8.4. By [Le4, Proposition 2.3 & Theorem 3.3], Q9(¢) and QF8(() are strong
handle-slide colors. Although the formulation in [Le4] only says that Q9(¢) and Q%(¢) are handle-
slide colors, the proofs there actually show that Q8(¢) and Q79(¢) are strong handle-slide colors.

It remains to show that Jy, (29(¢)) # 0 if r is even, and Jy, (2F%(¢)) # 0 if r is odd.
From [Le4, Section 2.3], with the assumption ord(¢??) > d(h" — 1), we have

(9
Ha€<1>+(1 - f(a’p)).

@n @) T @)
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Besides, Jy_(29(¢)) and Jy_(279(¢)) are respectively the complex conjugates of Jy, (29(¢)) and
Ju, (279(¢)). By Lemma C.4, if ord(¢?P) is even then Jy, (29(C)) # 0, and if ord(¢?”) is odd then
Ju, (279(¢)) # 0. This completes the proof of Proposition 8.4. O

C.4. The sets Z; and Z};Q for each simple Lie algebra.

Proposition C.5. (a) One has &9(() in and only in the following cases:

—0

g = Ay with £ odd and ord(¢) =2 (mod 4).

g = By with £ odd and ord(¢) =2 (mod 4).

g = By with { =2 (mod 4) and ord(¢) =4 (mod 8).
g =Cy and ord(¢) =4 (mod 8).

g = Dy with ¢ odd and ord(¢) =2 (mod 4).

g = Dy with £ =2 (mod 4) and ord(¢) =4 (mod 8).
g = E7 and ord(¢) =2 (mod 4).

(b) In particular, if ord(C) is odd or ord(¢) is divisible by 2dD, then &9(() # 0.

The proof is a careful, tedious, but not difficult check of the vanishing of the Gaussian sum using
Lemma C.1 and the explicit description of the weight lattice for each simple Lie algebra, and we
drop the details.

Corollary C.6. Suppose ¢ € Z with ord(¢*P) > d(hY —1). Then ¢ € Z; if and only if ¢ satisfies
the condition of Proposition C.5(a).

Similarly, using Lemma C.1, one can prove the following.

Proposition C.7. Let r = ord(¢) = ord(¢?P).
(a) One has &Y9(¢) = 0 in and only in the following cases:

g = Ay and ordy(r) = orda(£ 4+ 1) > 1.
g= By and r =2 (mod 4).

g=Cy, v even and r{ =4 (mod 8).

g =Dy, r even and r{ =4 (mod 8).
g=FE7 andr =2 (mod 4).

Here orda(n) is the order of 2 in the prime decomposition of the integer n.
(b) In particular, if v is co-prime with 2°"2(P) " then &F9(¢) # 0.

Corollary C.8. Suppose ord(¢?P) > d(hV—1). Then ¢ € Zp, if and only if ¢ satisfies the condition
of Proposition C.7(a).
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APPENDIX D. TABLE OF NOTATIONS
Notations defined in | remarks
Zlql, (x;q)n 1.2
(CI[RII"), 2.1.2
I, u,m, A€, S 2.2 Hopf algebra
R 2.2, 3.7.2 | R-matrix
r 2.2, 3.7.2 | ribbon element
g 2.2 balanced element
ad(z ®y),z>y 2.5 adjoint action
tré/ 2.5 quantum trace
Jr 2.7 universal invariant of bottom tangle
v, A, S 2.9 braiding, transmutation
c,c,Ct.C~ 2.10 clasp, ¢ = Jo+
T+ 2.12, 4.8 | full twist forms
JIm 2.13, 2.15 | invariant of 3-manifold
T 2.15.2 braided commutator
b 2.13 universal invariant of Borromean tangle
ZL(x®vy), (z,y) 2.14, 4.6 | clasp form
9,0, h 3.1.1 Lie algebra, its rank, Cartan subalgebra
d,dy, t, ht() 3.1.1
XY 3.1.1 weight lattice, root lattice
Lo, &, 3.1.1 simple roots, all roots, positive roots
P, Oy di 3.1.1
h,v,q,vq,qa, A 3.1.2 q=v?=exp(h), A= Z[v*t]
o, {n}as [0l {n}al, m 3.1.2
UhaFouEaaH)\vF‘iaEi * 3.1.3
Ky, Ko, K; 3.1.3
U, U, 0 3.1.5
Lbar, @5 W, T 3.2 (anti) automorphisms of Uy,
|| 3.3.1 Y-grading
Uy, [jgv 3.3.2 even grading
Uy, UY, U, UY, Ug ™, ug™ | 34
2, S, Si 3.5 Weyl group, reflection
To 3.5 braid group action
E, F,,E® F® K, 3.6
O, Ey, Fa, E,, F), 3.7.1
D, H,,ro 3.7.2
T 3.9 quasi-clasp element
UplhY ) 4 U = Up®c ClIVR]]
Inl, en(n), Vi, V" 4.1
Xy 4.4 core subalgebra of U, 7
A 5.1
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Notations defined in | remarks

Uz, Uz, UY, Uy, Uy, Uy | 5.2

V7, Vi, V) Ve Vo™ vl [ 53

(¢ On 5.3, 5.4, 5.5

Q% (n),Q(n,d) 5.4

e®(n),e(n,d) 5.5

Uz, UY, Uy, U 5.8

€%V(n),e(n,d) 5.8

Xz, X5 5.12 integral core subalgebra

G, G, 0, Ko, éa, 2, [Ugl, 6.1

[Ug@”]g 6.2.2 G-gradings

Koy Ky Fr(Kn) 7.1

max(n), o(n) 7.4

Z, Z,, hv, D 8.1

dimy (V),U 8.3

evoo_o(f).f © 8.3

B, Uy, m0(Q) 8.4.2 B = C[v*!]

78,79, 2, Zh, 8.4.4

Q4 8.6 twisted colors

Uu,uv 8.7

K Fi(KCh ), Ko, 8.8

Ts 8.10

B(Uh)va(v)7XaShu 8.12

Z)\ 8.13

D,d 8.16
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